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The full equation of state

Adding QCD to the free light particles and the electroweak theory:
number of effective degrees of freedom:
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QCD phase diagram
by source of information

[Muses 2303.17.021]
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QCD phase diagram

ε

µ

Lattice: WB 2020

Freezeout/Andronic

Compiled by [Vovchenko et al 2408.06473]

Lattice result on the chiral transition line:[Wuppertal-Budapest PRL 125 (2020) 052001]

What can Lattice QCD add to this phase diagram?
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QCD phase diagram
analytical continuation of lattice data
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Clausius Clapeyron equation
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Entropy and baryon susceptibility
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Taylor coefficients

Taylor coefficients of the pressure
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These Taylor coefficients are equal to the Grand Canonical
fluctuations

χB
2 (T ) =

〈
B2
〉
− 〈B〉2 =

1

VT
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Higher fluctuations are the Taylor coefficients of lower fluctuations
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Taylor coefficients can be used to reveal analytic structure of the
thermodynamic potential

Repulsive interactions beyond ideal HRG
Searching the critical end point

Hints for chiral O(4) universality
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Coefficients below and above the transition region
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Low temperature coefficients:
Hadron Resonance Gas model estimates lattice data well

High temperature coefficients:
Improved perturbation theory describes lattice data well

HTL results: [Haque et al 1309.3968,1402.6907]

Lattice results: [Wuppertal-Budapest: 1507.04627] [BNL-Bielefeld: 1507.06637 ]
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How to calculate the χ coefficients?

χuds
200 = +〈Bu〉+ 〈AuAu〉

χuds
400 = +〈Du〉+ 3〈BuBu〉 − 3〈Bu〉〈Bu〉+ 4〈AuCu〉

+〈AuAuAuAu〉 − 3〈AuAu〉〈AuAu〉+ 6〈AuAuBu〉 − 6〈Bu〉〈AuAu〉

χuds
600 = +〈Fu〉+ 10〈CuCu〉+ 15〈BuDu〉+ 15〈BuBuBu〉+ 6〈AuEu〉+ 60〈AuBuCu〉+ 15〈AuAuDu〉

+45〈AuAuBuBu〉+ 20〈AuAuAuCu〉+ 15〈AuAuAuAuBu〉+ 〈AuAuAuAuAuAu〉 − 15〈Du〉〈Bu〉
−15〈Du〉〈AuAu〉 − 45〈Bu〉〈BuBu〉 − 60〈Bu〉〈AuCu〉 − 90〈Bu〉〈AuAuBu〉
−15〈Bu〉〈AuAuAuAu〉 − 45〈BuBu〉〈AuAu〉 − 60〈AuCu〉〈AuAu〉 − 90〈AuAu〉〈AuAuBu〉
−15〈AuAu〉〈AuAuAuAu〉+ 30〈Bu〉〈Bu〉〈Bu〉+ 90〈Bu〉〈Bu〉〈AuAu〉
+90〈Bu〉〈AuAu〉〈AuAu〉+ 30〈AuAu〉〈AuAu〉〈AuAu〉

χuds
800 = 79 terms . . .

A,B,C , . . . are defined as

[detM(µu)]1/4 = [detM(0)]1/4 exp
(
1 + Auµu + Bu

2!
µ2
u + Cu

3!
µ3
u + . . .

)
Data analysis uses computer generated code.
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Sign problem in the Taylor coefficients
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High order coefficients in a LT = 2 box

4Hex continuum result [Phys.Rev.D 110 (2024) 1, L011501]
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4stout data (imaginary µB , 483 × 12 lattice) : [Wuppertal-Budapest, 1805.04445]

HISQ data: (µB = 0, 323 × 8 lattice, inexact charge conservation) [BNL-Bielefeld,

2202.09184,2212.09043]
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Status of 163 × 8 simulations

Baryon cumulant ratios

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 100  120  140  160  180  200  220  240  260  280  300

1

χ
B

4
 /

χ
B

2

T [MeV]

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 100  120  140  160  180  200  220  240  260  280  300

16
3
x8

4HEX

1
0

χ
B

6
/χ

B
2

T [MeV]

-2

-1

 0

 1

 2

 120  140  160  180  200  220  240  260

16
3
x8

4HEX

1
0

χ
B

8
/χ

B
2

T [MeV]

-20

-10

 0

 10

 20

 120  140  160  180  200  220  240  260

1
0

χ
B

1
0
/χ

B
2

T [MeV]

13 / 27



How is physics distorted in a smaller volume?
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Chiral observables suffer from the reduced volume, but heavy quark observables

(e.g. Polyakov loop) are much less affected. [Wuppertal-Budapest 2405.1232]
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Transition temperature from chiral observables

Upper curves: Full chiral susceptibility

Lower curves: Disconnected part of chiral susceptibility
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Tc from the Polyakov loop
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Tc at finite density

We repeat the Tc calculation at many imaginary chemical potentials.
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Tc extrapolated to eight order

SQ itself can be extrapolated (163 × 8 lattices).
The temperature of the SQ -peak is calculated for each µB .
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What is strangeness neutrality?

Besides light baryons hyperons are also generated with µB > 0: =⇒ 〈S〉 < 0

In experiment (at chemical freeze-out) 〈S〉 = 0.
We achieve this by adding µS > 0, this is T and µB dependent.

µ∗
S(µB ,T ) = s1(T )µB + s3(T )µ3

B + s5(T )µ5
B + . . .

One obtains s1(T ), s3(T ) and s5(T ) from the standard Taylor coefficients
[HotQCD 1208.1220; 1701.04325]

Our recent continuum results [Wuppertal-Budapest 2312.07528]
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Strangeness neutrality in a crosscheck

Besides ligth baryons hyperons are also generated with µB > 0: =⇒
〈S〉 < 0
In experiment (at chemical freeze-out) 〈S〉 = 0.
We achieve this by adding µS > 0, this is T and µB dependent.

µ∗
S(µB ,T ) = s1(T )µB + s3(T )µ3

B + s5(T )µ5
B + s7(T )µ7

B + s9(T )µ9
B + . . .
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Width of the transition extrapolated to eight order

SQ itself can be extrapolated (163 × 8 lattices).
The width of the SQ -peak is calculated for each µB .
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Conclusions

It is still very expensive to access high density physics from the lattice.

Continuum extrapolated high
order coefficients

Extreme statistics on 163 × 8
lattices
( 1

2
years in Jülich

+5 months on LUMI)

one can attempt to extrapolate
to so far unattainable parts of
the phase diagram.
(today only on coarse lattices)
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JUWELS Overall Architecture
JUWELS Cluster (2018)

2511 compute nodes (2× Skylake)
48 GPU nodes (4× V100 w/ NVLink2)
Mellanox EDR 100Gbit/s network,
fat-tree topology (1:2@L1)
12 PFLOP/s

JUWELS Booster (2020)
936 compute nodes (2× AMD Rome,
4× A100 w/ NVLink3)
Mellanox HDR 200Gbit/s network,
DragonFly+ topology
73 PFLOP/s

Top500 Nov-2020:
#1 Europe
#7 World
#1* Green500

Member of the Helmholtz Association 25 June 2021 Slide 4 68
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The Houston critical endpoint

Idea: look at contours of constant entorpy/T 3, find spinodal regions.

investigate how these choices affect the location of the
predicted critical point and how the lattice QCD features
affect these predictions.
The first functional form we propose is a polynomial-

hyperbolic Ansatz (PHA), which has often been used for
this kind of model in the past [20–24,28–38]. We propose
the following functions:

VðϕÞ ¼ −12 coshðγϕÞ þ b2ϕ2 þ b4ϕ4 þ b6ϕ6; ð4Þ

fðϕÞ ¼ sechðc1ϕþ c2ϕ2 þ c3ϕ3Þ
1þ d1

þ d1
1þ d1

sechðd2ϕÞ: ð5Þ

These functional forms are similar to the ones proposed
by some of us in Ref. [21], but they also include the cubic
term in the argument of the hyperbolic secant, which was
introduced in Ref. [36]. The last term in Eq. (5) replaces the
pure exponential of Ref. [36]. We note that in Ref. [36], b4,
c1 and c2 were not considered.
The functional forms in Eqs. (4) and (5) exhibit distinct

features, such as exponential slopes and plateaus, at differ-
ent values of ϕ. However, these features are not uniquely
driven by a specific coefficient in the above functions.
For this reason, we propose a new parametric Ansatz (PA)
for them

VðϕÞ ¼ −12 cosh
!"

γ1Δϕ2
V þ γ2ϕ2

Δϕ2
V þ ϕ2

#
ϕ

$
; ð6Þ

fðϕÞ ¼ 1 − ð1 − A1Þ
!
1

2
þ 1

2
tanh

"
ϕ − ϕ1

δϕ1

#$

− A1

!
1

2
þ 1

2
tanh

"
ϕ − ϕ2

δϕ2

#$
: ð7Þ

This Ansatz has the advantage of having parameters that
are easier to interpret since they now control the features
described above. Besides being able to produce an EMD
model that mimics lattice thermodynamics at zero chemical
potential, this Ansatz will provide further information
regarding the dependence of the predicted critical point
on the choice for VðϕÞ and fðϕÞ. We note that the form for
fðϕÞ is similar to the one proposed in Ref. [39].
Both Ansätze are such that Vð0Þ ¼ −12, so that at the

r → ∞ boundary, the Ricci scalar approaches −20, in units
of an energy scale Λ squared (this is required for having
asymptotically AdS5 background solutions, in consonance
with the holographic dictionary). This scale is used to
convert model results to physical units and is a free
parameter of our model [21].

C. Numerical solutions

Using Eqs. (2), (3) and extremizing the action in Eq. (1)
yields a set of coupled second-order ordinary differential
equations, which, in general, require numerical methods to

be solved [20]. By conveniently changing coordinates
before implementing a numerical solution, the horizon
data to be chosen is reduced to the spectification of the
values of the dilaton field and the radial derivative of the
Uð1Þ gauge field at the horizon [21]:

ϕ0 ≡ ϕðrHÞ; Φ1 ≡Φ0ðrHÞ; ð8Þ

which provide initial conditions for the numerical solution
of the equations of motion in the bulk. That is, each
ðϕ0;Φ1Þ-pair specifies a given (equilibrium) thermody-
namic state of the system at the boundary.
After numerically solving the equations of motion, one

can again change coordinates to a form such that standard
holographic formulas can be applied to extract thermody-
namic quantities in the boundary theory [21]. This is done
by analyzing the asymptotic behavior of the fields near the
asymptotically AdS5 boundary at r → ∞.
Here, we solve the equations of motion and extract

thermodynamic quantities for different ðϕ0;Φ1Þ-pairs using
software developed within the MUSES framework, which
will be detailed elsewhere.

D. Critical point location

To understand what happens at the critical point, it is
instructive to plot lines of constant ϕ0 (for varying Φ1) on
the phase diagram. These lines are shown in Fig. 1, where
the color code indicates the value of ϕ0. The CP is marked
by a star, the first order line is indicated as the solid black
line, and the spinodal lines are represented as dashed
black lines.
We see that the constant ϕ0 lines start off parallel at

μB ¼ 0, but as we increase μB their behavior changes,
leading to crossings between them. These crossings
happen because between the spinodal curves there are
three possible thermodynamic states corresponding to a
single ðT; μBÞ-pair: one stable, one metastable and one

FIG. 1. Example of critical point location by finding the point
in the ðT; μBÞ phase diagram where the lines of constant ϕ0 at
increasing Φ1 cross for the first time.

BAYESIAN LOCATION OF THE QCD CRITICAL POINT FROM … PHYS. REV. D 110, 094006 (2024)

094006-3

μB = 750 MeV
μB = 602 MeV
μB = 450 MeV
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s/
T
3

[Black-Hole-Engineering model Hippert et al[2309.00579]] [QCD: Shah et al [2410.16206]]

Leading order: Entropy contours are exact parabolas: T ′ = A + Bµ2
B

Optimistic assumption on error propagation.
Critical endpoint estimate: Tc = 114.3 ± 6.9 MeV, µB,c = 602.1 ± 62.1 MeV
Is this a first principles result on a CEP?
No, an expansion is defined, where
each order can be computed from first principles,
this expansion does not automatically break down near the CEP.
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Strangeness susceptibility extrapolations

NNLO expansion on a 163 × 8 lattice
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χS
2 (µB) extrapolation
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Testing continuum limits with the 4HEX action

4HEX staggered action with strongly reduced taste breaking.
Let’s look at those fluctuations e.g. chanrge, that is sensitive to it.

Continuum extrapolation T = 145 MeV with large volume up to Nt = 16
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HISQ: BNL-Bielefeld (2011–. . . )[HotQCD [2107.10011]]

4HEX: Wuppertal-Budapest (2022–. . . ) [Wuppertal-Budapest QM2022]
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