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Super-Leading Logarithms 
and PDF Factorization



In processes involving disparate scales Q ≫ Q0, 
higher-order corrections are enhanced by large 
logarithms


which can spoil perturbative expansion. Maximum 
power of logarithms depends on problem


• Single logarithmic: m ≦ n 

• Sudakov (soft + collinear): m ≦ 2n  


Resum enhanced contributions to all orders.

• Count ln(Q/Q0) ~ 1/αs  


• Systematic expansion: LL, NLL, NNLL, …  
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Resummation for Jet Processes
Traditional analytic resummation 
methods

• reach high accuracy, up to N4LL

• limited to a small set of simple, 

very inclusive (``global’’) 
observables


A lot of progress in the systematic 
all-order resummation of jet and 
other non-global observables

• crucial at hadron colliders

• important in the context of 

improved parton showers
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→ Silvia Ferrario Ravasio’s talk



Gaps between jets

Use large jet cone radius R, so only small scale Q0 
associated with soft radiation into the gap


• Simple observable, but very rich physics!

• Measured at LHC to tune/validate parton showers
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veto:

 Eout < Q0

Ein ~ Q R

→ large logs  αn
s lnm(Q/Q0)



Non-global logs (NGLs)

• soft gluons from 
secondary emissions


• QCD only

Clustering logs (CLs)
• phase-space 

constraints of new 
emissions depends 
on all existing partons


• even in QED

Super-leading logs (SLLs)
• Glauber phases spoil 

collinear cancellations

• QCD only

• hadron-hadron colliders 

only

• vanish in large-Nc limit
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Dasgupta, Salam ‘00 Appleby, Seymour ‘02
Forshaw, Kyrieleis, Seymour  ‘06
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→ Nicolas Schalch’s talk 



Super-Leading Logs (SLLs)
Consider gap between jets at hadron collider, cone 
around beam direction

 


 


Large logarithms           with


• e+e− :  m ≤ n, leading logs m = n


• p p : 
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Forshaw, Kyrieleis, Seymour ’06 ’08
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R ~ 1 

ΔY ~ 1 

Q0

Q

LL effect, but vanishes in large-Nc limit!



Appearance of double logarithms is related to a 
breakdown of color coherence in hadronic collisions.


For time-like splitting


For space-like splitting phase-factors spoil coherence, 
which leads to collinear factorization violation Catani, de 
Florian, Rodrigo ’11;  Forshaw, Seymour, Siodmok ’12
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IMPORTANCE OF COLOR COHERENCE

Do LHC cross sections factorize?
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

over the energies of the final-state particles,

H m ({ n} , Q, ! 1, ! 2, µ) =
!

dEm |M m ({ p} )!" M m ({ p} )| ,

(2)
while keeping the parton directions { n} = { n1, . . . , nm }
fixed. The explicit form of the energy integration can be
found in (2.3) of [13]. The integration over the final-state
parton directions is indicated by the symbol # in (1).
The color indices of the hard partons are kept open and
". . . ! denotes the color trace, which is taken after com-
bining the hard functions with the low-energy matrix ele-
ments W m , which contain the dynamics associated with
the perturbative scale Q0, as depicted in Fig. 1, as well
as non-perturbative QCD e! ects. The main result of our
Letter is that, at least up to three-loop order, the pertur-
bative part of W m is consistent with PDF factorization.

The SLL analysis in [12, 13] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [30]

! H = " cusp (#s)
"

! c ln
µ2

Q2 + V G
#
+

#s

4$
! + ! C , (3)

where " cusp = #s/ $ + . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of ! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.
! corresponds to gluon emission into the gap, and ! C

denotes purely collinear contributions. The anomalous
dimension is an operator in color space and a matrix
in the space of parton multiplicities m. An application
of ! H can either increase the number of partons, corre-
sponding to a real emission, or leave them unchanged for
virtual terms. The SLLs originate from ! c. Using simple

identities among the various terms in (3) [12], one finds
that the relevant color traces are of the form

Crn =
$
H (0)

m 0
(! c)r V G (! c)n ! r V G ! # 1

%
. (4)

Performing the associated scale integrals for evolution
from Q down to the scale µs $ Q0 produces single loga-
rithms for V G and ! , but double logarithms for ! c. The
color traces Crn thus contribute at order #n +3

s L 2n +3
s in

perturbation theory, where L s = ln(Q/µ s). SLLs first
arise at four-loop order and involve C01 and C11. In (4),
H (0)

m 0
are the Born-level hard functions and we use that

W (0)
m = 1 at lowest order.
The fact that the cross section %(Q0) must be indepen-

dent of the renormalization scale µs imposes non-trivial
conditions on the low-energy matrix elements W m (µs) =
Z W bare

m . The renormalization factor Z is related to
the anomalous dimension (3) [31], and using its three-
loop expression one finds that the leading UV poles in
d = 4 %2&dimensions must be of the form

W bare
m = 1 +

#s

4$
!
2&

+
" #s

4$

#2
&

V G !
2&2 + . . .

'

+
" #s

4$

#3
&

V G V G !
3&3 %

! c V G !
3&3 ln

Q2

µ2
s
+ . . .

'

+ O(#4
s) . (5)

We only show terms which, after combining with the hard
functions in (1) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, we can replace [13]

V G ! & 16i $X 1 , ! c V G ! & 16i $Nc X 1 ,

V G V G ! & % 6$2Nc X 2 , (6)

where

X 1 = if abc
(

j> 2

Jj T a
1 T b

2 T c
j , X 2 =

1

Nc

(

j> 2

Jj O(j )
1 , (7)

with O(j )
1 defined in (6.36) of [13]. The sums extend over

all final-state partons j > 2 in the Born-level process, and
the angular integral Jj has been given in (16) of [12].
We now compute the perturbative part of W bare

m or-
der by order in #s and check whether it matches the
structure (5). The one-loop term ' ! is the divergence
associated with a soft exchange between hard legs and
is obtained from soft Wilson-line matrix elements in the
low-energy theory or, equivalently, by taking the product

of two tree-level soft currents J a(0)
µ (ls) and integrating

the momentum ls over the gap region under the restric-
tion l 0

s < Q 0. The #2
s term ' V G ! arises from real-

virtual corrections to the same matrix elements. The
complex phase in V G is directly related to the imagi-

nary part of the one-loop soft current J a(1)
µ [32]. To iso-

late the structure V G V G ! , we have analyzed the prod-

uct J µ,a (1) J a(1)  
µ as well the product of J a(2)

µ (includ-
ing the tripole terms) [33, 34] with a tree-level current,
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

over the energies of the final-state particles,

H m ({ n} , Q, ! 1, ! 2, µ) =
!

dEm |M m ({ p} )!" M m ({ p} )| ,

(2)
while keeping the parton directions { n} = { n1, . . . , nm }
fixed. The explicit form of the energy integration can be
found in (2.3) of [13]. The integration over the final-state
parton directions is indicated by the symbol # in (1).
The color indices of the hard partons are kept open and
". . . ! denotes the color trace, which is taken after com-
bining the hard functions with the low-energy matrix ele-
ments W m , which contain the dynamics associated with
the perturbative scale Q0, as depicted in Fig. 1, as well
as non-perturbative QCD e! ects. The main result of our
Letter is that, at least up to three-loop order, the pertur-
bative part of W m is consistent with PDF factorization.

The SLL analysis in [12, 13] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [30]

! H = " cusp (#s)
"

! c ln
µ2

Q2 + V G
#
+

#s

4$
! + ! C , (3)

where " cusp = #s/ $ + . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of ! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.
! corresponds to gluon emission into the gap, and ! C

denotes purely collinear contributions. The anomalous
dimension is an operator in color space and a matrix
in the space of parton multiplicities m. An application
of ! H can either increase the number of partons, corre-
sponding to a real emission, or leave them unchanged for
virtual terms. The SLLs originate from ! c. Using simple

identities among the various terms in (3) [12], one finds
that the relevant color traces are of the form

Crn =
$
H (0)

m 0
(! c)r V G (! c)n ! r V G ! # 1

%
. (4)

Performing the associated scale integrals for evolution
from Q down to the scale µs $ Q0 produces single loga-
rithms for V G and ! , but double logarithms for ! c. The
color traces Crn thus contribute at order #n +3

s L 2n +3
s in

perturbation theory, where L s = ln(Q/µ s). SLLs first
arise at four-loop order and involve C01 and C11. In (4),
H (0)

m 0
are the Born-level hard functions and we use that

W (0)
m = 1 at lowest order.
The fact that the cross section %(Q0) must be indepen-

dent of the renormalization scale µs imposes non-trivial
conditions on the low-energy matrix elements W m (µs) =
Z W bare

m . The renormalization factor Z is related to
the anomalous dimension (3) [31], and using its three-
loop expression one finds that the leading UV poles in
d = 4 %2&dimensions must be of the form

W bare
m = 1 +

#s

4$
!
2&

+
" #s

4$

#2
&

V G !
2&2 + . . .

'

+
" #s

4$

#3
&

V G V G !
3&3 %

! c V G !
3&3 ln

Q2

µ2
s
+ . . .

'

+ O(#4
s) . (5)

We only show terms which, after combining with the hard
functions in (1) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, we can replace [13]

V G ! & 16i $X 1 , ! c V G ! & 16i $Nc X 1 ,

V G V G ! & % 6$2Nc X 2 , (6)

where

X 1 = if abc
(

j> 2

Jj T a
1 T b

2 T c
j , X 2 =

1

Nc

(

j> 2

Jj O(j )
1 , (7)

with O(j )
1 defined in (6.36) of [13]. The sums extend over

all final-state partons j > 2 in the Born-level process, and
the angular integral Jj has been given in (16) of [12].
We now compute the perturbative part of W bare

m or-
der by order in #s and check whether it matches the
structure (5). The one-loop term ' ! is the divergence
associated with a soft exchange between hard legs and
is obtained from soft Wilson-line matrix elements in the
low-energy theory or, equivalently, by taking the product

of two tree-level soft currents J a(0)
µ (ls) and integrating

the momentum ls over the gap region under the restric-
tion l 0

s < Q 0. The #2
s term ' V G ! arises from real-

virtual corrections to the same matrix elements. The
complex phase in V G is directly related to the imagi-

nary part of the one-loop soft current J a(1)
µ [32]. To iso-

late the structure V G V G ! , we have analyzed the prod-

uct J µ,a (1) J a(1)  
µ as well the product of J a(2)

µ (includ-
ing the tripole terms) [33, 34] with a tree-level current,
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

over the energies of the final-state particles,

H m ({ n} , Q, ! 1, ! 2, µ) =
!

dEm |M m ({ p} )!" M m ({ p} )| ,

(2)
while keeping the parton directions { n} = { n1, . . . , nm }
fixed. The explicit form of the energy integration can be
found in (2.3) of [13]. The integration over the final-state
parton directions is indicated by the symbol # in (1).
The color indices of the hard partons are kept open and
". . . ! denotes the color trace, which is taken after com-
bining the hard functions with the low-energy matrix ele-
ments W m , which contain the dynamics associated with
the perturbative scale Q0, as depicted in Fig. 1, as well
as non-perturbative QCD e! ects. The main result of our
Letter is that, at least up to three-loop order, the pertur-
bative part of W m is consistent with PDF factorization.

The SLL analysis in [12, 13] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [30]

! H = " cusp (#s)
"

! c ln
µ2

Q2 + V G
#
+

#s

4$
! + ! C , (3)

where " cusp = #s/ $ + . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of ! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.
! corresponds to gluon emission into the gap, and ! C

denotes purely collinear contributions. The anomalous
dimension is an operator in color space and a matrix
in the space of parton multiplicities m. An application
of ! H can either increase the number of partons, corre-
sponding to a real emission, or leave them unchanged for
virtual terms. The SLLs originate from ! c. Using simple

identities among the various terms in (3) [12], one finds
that the relevant color traces are of the form

Crn =
$
H (0)

m 0
(! c)r V G (! c)n ! r V G ! # 1

%
. (4)

Performing the associated scale integrals for evolution
from Q down to the scale µs $ Q0 produces single loga-
rithms for V G and ! , but double logarithms for ! c. The
color traces Crn thus contribute at order #n +3

s L 2n +3
s in

perturbation theory, where L s = ln(Q/µ s). SLLs first
arise at four-loop order and involve C01 and C11. In (4),
H (0)

m 0
are the Born-level hard functions and we use that

W (0)
m = 1 at lowest order.
The fact that the cross section %(Q0) must be indepen-

dent of the renormalization scale µs imposes non-trivial
conditions on the low-energy matrix elements W m (µs) =
Z W bare

m . The renormalization factor Z is related to
the anomalous dimension (3) [31], and using its three-
loop expression one finds that the leading UV poles in
d = 4 %2&dimensions must be of the form

W bare
m = 1 +

#s

4$
!
2&

+
" #s

4$

#2
&

V G !
2&2 + . . .

'

+
" #s

4$

#3
&

V G V G !
3&3 %

! c V G !
3&3 ln

Q2

µ2
s
+ . . .

'

+ O(#4
s) . (5)

We only show terms which, after combining with the hard
functions in (1) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, we can replace [13]

V G ! & 16i $X 1 , ! c V G ! & 16i $Nc X 1 ,

V G V G ! & % 6$2Nc X 2 , (6)

where

X 1 = if abc
(

j> 2

Jj T a
1 T b

2 T c
j , X 2 =

1

Nc

(

j> 2

Jj O(j )
1 , (7)

with O(j )
1 defined in (6.36) of [13]. The sums extend over

all final-state partons j > 2 in the Born-level process, and
the angular integral Jj has been given in (16) of [12].
We now compute the perturbative part of W bare

m or-
der by order in #s and check whether it matches the
structure (5). The one-loop term ' ! is the divergence
associated with a soft exchange between hard legs and
is obtained from soft Wilson-line matrix elements in the
low-energy theory or, equivalently, by taking the product

of two tree-level soft currents J a(0)
µ (ls) and integrating

the momentum ls over the gap region under the restric-
tion l 0

s < Q 0. The #2
s term ' V G ! arises from real-

virtual corrections to the same matrix elements. The
complex phase in V G is directly related to the imagi-

nary part of the one-loop soft current J a(1)
µ [32]. To iso-

late the structure V G V G ! , we have analyzed the prod-

uct J µ,a (1) J a(1)  
µ as well the product of J a(2)

µ (includ-
ing the tripole terms) [33, 34] with a tree-level current,

= +

soft soft soft

collinear

Color coherence  is essential for the cancellation of collinear singularities in 
scattering processes 

! Intuitive concept familiar from Low’s soft-photon theorem  in QED:            
soft photons only probe the charge and direction of energetic particles

soft emission from parent      =                          sum of  soft emission from daughters 



By now, we have all-order factorization theorems based on 
SCET, which enable resummation for 


• NGLs in e+e−  TB, Neubert, Rothen, Shao ‘16


• SLLs TB, Neubert, Shao ’21 + Stillger ‘23

• CLs TB, Haag ’23


New results 

• First resummations of SLLs TB, Neubert, Shao ’21 + 

Stillger ’23; TB, Hager, Martinelli, Neubert, Schwienbacher 
‘24  and Glauber phases Böer, Neubert, Stillger ’23 + 
Hager, Xu ’23, ’24 


• Resummation of subleading NGLs GNOLE Banfi, Dreyer, 
Monni ’22, MARZILI  TB, Schalch, Xu ’23; PanScales 
Ferrario Ravasio et al. !  Nicolas Schalch’s talk
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Hard functions
m hard partons along 


fixed directions {n1, …, nm} 

! =
!

a,b

" 1

0
dx1dx2 ö! ab(Q, x1, x2, µf ) f a(x1, µf ) f b(x2, µf ) + O(! QCD /Q ) (1)

! =
!

a,b

" 1

0
dx1dx2 Cab(Q, x1, x2, µ)!P(p1)|Oa(x1)|P(p1)" ! P(p2)|Ob(x2)|P(p2)" + O(! QCD /Q )

(2)
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!
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

wherem0 = 2+ M is the number of partons at Born-level,
" i are the momentum fractions of the initial-state par-
tons, and the sum includes all partonic subprocesses. The
hard functions H m are the squared amplitudes for pro-
ducing the energetic partons inside the jets, integrated
over the energies of the Þnal-state particles, while keeping
the parton directions { n} = { n1, . . . , nm } Þxed. Their
explicit form can be found in (2.3) of [14]. The inte-
gration over the Þnal-state parton directions is indicated
by the symbol ! in (??). The color indices of the hard
partons are kept open and". . . # denotes the color trace,
which is taken after combining the hard functions with
the low-energy matrix elementsW m , which contain the
dynamics associated with the perturbative scaleQ0, as
depicted in Fig. 1, as well as non-perturbative QCD ef-
fects. The main result of our Letter is that, at least up
to three-loop order, the perturbative part of W m is con-
sistent with PDF factorization.

The SLL analysis in [13, 14] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [32]
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We only show terms which, after combining with the hard
functions in (??) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, the above expressions can
be simpliÞed [14], e.g.

! c V G ! ' 16i%Nc if abc
!

j> 2

Jj T a
1 T b

2 T c
j . (4)

This sum extends over all Þnal-state partonsj > 2 in the
Born-level process, and the angular integralJj has been
given in (16) of [13].

We now compute the perturbative part of W bare
m or-

der by order in $s and check whether it matches the

gap
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

wherem0 = 2+ M is the number of partons at Born-level,
" i are the momentum fractions of the initial-state par-
tons, and the sum includes all partonic subprocesses. The
hard functions H m are the squared amplitudes for pro-
ducing the energetic partons inside the jets, integrated
over the energies of the Þnal-state particles, while keeping
the parton directions { n} = { n1, . . . , nm } Þxed. Their
explicit form can be found in (2.3) of [14]. The inte-
gration over the Þnal-state parton directions is indicated
by the symbol ! in (??). The color indices of the hard
partons are kept open and". . . # denotes the color trace,
which is taken after combining the hard functions with
the low-energy matrix elementsW m , which contain the
dynamics associated with the perturbative scaleQ0, as
depicted in Fig. 1, as well as non-perturbative QCD ef-
fects. The main result of our Letter is that, at least up
to three-loop order, the perturbative part of W m is con-
sistent with PDF factorization.

The SLL analysis in [13, 14] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [32]
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! corresponds to gluon emission into the gap, and! C

denotes purely collinear contributions. The anomalous
dimension is an operator in color space and a matrix
in the space of parton multiplicities m. An application
of ! H can either increase the number of partons, corre-
sponding to a real emission, or leave them unchanged for
virtual terms. The SLLs originate from ! c. Using simple
identities among the various terms in (1) [13], one Þnds
that the relevant color traces are of the form
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Performing the associated scale integrals for evolution
from Q down to the scaleµs $ Q0 produces single loga-
rithms for V G and ! , but double logarithms for ! c. The
color traces Crn thus contribute at order $n +3
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perturbation theory, where L s = ln( Q/µ s). SLLs Þrst
arise at four-loop order and involveC01 and C11. In (2),
H (0)

m 0
are the Born-level hard functions and we use that

W (0)
m % 1 at lowest order.
The fact that the cross section! (Q0) must be indepen-

dent of the renormalization scaleµs imposes non-trivial
conditions on the low-energy matrix elementsW m (µs) =
Z W bare

m . The renormalization factor Z is related to
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We only show terms which, after combining with the hard
functions in (??) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, the above expressions can
be simpliÞed [14], e.g.

! c V G ! ' 16i%Nc if abc
!

j> 2

Jj T a
1 T b

2 T c
j . (4)

This sum extends over all Þnal-state partonsj > 2 in the
Born-level process, and the angular integralJj has been
given in (16) of [13].

We now compute the perturbative part of W bare
m or-

der by order in $s and check whether it matches the

RG evolution
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FIG. 1. Sample perturbative contribution to the gap-between-
jets cross section. The gray inner subdiagrams make up the
hard function H m , while the remainder is part of W m . The
orange gluon is soft and enters the veto region, the blue and
green partons are collinear to the beams. Possible scalings of
the virtual gluon momentum k will be analyzed below.

wherem0 = 2+ M is the number of partons at Born-level,
" i are the momentum fractions of the initial-state par-
tons, and the sum includes all partonic subprocesses. The
hard functions H m are the squared amplitudes for pro-
ducing the energetic partons inside the jets, integrated
over the energies of the Þnal-state particles, while keeping
the parton directions { n} = { n1, . . . , nm } Þxed. Their
explicit form can be found in (2.3) of [14]. The inte-
gration over the Þnal-state parton directions is indicated
by the symbol ! in (??). The color indices of the hard
partons are kept open and". . . # denotes the color trace,
which is taken after combining the hard functions with
the low-energy matrix elementsW m , which contain the
dynamics associated with the perturbative scaleQ0, as
depicted in Fig. 1, as well as non-perturbative QCD ef-
fects. The main result of our Letter is that, at least up
to three-loop order, the perturbative part of W m is con-
sistent with PDF factorization.

The SLL analysis in [13, 14] was based on the
renormalization-group evolution of the hard functions
from the high scale µh = Q to a low scale µs $ Q0.
The leading logarithms were obtained by iterating the
one-loop anomalous dimension [32]
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where #cusp = $s/ %+ . . . is the light-like cusp anoma-
lous dimension. The soft piece consists of! c and V G ,
which account for soft+collinear emissions from one of
the two initial-state partons and complex phases arising
from virtual gluon exchange between them, respectively.
! corresponds to gluon emission into the gap, and! C

denotes purely collinear contributions. The anomalous
dimension is an operator in color space and a matrix
in the space of parton multiplicities m. An application
of ! H can either increase the number of partons, corre-
sponding to a real emission, or leave them unchanged for
virtual terms. The SLLs originate from ! c. Using simple
identities among the various terms in (1) [13], one Þnds
that the relevant color traces are of the form
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Performing the associated scale integrals for evolution
from Q down to the scaleµs $ Q0 produces single loga-
rithms for V G and ! , but double logarithms for ! c. The
color traces Crn thus contribute at order $n +3

s L 2n +3
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perturbation theory, where L s = ln( Q/µ s). SLLs Þrst
arise at four-loop order and involveC01 and C11. In (2),
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m & 1 at lowest order.
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We only show terms which, after combining with the hard
functions in (??) and taking the color trace, produce con-
tributions compatible with SLLs at four-loop order and
beyond. Under the color trace, the above expressions can
be simpliÞed [14], e.g.

! c V G ! ' 16i%Nc if abc
!

j> 2

Jj T a
1 T b

2 T c
j . (5)

This sum extends over all Þnal-state partonsj > 2 in the
Born-level process, and the angular integralJj has been
given in (16) of [13].

purely soft

purely

collinear

cusp-piece

soft+collinear



Glauber
∝ iπ

generates SLLs

matrix in multiplicity 
and color space

generates NGLs and CLs



Resummation is then obtained by solving the 
associated RG equations. 


Challenge: ! (1) is infinite matrix in the space of particle 
multiplicities and colors!


• NGLs: implemented ! (1) and ! (2) in the large-Nc limit 
into MC framework MARZILI  to solve RG 
equation numerically → Nicolas Schalch’s talk 


• SLLs: need full color result to see effect. Compute 
leading SLLs analytically, order by order, sum up 
series.
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Properties of anomalous dimension:

                                 ,                   ,  but   


restrict structures for leading SLLs to a small set


Analytically evaluate these using color space 
formalism, reduce to a small basis of color structures.

SLLs

σSLL ∼ ⟨ℋ ( ! c)
n−r

VG ( ! c)
r

VG ! ⟩

single  emission into the gap

Glauber  phase ∼ iπ

 insertions of cusp termn

12

[ ! c, ! ] = 0⟨ℋ VG⟩ = ⟨ℋ ! c⟩ = 0 [ ! c, VG] ≠ 0

breakdown of

coherence
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Figure 9 . Representative diagram depicting a contribution to the color trace Crn relevant for
M = 2 jet production. The soft wide-angle gluon emission mediated by! is shown in green,
Glauber exchanges described byV G are drawn as red dotted lines, and collinear gluon emissions
governed by! c are represented by the dashed blue lines. The diagram shows a contribution toC4,10

which involves r = 4 emissions (light-blue lines) before the Þrst Glauber exchange and (n ! r ) = 6
emissions between the two Glauber exchanges (dark-blue lines). The same color trace also gets
contributions involving Glauber exchanges in the conjugate amplitude and wide-angle soft emissions
from other legs of the Born-level hard function.

The Þrst relation follows from (6.26), and the remaining relations are readily derived by re-
peating the derivation of (6.19) from ( 6.14), after replacing the overall color tensorf abef cde

with dadedbce, ! ab ! cd, and ! ad ! bc, respectively, and making use of the trace relations in (6.22)
and (6.31). The above replacement rules lead to the recurrence relations

c(s+1)
1 = 6Nc c(s)

1 + 4 c(s)
3 ,

c(s+1)
2 = Nc c(s)

1 + 4Nc c(s)
2 ,

c(s+1)
3 = 4 c(s)

1 + 6Nc c(s)
3 ,

c(s+1)
4 = 4 c(s)

1 + 2Nc c(s)
4 .

(6.39)

Solving this set of equations with the initial conditions in (6.37), we Þnd
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(3Nc + 2) r + (3 Nc ! 2)r "
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2 = 2 r ! 2Nc
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N 2
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3 = 2 r ! 1 !

(3Nc + 2) r ! (3Nc ! 2)r "
,

c(r )
4 = 2 r ! 1

%
(3Nc + 2) r

Nc + 1
+

(3Nc ! 2)r

Nc ! 1
!

2N r +1
c

N 2
c ! 1

&
.

(6.40)

Figure 9 shows a representative example of the contributions from the operatorsO(j )
i

in (6.35) for the case of a 2" 2 hard-scattering process. The wide-angle soft gluon emitted
into the gap between the jets must be attached to one of the initial-state partons in the
Born amplitude and one of the Þnal-state partons in the conjugate Born amplitude, or vice
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First resummation of SLLs

Based on factorization approach, we presented first resummed results 
for SLLs TB, Neubert, Shao, Stillger ’23


• General color-space results for  hard processes

• Sample numerical results for selected partonic processes

2 → m
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Figure 17 . Numerical results for super-leading contributions to partonic gg ! gg (top row) and
qg! qg(bottom row) small-angle scattering as a function of the jet-veto scaleQ0, at Þxed partonic
center-of-mass energyQ = 1 TeV and for a central rapidity gap with ! Y = 2. The meaning of the
curves is the same as in Figure11.

where the coe" cients M (I )
4 are functions of the kinematic invariants. The ÒunintegratedÓ

hard function (3.9) can then be represented by a matrix

( !H 4)IJ = M (I )
4 M (J )!

4 . (7.21)

The one-loop hard functions for all 2 ! 2 parton processes have been compiled in [59].
The authors of [60] have extended these results to two-loop order and also provided a
Mathematica notebook to access the results. Due to the simple kinematics for 2! 2
scattering in the partonic center-of-mass system, we Þnd from (2.1) and (2.16) that in the

Ð 58 Ð

!" #" $" %" &" !"
! '"

! &"

! $"

"

$"

&"

Figure 17 . Numerical results for super-leading contributions to partonic gg ! gg (top row) and
qg! qg(bottom row) small-angle scattering as a function of the jet-veto scaleQ0, at Þxed partonic
center-of-mass energyQ = 1 TeV and for a central rapidity gap with ! Y = 2. The meaning of the
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where the coe" cients M (I )
4 are functions of the kinematic invariants. The ÒunintegratedÓ

hard function (3.9) can then be represented by a matrix

( !H 4)IJ = M (I )
4 M (J )!

4 . (7.21)

The one-loop hard functions for all 2 ! 2 parton processes have been compiled in [59].
The authors of [60] have extended these results to two-loop order and also provided a
Mathematica notebook to access the results. Due to the simple kinematics for 2! 2
scattering in the partonic center-of-mass system, we Þnd from (2.1) and (2.16) that in the
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GAP-BETWEEN-JETS OBSERVABLES

Do LHC cross sections factorize?

Based on this new approach, we have performed the Þrst all-order resummation 
of super-leading logarithms  for jet processes [Becher, MN, Shao, Stillger (2023)]

forward scattering

3-loop

4-loop

5-loop

6-loop

resummed
Q = 1TeV, ! Y = 2



Gap between dijets at LHC

• First full SLL cross section 


• > 10% for small values of 

• Biggest contribution from gluonic 

channels

• Need to combine with NGLs (at 

Nc=3!) before comparing to ATLAS

• Some interference terms only 1/Nc

Q0

15

TB, Hager, Martinelli, Neubert, Schwienbacher, Stillger ’25 

Figure 1: DeÞnition of the gap region (gray) between the jets with radiusR in the
rapidity and azimuthal plane used here and in the ATLAS analysis in [22].

with j = 2, 3, 4 and nk restricted to be inside the gap region. For Þxed jet radiusR, we
assume that the rapidity gap! Y is wide enough for the jets not to leak out on both sides
(|! Y | > R ) and not to overlap (

!
|! Y |2 + ! 2 > 2R). We then obtain

J12 ! J2 = |! Y | "
R2

2
, J3 = " J4 , (2.8)

and

J4 = ! Y " sgn(! Y)
R
!

" 1

0
dx

#
ln

cosh
$
R

#
1 " x2

%
" cosRx

1 " cosRx

+ ln
cosh! Y + cosRx

cosh
$
|! Y | " R

#
1 " x2

%
+ cosRx

&

= ! Y "
R2

4
tanh

! Y
2

" sgn(! Y)
#

2R
!

+
R3

6!

'
tanh2 ! Y

2
"

2
3

(
+ O(R5)

&
.

(2.9)

Note that the leading correction toJ3 and J4 is linear in R and not quadratic, as one would
have naively expected. All higher-order terms contain only odd powers ofR, but their
numerical impact is negligible forR < 1.

The Born-level partonic cross sections in (2.5) are given by
'

dö"
dr

(

12! 34

=
1

16! ös

) *H 4(µh) 1
+

, (2.10)

where µh $
#

ös. The tilde indicates the ÒunintegratedÓ hard functions, i.e. the hard-
scattering amplitudes squared, which we need at lowest order in perturbation theory only.
The resummed SLL contributions to the partonic cross sections can be expressed as a linear
combination of eleven color structuresX i under the color trace with the hard functions,
with coe" cients depending on the scalesµh and µs [24, 25]. The result can be written in

4

!" #" $" %" &"
"

&

!"

!&

s = 13 TeV

R = 0.6

ATLAS ‘11



PDF Factorization vs SLLs

• PDF factorization is the bedrock of hadron collider physics 


• Separation of perturbative hard-scattering  at scale  from 
non-perturbative PDFs  at scale 


• Universality of PDFs: absence of low-energy interactions 
between incoming hadrons through cancellation of soft and 
Glauber physics CSS ’85 (for DY)


• Purely collinear, single logarithmic DGLAP evolution 

̂σij Q
fi(x) ΛQCD

16

P2

P1

x2P2

x1P1

f j (x2)

f i (x1)

ö! ij . (2.9)

Figure 2: A hard scattering process described in the parton model. [2]

The cross section of hard scattering processes initiated by two hadrons with momentaP1 and P2 are

! (P1, P2) =
!

i,j = q,øq,g

"
dx1dx2 f i (x1, µ)f j (x2, µ) ö! ij (p1, p2, " s(µ), µ), (2.10)

wherep1 = x1P1 and p2 = x2P2 [2]. On parton level, it also now becomes evident that

ös = x1x2s, (2.11)

where s is the center of mass energy squared for the incoming beams, andös only involves the
momentum of the particles that actually participate in the hard scattering process weÕre looking
at. f 1(x1, µ) and f 2(x2, µ) are the parton distributions functions of the incoming partons. We then
sum over all channels that contribute to a certain process. This gives us the fully inclusive jet cross
section.

2.4. Gap Between Jets

A gap between jetscross section refers to the cross section of an event where there are two jets are
emitted in roughly opposite directions in the center of mass frame, and there is a ãgapÓ between
them without particle emission. The jets occur at energies! Q. One then introduces a veto scale
Q0 for the gap region , which is much lower. Any event that involves a jet withpT > Q 0 in the gap
region is vetoed [3].

Technically, when one eventually would like to integrate over the rapidity (or the angle#), one would
have to include everything that is not part of the jets. However, to simplify, we will only consider
a rectangular region that cuts o! at the outer radius of the jets [3]. Figure 3 shows a schematic of
what that looks like. The gap lies betweeny1 and y2, so the rapidities of jet 1 and 2 (or, in the
simpliÞed case we will be using, the outer limits of the jets). If we use the center of mass frame, then
y1 = " y2. Generally, we can deÞne a gap via! Y = |y2 " y1|.

4

μ

Q

ΛQCD

DGLAP



SLLs vs DGLAP
• Double-logarithmic SLLs 

directly related to collinear 
factorization breaking


• SLLs generated from double 
logarithmic running 


• If PDF factorization holds, 
something interesting must 
happen at scale Q0 which 
converts between the two 
evolutions

μ

Q

ΛQCD

SLL evolution

DGLAP

Q0

phase factors

soft+collinear contributions


 


double-log evolution

single-log evolution?

PDFs?

?
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Conclusion / Cliff Hanger
• Factorization theorems for jet 

observables

• resummations of SLLs, NGLs, CLs 

based on RG

• First resummations of SLLs


• sizable effects! 

• LL effect not captured large-Nc 

showers 

• combination of SLL + NGL ?


• Raises fundamental questions 

• Collinear factorization violation 

versus PDF factorization?

• Single vs. double logarithmic 

evolution?
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Mont Valaisan, yesterday
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Figure 3: SLL contribution to the di ! erential pp ! 2 jets cross section as function of
transverse momentumpT (left) and gap size|" Y | (right). The veto scale is Þxed to
Q0 = 20 GeV.

above, the DGLAP evolution of the PDFs is taken into account by evaluating them at the
high scaleµh. In Table 1, we present the individual contributions of the di! erent partonic
channels (including PDFs) to the integrated cross section forpT > 200 GeV,

"
s = 13 TeV

and 2< |" Y | < 3. For each channel, the Þrst column shows the cross section at Born level
and the second one the SLL contribution, obtained using the veto scaleµs = Q0 = 20 GeV.
It is evident that the main contributions both to the Born cross section (# 84%) and even
more so for the SLLs (# 90%) are due to the gluonic channelsqg! qg and gg ! gg.

The SLL contribution to the physicalpp ! 2 jets cross section, relative to the Born cross
section, is shown in Figure 2 as a function of the veto scaleQ0. It reaches up to (13+4

! 5)%
for Q0 = 10 GeV. However, as indicated by the yellow band, the scale uncertainties are
still quite large in the leading double-logarithmic approximation. We have estimated them
by varying the low scaleµs by a factor 2 about the default valueQ0, while the high scale
is kept Þxed atµh = 2 pT . For higher values ofQ0 the SLL contribution becomes smaller.
However, taking the uncertainties into account, we Þnd that it could still be as large as
10% forQ0 = 30 GeV

In Figure 3, we present the contributions of the SLLs to the di! erential cross sections
d! SLL /dpT and d! SLL /d " Y, relative to the corresponding di! erential Born cross sections.
In the Þrst case, we observe that the SLL contribution increases with growingpT , as the
logarithm L becomes larger. For small transverse momenta the contribution decreases,
because the required scale hierarchy is no longer present. In the second case, one can see
an approximately linear dependence on" Y, in particular for 1 < |" Y | < 3. This is to be
expected, as the angular integralsJj scale with" Y, see (2.8) and (2.9). For large" Y, this
dependence is altered due to the imposed cut on the transverse momentum.
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s = 13 TeV

R = 0.6
process ! 2! 2 [pb] ! SLL

2! 2 [pb] process ! 2! 2 [pb] ! SLL
2! 2 [pb]

qq! qq 231.5 12.0 qøq ! gg 12.4 " 0.9

qq" ! qq" 454.4 22.2 qg ! qg 4104.6 403.3

qøq ! qøq 142.0 7.4 gg ! qøq 57.5 " 4.4

qøq" ! qøq" 372.9 18.0 gg ! gg 2281.1 150.6

qøq ! q"øq" 3.6 < 0.1
!

1204.4 59.6
!

6455.6 548.6
!

all channels 7660.0 608.2


