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What’s in this talk?

Perform indirect searches for NP using flavour physics

⇓

Obtain precise predictions for observables

i.e. predictions for hadronic form factors (FFs)

⇓

Combine different FF predictions 

i.e. find a suitable FFs parametrization

⇓

Overcome the limitations of current parametrizations

by formulating a new parametrization
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Indirect searches using flavour physics 2

Compare precise measurements and SM predictions of flavour observables

⟹ obtain constraints on NP (or new discovery?)

Interestingly there are tensions in observables in 𝐵-meson decays (anomalies)

Complementary to direct searches

Can probe the SM at higher energies than direct searches

SM

𝐸 𝐸 𝐸𝐿𝐻𝐶

Γ Γ SM

direct 

NP obs. Indirect

NP obs.



Predictions and form factors 3

Indirect searches ⟹ study 𝑩-meson decays to constrain NP

Factorise decay amplitude as e.g. (neglecting QED corrections)

𝐷𝜇 ҧ𝜈 𝒪𝑒𝑓𝑓
ത𝐵 = 𝜇 ҧ𝜈 𝒪𝑙𝑒𝑝 0 𝐷 𝒪ℎ𝑎𝑑

ത𝐵

Decay amplitudes depend on:

• leptonic matrix elements: perturbative objects, tiny uncertainties

• hadronic matrix elements: non-perturbative QCD effects, moderate uncertainties

Parametrize hadronic matrix elements in terms of form factors (FFs) 

𝐷(𝑘) 𝒪ℎ𝑎𝑑
ത𝐵(𝑘 + 𝑞) = ෍

𝜆

𝒮𝜆 𝑘, 𝑞  ℱ𝜆
 (𝑞2)

FFs are functions of 𝑞2 (i.e. the momentum transfer squared)



Form factors predictions 4

Non-perturbative techniques are needed to compute FFs

1. Lattice QCD

systematically reducible uncertainties

usually more efficient at high 𝑞2

There are normally several calculations for the same process, e.g. for 𝐵 → 𝐾

Lattice QCD [HPQCD 2013 and 2023] [FNAL/MILC 2015]  LCSR [Khodjamirian/Rusov 2017] [NG/Kokulu/van Dyk 2018]

Combine FF calculations using a parametrization

ℱ 𝑞2 ∝ ෍

𝑛=0

∞

𝑎𝑛 𝑔𝑛(𝑞2)

the functions 𝑔𝑛(𝑞2) are conveniently chosen, fit (a few) the 𝑎𝑛

What’s the best parametrization? How to estimate the truncation error?

2. Light-cone sum rules (LCSRs)

quantifiable but irreducible unc.

only applicable at low 𝑞2 



Analytic properties of FFs

Study FF analytic structure to find a suitable parametrization. Example 𝐵 → 𝐾 FFs
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FFs are analytic except for branch cuts (i.e. lines of discontinuity) starting at

𝑠+ = 𝑚𝐵 + 𝑚𝐾
2, process threshold

𝑠Γ = 𝑚𝐵𝑠
+ 𝑚𝜋

2
< 𝑠+, subthreshold branch cut

Obtain a constrain on the FFs using unitarity (see [Okubo 1971])

න
𝒔+

∞

𝑑𝑞2 | det 𝐽 | 𝜙 𝑞2 ℱ 𝑞2 2 < 𝜒

calculate 𝜒 perturbatively, 𝜙 known function

𝑠+𝑠Γ ∞

Im 𝑞2

Re 𝑞2



Traditional approach: BGL

Perform the conformal mapping

𝑧 𝑞2 =
𝑠+ − 𝑞2 − 𝑠+

𝑠+ − 𝑞2 + 𝑠+
 

expand FFs for 𝑧 < 1 as

ℱ(𝑧) =
1

𝜙 𝑧
෍

𝑛=0

∞

𝑎𝑛𝑧𝑛

obtain a bound on the coefficients

න
𝒔+

∞

𝑑𝑞2 | det 𝐽 | 𝜙 𝑞2 ℱ 𝑞2 2 < 𝜒 ⟹  ෍

𝑛=0

∞

𝑎𝑛
2 < 𝜒

Problem! series is divergent due to the branch cut in 𝒔𝚪
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𝑧 map

𝑠+𝑠Γ ∞
Im 𝑞2

Re 𝑞2

Re 𝑧

Im 𝑧

[Boyd/Grinstein/Lebed 1994 and 1997]



Problems with BGL

Having a branch cut invalidate the expansion for 𝑧 < 1 

ℱ 𝑧 ≠
1

𝜙 𝑧
෍

𝑛=0

∞

𝑎𝑛𝑧𝑛  for some 𝑧 < 1

same issue appears for FFs in 𝐵 → 𝐷(∗), Λ𝑏 → Λ, …

Issue discussed in the literature, but solutions are unsatisfactory:

they do not allow a rigorous estimate of the truncation error (cut modelling, polynomials)  

Find a way to recover the unitarity bound:

෍

𝑛=0

∞

𝑎𝑛
2 < 𝜒

Essential to estimate truncation error! (we can only fit a finite number of 𝑎𝑛
 )

7

[Boyd/Grinstein/Lebed 1995]

[Caprini/Neubert 1996]

[NG/van Dyk/Virto 2020]
…

It is crucial to address this issue to accurately estimate uncertainties in 𝑏-hadron decays



Our approach: GG

Just a reminder: 𝑠+ = 𝑚𝐵 + 𝑚𝐾
2 , 𝑠Γ = 𝑚𝐵𝑠

+ 𝑚𝜋
2

Modify the conformal mapping (𝑠+ ↦ 𝑠Γ)

Ƹ𝑧 𝑞2 =
𝑠Γ − 𝑞2 − 𝑠Γ

𝑠Γ − 𝑞2 + 𝑠Γ

expand FFs for Ƹ𝑧 < 1 (no singularities now!) as

ℱ( Ƹ𝑧) =
1

𝜙 Ƹ𝑧
෍

𝑛=0

∞

𝑏𝑛 Ƹ𝑧𝑛

however

න
𝒔+

∞

𝑑𝑞2 | det 𝐽 | 𝜙 𝑞2 ℱ 𝑞2 2 < 𝜒 ⟹  ෍

𝑛=0

∞

𝑏𝑛
2 < 𝜒

Integral must over the whole circle!
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Ƹ𝑧 map

𝑠+𝑠Γ ∞
Im 𝑞2

Re 𝑞2

Re Ƹ𝑧

Im Ƹ𝑧



Our derivation of the unitarity bound

Start from

න
𝒔+

∞

𝑑𝑞2 | det 𝐽 | 𝜙 𝑞2 ℱ 𝑞2 2 < 𝜒

add on both sides

Δ𝜒 ≡ න
𝒔𝚪

𝒔+

𝑑𝑞2 det 𝐽 𝜙 𝑞2 ℱ 𝑞2 2

Estimate Δ𝜒 using large 𝑞2 scaling behaviour (for 𝐵 → 𝐾 FFs 
Δ𝜒

𝜒
< 1%)

Obtain the unitarity bound 

න
𝒔𝚪

∞

𝑑𝑞2 det 𝐽 𝜙 𝑞2 ℱ 𝑞2 2 < 𝜒 + Δ𝜒 ⟹  ෍

𝑛=0

∞

𝑏𝑛
2 < 𝜒 + Δ𝜒
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New parametrization for FFs that allows to calculate the truncation error!



Preliminary results

(Very-)preliminary Bayesian fit using 

our new parametrization for 𝑁 = 3

consistent theory calculations

(good p-value)

unitarity constraints satisfied

Next step: implement other 

processes in EOS
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Anomalous branch cuts

More complicated matrix elements can generate non-local FFs

E.g. rescattering effects in rare 𝐵 → 𝐾𝜇+𝜇− decays, such as 𝐵 → 𝐷𝐷𝑠
∗ → 𝐾𝜇+𝜇−

These FFs have anomalous branch cuts that extend into the complex plane

Apply the same procedure as for the subthreshold branch cuts, but: 

• Ƹ𝑧 map is very hard to obtain (existence guaranteed by the Riemann Mapping Theorem)

• Δ𝜒 calculation extremely challenging
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[Ciuchini et al. 2022]

[Mutke et al. 2024]



Summary and conclusions

Predictions of hadronic form factors (FFs) are crucial for indirect searches for new physics

Different FFs calculations are combined using a parametrization

The truncation error can be rigorously calculated using unitarity

However, the traditional (BGL) parametrization neglect subthreshold branch cuts, 

leading to hard-to-quantify systematic effects

We propose a new easy to implement parametrization to solve the issue

Our work enables new model independent FF analyses, minimizing systematic uncertainties

We also extend this method to (non-local) FFs with anomalous cuts
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Thank you!



Backup slides



Impact of branch cuts in a Taylor expansion

𝑓test 𝑧 = 𝑧 + 𝑧2 + 0.05 0.7 − 𝑧

Even if the branch cut is suppressed it generates divergent coefficients. Hence:

෍

𝑛=0

∞

𝑏𝑛
2 < 𝜒



Schwarz–Christoffel formula

Map the unit disk to the domain Ω

𝑔(𝑧) = 𝐴 + 𝐶 න
0

𝑧

𝑑 𝜁 ෑ

𝑘=1

4

1 −
𝜁

𝑧𝑘

𝜙𝑘
𝜋 −1

where 

Ω = ℂ \ ( 𝑠Γ, ∞ ∪  { 1 − 𝑡 𝑠𝐴  +  𝑡 𝑠Γ:  𝑡 ∈  [0,1] })



Δ𝜒 calculation

Approximate FFs using their large \( 𝑞2 \) scaling behaviour calculated in perturbative QCD

E.g. for 𝐵 → 𝐾

ℱ+ 𝑞2 2 ≃ 𝐾
𝑠Γ

𝑞2

2

According to [Becher/Hill 2005] 𝐾~1

Even assuming 𝐾~100

Δ𝜒

𝜒
≡

1

𝜒
න

𝒔𝚪

𝒔+

𝑑𝑞2 det 𝐽 𝜙 𝑞2 ℱ 𝑞2 2 ≃ 0.005 

i.e. smaller than the uncertainty on𝜒

This is due to the fact that 
𝒔+−𝒔𝚪

𝒔𝚪
≪ 𝟏 and that 𝜒 is an inclusive quantity while Δ𝜒 is exclusive

[Lepage/Brodsky 1980]

[Akhoury et al. 1994]



Re Ƹ𝑧

Im Ƹ𝑧

Polynomial parametrization

polynomial parametrization ( Ƹ𝑧 polynomials)

ℋ𝜆 Ƹ𝑧 =
1

 𝒫 𝑧 𝜙(𝑧) 
෍

𝑛=0

∞

𝛽𝑛𝑝𝑛( Ƹ𝑧) ෍

𝑛=0

∞

𝛽𝑛
 2 < 1

|𝑝𝑛 Ƹ𝑧 | → ∞ for 𝑛 → ∞ some 𝑧 in the unit disk

𝑝0
𝐵→𝐾 Ƹ𝑧 =

1

2𝛼𝐵𝐾
 

𝑝1
𝐵→𝐾 Ƹ𝑧 = Ƹ𝑧 −

sin 𝛼𝐵𝐾

𝛼𝐵𝐾

𝛼𝐵𝐾

2𝛼𝐵𝐾
2 +cos 2𝛼𝐵𝐾 −1

 

𝑝2
𝐵→𝐾 Ƹ𝑧 = Ƹ𝑧2 +

sin 𝛼𝐵𝐾 sin 2𝛼𝐵𝐾 −2𝛼𝐵𝐾

2𝛼𝐵𝐾
2 +cos 2𝛼𝐵𝐾 −1

Ƹ𝑧 +
2 sin 𝛼𝐵𝐾 sin 𝛼𝐵𝐾 −2𝛼𝐵𝐾

2𝛼𝐵𝐾
2 +cos 2𝛼𝐵𝐾 −1

 

𝑝3
𝐵→𝐾 Ƹ𝑧 = ⋯ 

[NG/van Dyk/Virto 2020]
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