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(g − 2)µ Lattice Tail Summary

Anomalous magnetic moment
muon: charged particle with spin

magnetic moment m is proportional to spin S

mµ = gµ
e

2mµ
Sµ

Dirac equation −→ gµ = 2

In reality: gµ ≈ 2.00233 . . .

Deviation: Anomalous Magnetic Moment

aµ =
gµ − 2

2
≈ 0.0011659 . . .

All segments of the Standard Model contribute
aµ × 10−10

QED 11658471.9(0.0)
electroweak 15.4(0.1)
strong 693.7(4.3)
total 11659181.0(4.3) [White Paper ’20]

Hadronic vacuum polarization (HVP) of photon:

aLO-HVP
µ =

µ

γ

had

µ

dominates theory uncertainty

Two methods:

Data-driven / R-ratio method
Lattice QCD
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(g − 2)µ Lattice Tail Summary

Tensions in (g − 2)µ: Recap from last year

[Muon g-2 Coll., Phys. Rev. Lett. 131, 161802 (2023)]

[Muon g-2 Theory Initiative, Phys.Rept. 887 (2020) 1-166]

[BMW, Nature 593 (2021) 7857]

Standard Model is confirmed to 0.37 ppm

Should be confirmed or refuted by other groups
with similar precision

Result for long distance contribution from other
groups have been released
−→ support high value

White paper is currently being reassessed
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(g − 2)µ Lattice Tail Summary

Tensions in (g − 2)µ: Update

[Muon g-2 Coll., Phys. Rev. Lett. 131, 161802 (2023)]

[Muon g-2 Theory Initiative, Phys.Rept. 887 (2020) 1-166]

[BMW, Nature 593 (2021) 7857]

[BMW/DMZ, 2407.10913]

• Standard Model is confirmed to 0.37 ppm

• Should be confirmed or refuted by other groups
with similar precision

• Result for long distance contribution from other
groups have been released
−→ support high value

• White paper is currently being reassessed
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(g − 2)µ Lattice Tail Summary

aLO-HVP
µ −→ using the data driven / R-ratio method

Use e+e− → had data of
CMD, SND, BES, KLOE, BABAR, ...

Optical theorem
γ γ

had ⇔

Π
′ had
γ (q2)

γ

had

2

∼ σhad
tot (q

2)

Dispersion relation

aLO-HVP
µ =

(
α
π

)2 ∫
ds
s2 Kµ(s)R(s)

Systematics dominated
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(g − 2)µ Lattice Tail Summary

Lattice QCD
Lattice gauge theory:

1st principles method
non-perturbative −→ sum over all Feynman-diagrams at once (and beyond)
only imaginary (Euclidean) time is accessible (no problem for aµ)

Discretize space-time with lattice spacing: a

quarks on sites, gluons on links

discretize action + operators∫
d4x −→ a4

∑
x

∂µ −→ finite differences

Different fermion discretizations: staggered, Wilson, twisted mass,
domain wall, overlap, . . .

To get physical results, need to perform:
1 Infinite volume limit (V →∞) −→ numerically or analytically
2 Continuum limit (a → 0) −→ min. 3 different a
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(g − 2)µ Lattice Tail Summary

Lattice QCD
Integrate over all classical field configurations∫

[dU] [dψ] [dψ] O e−Sg(U)−ψM(U)ψ

E.g. 1283
× 192 lattice −→ ≈ 1010 dimensional integral

Stochastic integration
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(g − 2)µ Lattice Tail Summary

aLO-HVP
µ from lattice QCD

Compute electromagnetic current-current correlator

C(t) = 〈Jµ(t)Jν(0)〉

aLO-HVP
µ = α2

∫
∞

0
dt K(t) C(t)
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K(t) describes the leptonic part of diagram
[Bernecker,Meyer ’11], [HPQCD’14], . . .
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(g − 2)µ Lattice Tail Summary

Window observable
Restrict correlator to window between t1 = 0.4 fm and t2 = 1.0 fm [RBC/UKQCD’18]

Less challenging than full aµ
signal/noise
lattice artefacts (short & long)
finite size effects
R-ratio possible: other kernel
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e+e− & lattice
BMW ’20

Benton ’23
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This work
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BaBar
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This work

4.3σ tension between lattice and R-ratio
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(g − 2)µ Lattice Tail Summary

Improvement strategy

New simulations on finer lattice spacing: 1283
× 192 w/ a = 0.048 fm

Completely revamped analysis vs [BMW ’20]

Break up analysis into optimized set of windows: 0−0.4, 0.4−0.6,
0.6−1.2, 1.2−2.8 fm

Combined fit to aLO-HVP
µ,win,04-06, aLO-HVP

µ,win,06-12, aLO-HVP
µ,win,12-28

Continuum extrapolate I = 0 instead of disconnected

→ reduces statistical uncertainty
→ reduces a → 0 error

Data-driven evaluation of tail: aLO-HVP
µ,28-∞

(proposed and used w/ 1 fm→∞ [RBC/UKQCD ’18])

→ reduces FV effect 18.5(2.5)→ 9.3(9), i.e. cv ÷2 & err ÷3
→ reduces LD noise
→ reduces LD taste breaking and a → 0 error
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Fully blinded analysis
All aµ contributions were
multiplied by some unknown
blinding factor
Blinding factor was only
revealed when analysis was
completely finalised and
manuscript almost complete
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(g − 2)µ Lattice Tail Summary

Tail contribution: t ≥ 2.8 fm
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Average

Tail aLO-HVP
µ,28-∞ contributes <

∼
5% to final result for aµ

Tail dominated by cross section below ρ peak: ∼ 75 % for
√

s ≤ 0.63 GeV

For small
√

s radiative-correction issues are less pronounced
[DHLMZ ’23]

Region well controlled by theory (χPT, analyticity, unitarity, . . .)
and other experimental constraints (e.g. 〈r2

π〉)
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(g − 2)µ Lattice Tail Summary

Tail: data-driven result

0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04

aµ,28−∞ / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

All data-driven result agree very well

Weighted average taken w/ and w/out τ:
χ2/dof = 1.0 and 0.8

Final number: average w/ τ,
systematic = full difference τ/no-τ added linearly

aLO-HVP
µ,28-∞ = 27.59(17)(9)[26]

Only <
∼

5 % of final result for aµ

Contributes ∼ 65 % to total squared uncertainty
improvement

Bálint C. Tóth (University of Wuppertal) Recent calculation of the muon g − 2 59th Rencontres de Moriond 2025 12



(g − 2)µ Lattice Tail Summary

LO-HVP: lattice QCD comparison

Until 2020, lattice uncertainty larger than
data-driven.

[BMW’20]: Sub-percent lattice determination.
First lattice calculation with errors
comparable to data-driven determinations.

[BMW/DMZ’24]: More precise than data-driven
determinations.
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(g − 2)µ Lattice Tail Summary

Summary

aLO-HVP
µ = 714.1(2.2)(2.5)[3.3]

New calculation of aLO-HVP
µ to 0.47 %

Blinded analysis

Lattice calculation of 0−2.8 fm window, > 95% of total

Data-driven evaluation of 2.8−∞ fm window, ≤ 5% of total

Error reduction

∼ 35% on error square from lattice
∼ 65% on error square from data-driver

SM confirmed to 0.37 ppm

Need confirmation from other groups

Eagerly await

Fermilab 0.1 ppm measurement of aµ in 2025
J-PARC entirely new method for aµ measurement
Entirely new BaBar e+e− → hadrons analysis in 2025
MuONe for spacelike HVP

Bálint C. Tóth (University of Wuppertal) Recent calculation of the muon g − 2 59th Rencontres de Moriond 2025 14



(g − 2)µ Lattice Tail Summary
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Lattice Tail ρ rescaling Experiment

Backup
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Lattice Tail ρ rescaling Experiment

Final result 2020 – Contributions
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Lattice Tail ρ rescaling Experiment

All contributions to aLO-HVP
µ

light and disconnected 00 − 28 618.6(1.9)(2.3)[3.0] this work
strange 00 − 28 53.19(13)(16)[21] this work
charm 00 − 28 14.64(24)(28)[37] this work
light qed -1.57(42)(35) BMW’20 Table 15 corrected
light sib 6.60(63)(53) BMW’20, Table 15
disconnected qed -0.58(14)(10) BMW’20, Table 15
disconnected sib -4.67(54)(69) BMW’20, Table 15
disconnected charm 0.0(1) BMW’20, Section 4 in Supp. Mat.
strange qed -0.0136(86)(76) BMW’20, Table 15
charm qed 0.0182(36) ETM’19
bottom 0.271(37) HPQCD’14
tail from data-driven 28 −∞ 27.59(17)(9)[26] this work
total 714.1(2.2)(2.5)[3.3]
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Lattice Tail ρ rescaling Experiment

Uncertainty reduction

(a)
Statistical

(b)
Finite
L & T

(c)
Continuum

limit

(d)
Physical

point

(e)
Isospin

breaking

0
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0.32%
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1.12%
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0.27%
0.77%

0.22%
0.15%

0.71%

0.19% 0.19%

⇒ uncertainty reduced by 40 %: 5.5→ 3.3
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Lattice Tail ρ rescaling Experiment

Landscape

28, Nf = 2 + 1 + 1 smeared staggered large-scale simulations bracketing physical mud , ms , mc

New lattice spacing a = 0.048 fm (same cost as all of [BMW’20])
Reduced from a = 0.064 fm −→ divides a2 effect by 2

7 a’s a = 0.048→ 0.132 fm, L = 6.1→ 6.6 fm, T = 8.6→ 11.3 fm

Dedicated Nf = 2+1, 4-HEX simulations w/ a = 0.112 fm and L = 6.3
and 10.7 fm bracketing physical to compute FV corrections

Dedicated, L ' 3.1→ 6.3 fm simulations for sea-quark QED effects

State-of-the-art techniques:

EigCG [Strathopoulos et al ’08]

Low mode averaging [Neff et al ’01, Giusti et al ’04, . . . ]

All mode averaging [Blum et al ’13]

Solver truncation [Bali et al ’09]
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Lattice Tail ρ rescaling Experiment

Tail: Cross section data
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Lattice Tail ρ rescaling Experiment

Data-Driven vs Lattice QCD: Rescaling [Davier et.al ’24]

Idea: select an energy range and scale the data inside that region
Scaling factor of 1 + δ1 for some small δ1

Find δ1 that minimises tensions in aLO−HVP
µ and aLO−HVP

µ,win

aLO−HVP
µ and aLO−HVP

µ,win don’t constrain high energies

Consider third observable, related to hadronic running of α
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Lattice Tail ρ rescaling Experiment

Data-Driven vs Lattice QCD: Rescaling [Davier et.al ’24]
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If rho peak included, have good p-values with δ from 2–5%

Below the rho peak, have bad p-values

Above the rho peak, have good p-values for 2 observables and bad p values for 3
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Lattice Tail ρ rescaling Experiment

History of measurement precision

[CERN Courier, Volume 65, Number 2]

Bálint C. Tóth (University of Wuppertal) Recent calculation of the muon g − 2 59th Rencontres de Moriond 2025 24



Lattice Tail ρ rescaling Experiment

Measurement principle

Cyclotron motion frequency: ωc =
eB

mµγ
with γ =

1
√

1 − v2

Spin precession frequency: ωs =
eB

mµγ
+ aµ

eB
mµ

Measure: ωa = ωs − ωc = aµ
eB
mµ

Gives aµ =
gµ − 2

2
directly

During each circle spin axis changes 12′
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Lattice Tail ρ rescaling Experiment

Measurement principle

Pions produced at fixed target p + p → p + n + π+

Pion decays through weak interaction
−→ highly polarized muons

π+
→ µ+ + νµ

Muons decay after several circles:

µ+
→ e+ + νe + ν̄µ

Strong correlation between µ+ spin and e+ momentum

Detect emitted e+
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