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Motivation
• Strong coupling constant  is a fundamental parameter in the Standard Model 

(SM) and in Quantum Chromodynamics (QCD).

• The running behavior of  reflects the fundamental properties of asymptotic 
freedom and color confinement.

• The measurement of  across the entire range of energy scale is crucial 
for understanding and testing of QCD.

• High energy region:

• Z/W decays, jet production, …

• Low energy region:

•  decays, hadron proudction  

• There appear to be few measurements at energy scale around the  
meson mass?

• Inclusive semi-leptonic  decay width?
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Inclusive semi-leptonic  decayB
• Heavy Quark Expansion (HQE)

•

•

• : perturbative correction, expanded as a series in ,

• ：higher-order power 

corrections, including non-perturbative parameters
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• Under HQE,  was used to fit:[1,2]

• CKM elements: 

• Quark masses: 

• HQE parameters: , , etc.

with  fixed at the world average.

• Is it possible to extract  from inclusive 

1. constrain other parameters using independent determinations,

2. or perform simultaneously fit?
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Leading order power correction

•

• : calculated to 4th order, depending on .[1,2]

• Reform :

• in  scheme (transformed from the calculation in OS 
scheme.)

• at scale 

• as a function of ,  & 
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• External input (fixed parameters): 

• ,  at PDG world averages

• Floating variable: 

•  in perturbative expansion +  evolution.
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Higher order power correction

• The numerical calculations for the coefficients  and  have been provided in the kinetic 
scheme, [1]

• , 

• The non-perturbative parameters: [2]

• , , 

• The higher order power corrections are estimated around 4%, with  and  estimated 
using their first terms.

• Truncation error: sub-leading terms of  and , ~ 0.2%

• Error from parameters , , : ~ 0.5% 
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The numerical function of 
 versus , 

compared with  
. The 

numerical function is parameterized by a 
polynomial function in the  
range from 0.16 to 0.26.
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Parameters and result

• Decay width : derived from experimental measurements of 
the life time and branching ratio:

• ,  
                               

 

• , 
                               

• Perform a fit of  to ,

•

•

• Combined result: 

• Evolve to :  [2]

Γ (B → Xcℓν̄ℓ)

τB± = 1.638 ± 0.004 ps, ℬ(B± → Xcℓν) = 10.8 ± 0.4 %

⟹ Γ(B± → Xcℓνℓ) = (4.34 ± 0.16) × 10−14 GeV

τB0 = 1.517 ± 0.004 ps, ℬ(B0 → Xcℓν) = 10.1 ± 0.4 %

⟹ Γ(B0 → Xcℓνℓ) = (4.38 ± 0.17)) × 10−14 GeV

αs(5 GeV) Γ(B → Xcℓνℓ)

αs(5 GeV) = 0.224 ± 0.017

αs(5 GeV) = 0.226 ± 0.017

αs(5 GeV) = 0.225 ± 0.012

mZ αs(mZ) = 0.121 ± 0.003

• External parameters:

• CKM element : 

• derived from exclusive  decays with form factor calculated from lattice 
QCD.[1]

• Quark masses , : 

• Fixed at the world averages.

• Evolve to ,  with varying 

• HQE parameters , , :

• Fixed at the values derived from spectral moments of inclusive semi-
leptonic  decay.
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Uncertainties

• The uncertainty from  , B life-time and branching ratios:  error 
propagation.

• The errors induced by the uncertainties on the input values of  
and : 

• Estimated by floating them within their errors and taking the largest 
 deviations.

• The uncertainty due to the remnant renormalization scale dependence:

• estimated by varying the RG-scale  from 2.5 GeV to 10 GeV, and 
taking the largest deviations conservatively ( ).

• The uncertainty of non-perturbative terms:

• Truncation error: sub-leading terms of  and , ~ 0.2%

• Error from HQE parameters , , : ~ 0.5% 
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The scale dependence of the fixed-order 
results in  for  in 

, using on-shell results in 
Ref.[1-2]

MS Γ(b → cℓνℓ)
μ ∈ [2.5,10] GeV
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Prospect
• Remnant renormalization scale dependence:

• Based on the scaling behavior of perturbative uncertainty from  to 
, we expect the next order result may halve the uncertainty. 

• CKM element :

• is expected to achieve the accuracy around 0.7% on the future  
collider:   boson decays.

• Branching ratio : 

• accuracy around 0.3% is expected with  Belle II data, assuming 
systematic error remains at the same level.

• Quark masses:

• will be improved by lattice QCD.

• Taking into these advantages,  is anticipated, become 
competitive with other methods.
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(Left) The  measurements at different energy scales. 

(Right) The comparison of the  pre-averages from six 

experimental sources in PDG and the extrapolation value of this work. The 
 evolving is performed using the RunDec package.[1]
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Discussion:  in running quark massαs

• The  value used in the evolution of the quark 
masses from ,  to , 

 is floating.

• This treatment enlarges the sensitivity of the  
prediction on .

• Does it make sense to obtain  sensitivity 
from quark masses? 

• The external , , from PDG averages, 
depend on the assumptions of the perturbative .

• Global fit of quark masses &  using more 
observables, such as spectral moments of 

 and masses of B mesons, etc. 
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Discussion: impact from  puzzle|Vcb |

• This method relies on an external input of 
 from the exclusive  meson decays.

• However, the present exclusive  
keeps a tension with the inclusive 

.

• The distance between the inclusive 
 and exclusive  corresponds 

to a relative uncertainty of 14%.

• Fit ,  and HQE parameters 
from moments of inclusive  decays?
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Summary
• Summary:

• We discuss a methodology determining  from the inclusive semi-leptonic B decay width.

• By matching theoretical prediction and experimental measurements on , with , , , HQE parameters fixed at 
external determinations.

• We yield: 

• Corresponding to

• With further improvements in perturbation calculations and the measurement accuracy of related parameters, the uncertainty of this method could be 
halved.

• Discussions:

• The sensitivity of the theoretical model is enhanced through the evolution of quark masses.

• The tension between inc. & exc. leads to a large bias,

• Global fit of quark masses,  &  using more observables, such as spectral moments of  and masses of B mesons, etc. 
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Γpert ≡ Γ0C0 = 1.217 × 10−13 GeV ⋅ (a0 + a1 ( αs

π ) + a2 ( αs

π )
2

+ a3 ( αs

π )
3

)
Perturbation expansion of  in  schemeC0 MS


