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Map is defined by the scaling directions and few 
non-universal constants , , , …  need to 
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Critical exponents, critical amplitudes and 
scaling functions are universal and well known 
and can be used


Verifying universality classes is more difficult
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Scaling hypotheses:
Free energy:
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❖ So far no evidence for  in (2+1)-flavor QCDHc > 0

➡ We assume  and determine  Hc = 0 Tc ≡ T0
c

❖ We aim on the determination of the parameters, including κ l
2, κs

2, κls
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fs(t, h, L) = b�dfs(b
ytt, byhh, L�1b)
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Order parameter

Magnetic susceptibility

Renormalized order 
parameter

Equation of state
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M = h1/� (fG(z) � f�(z))

Equation of state

❖  and  are the 
well known universal 
scaling functions of a 
single scaling variable 
 


[Karsch, Neumann, 
Sarkar ’23] 

❖ This version of the 
renormalised order 
parameter has 
advantages:

➡ No explicit 

contribution from 
the strange 
condensate


➡ Direct relation to 
the scaling 
function of the 
free energy 


[Kotov et. al, '21]

fG(z) fχ(z)

z
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z = t/h1/��

With scaling variable 
+ sub-leading

+ sub-leading
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014505
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014505
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FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

❖  (with updated statistics)


❖ Corresponding pion masses: 180 
MeV, 140 MeV, 110 MeV, 80 MeV, 55 MeV.  


❖ Use O(2) scaling functions and exponents 
due to staggered fermions


❖ Fit results for 

     MeV

     




[Ding et al. (HotQCD) ‘24] 

❖ Continuum estimate:  MeV

[Ding et al. (HotQCD) ’19]

Nτ = 8

mπ ≃

Nτ = 8
T0

c = 143.7(2)
z0 = 1.42(6)

h−1/δ
0 = 39.2(4)

T0
c = 132+2

−6

<latexit sha1_base64="mHSD2BW6/MyDw0kkGKxtMaYsaJA="></latexit>

M = h
�1/�
0 H

1/� (fG(z) � f�(z))

[Ding et al. (HotQCD) ’24]

Scaling 
region?

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.062002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516


6Padé resummation of the Taylor series about  μB = 0Chiral Transition temperature and critical exponent δ 6

7

0

5

10

15

20

135 140 145 150 155 160 165 170

�
2
/dof = 4.1

140 < T < 148

H = 1/40, 1/80

N⌧ = 8

M

T

H = 1/20

0

5

10

15

20

25

30

35

40

�0.5 0 0.5 1 1.5 2 2.5 3 3.5

H = 1/20

1/27

1/40

1/80

1/160

H
�1/�

M

zb

N⌧ = 8

Tc = 143.8

FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

[Ding et al. (HotQCD) ’24]

Scaling 
region?

EoS fit: universality class is assumed

➡ ratios of the renormalized order 
parameter can be used to define define 

 and  Tc δ

New parameter free method

Direct Lattice QCD results

 0.1
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 0.3

 0.35
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 140  141  142  143  144  145  146  147  148

T [MeV]

Ln(M(T,cH)/M(T,H))/Ln(c)

O(2): 1/�

Tc
N�=8

c=2, H=1/160
1/80

c=4, H= 1/160

With N⌧ = 888 lattices, working H�1 = 202020,272727,404040,808080,160160160
(used before)

We find for H�1
� 40H�1
� 40H�1
� 40, intersection pt. within Tc range [HotQCD,

1903.04801] and y -coordinate ⇡ O(2) : 1/�

And O(H3H3H3) regular cont. negligible while close to TcTcTc for these
masses. However, · · ·

Sabarnya Mitra (Uni Bielefeld) Critical temp and expts 30 July, 2024 11 / 15

❖ Intersection at 


❖ Obtained  and  consistent with EoS fit 
and O(2) universality class

(Tc, 1/δ)

TC δ
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ln(M(H1)/M(H2))

ln(H1/H2)

[Mitra et al., Lattice ’24]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://conference.ippp.dur.ac.uk/event/1265/contributions/7294/attachments/5744/7539/Lattice_2024_Mitra.pdf
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Pseudo-critical temperatures in units of MeV
observable H = 1/20 H = 1/27 H = 1/40 H = 1/80 H = 1/160

(i) �
Msub
m 164.63(5) 160.99(12) 157.89(27) 153.91(30) 150.93(34)

(ii) �
M`
t(T ) 162.84(28) 159.76(12) 155.66(09) 151.29(14) 147.92(14)

�`,ms – 159.39(22) 156.38(25) 150.51(63) 148.48(74)

�
M`
t(`,`) – 159.94(32) 156.07(33) 150.7(1.6) 148.7(1.2)

�
M`
t(s,s) – 162.76(26) 159.32(29) 153.6(96) 149.87(54)

(iii) �
M
t(T ) 156.40(68) 153.44(11) 150.70(06) 148.04(12) 145.85(17)

TABLE III. Three sets of pseudo-critical temperatures determined from (i) the chiral susceptibility �
Msub
m , (ii) the mixed suscep-

tibilities obtained from temperature, chemical potential and strange mass derivatives of M`, and (iii) the mixed susceptibility
obtained from the temperature derivative of M , respectively.
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FIG. 4. The chiral susceptibility, �Msub
m (top, left) and the mixed susceptibilities �

M`
t(T ) (top, right), �M`

t(`,`) (bottom, left), and

�
M
t(T ) (bottom, right), plotted versus the temperature for various H values. Results for the susceptibilities shown on the right

hand side have been obtained from derivatives of the rational polynomial fits to the order parameter data for M` (top) and M

(bottom), respectively.

In the case of the mixed susceptibility obtained from
M` we actually use three di↵erent observables, obtained
by taking derivatives of the order parameter with respect
to T , the chemical potential µ̂` or the strange quark mass
ms (see Section VI for a discussion of the latter). In the

scaling regime all these observables define the pseudo-
critical temperature Tpc,t. In fact, as can be seen in
Fig. 5 the location of maxima of these mixed suscep-
tibilities is identical within errors even for the physical
value of the light to strange quark mass ratio, H = 1/27.

10

In addition to the mixed susceptibility �M`

t(T ), defined as
the T -derivative of M`, we also use the mixed suscepti-
bility �M

t(T ), which is obtained as the T -derivative of the
renormalized order parameter M . This defines another
pseudo-critical temperature, Tpc,(t,M).

As can be seen in Fig. 5 the pseudo-critical tempera-
tures reflect the ordering of the universal scaling relations
for allH  1/20. The pseudo-critical temperatures, how-
ever, are generally located outside the temperature range
in which we found good scaling behavior for the order pa-
rameter M , shown in Fig. 2. When fitting data for the
pseudo-critical temperatures to extract Tc we thus need
to take into account also the influence of sub-leading cor-
rections to the location of the maxima in susceptibilities.

We have fitted the data shown in Fig. 5 using scaling
ansätze appropriate for the di↵erent observables used to
define a pseudo-critical temperature and allowing for con-
tributions from corrections-to-scaling as well as regular
terms. We start with an ansatz for the unrenormalized
order parameter M`,

M` = h�1/�
0 H1/�

�
fG(z) + cH!⌫cfG,cts(z) +O(H2!⌫c)

�

+H
nmaxX

n=0

ant
n +O(H3) , (40)

and similarly for the renormalized order parameter M ,
where fG(z) gets replaced by fG(z) � f�(z). The def-
inition of the corrections-to-scaling function fG,cts and
further details about the above ansatz are provided in
Appendix B. Calculating the various susceptibilities by
starting from Eq. 40 one obtains the influence of the sub-
leading terms on the locations of the maxima of the sus-
ceptibilities by expanding the order parameter ansatz for
small values of H [33] in the vicinity of the relevant, uni-
versal peak locations zm, zt or zt,M . Keeping terms up to
nmax = 2 for the determination of Tpc,m and nmax = 3
for the determination of Tpc,x, x = t, (t,M), insures that
in both cases regular terms linear in t are kept in the de-
termination of maxima of the susceptibilites. This gives
for the position of a peak in the mixed susceptibilities

Tpc,x(H) = Tc

⇣
1 + t1,xH

1/�� + tc,xH
1/��+!⌫c

+t2,xH
1+(3��)/�� + t3,xH

1+(4��)/��
⌘

x = t, (t,M) , (41)

whereas for the chiral susceptibility one has [33],

Tpc,m(H) = Tc

⇣
1 + t1,mH1/�� + tc,mH1/��+!⌫c (42)

+t2,mH1+(2��)/�� + t3,mH1+(3��)/��
⌘

.

The coe�cient t1,x of the leadingH-dependent correction
to Tc is related to the universal parameters zx, given in
Eqs. 31-33, and the non-universal scale z0,

t1,x ⌘
zx
z0

, x = m, t, (t,M) . (43)
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FIG. 5. Pseudo-critical temperatures obtained from maxima
in (i) �Msub

m , (ii) �M`
t(T ), and �

M`
t(`,`), �`,ms and (iii) �M

t(T ). These
three sets of observables are related to universal maxima in
three di↵erent sets of scaling functions (see text). Lines show
joined fits performed with a scaling ansatz and including cor-
rections arising from correction-to-scaling as well as regular
terms as discussed in the text. Dashed lines show the lead-
ing H-dependent correction arising from the universal scaling
ansatz in this fit (see text).

We performed fits in which Tc and t1,x are kept as free
fit parameters as well as using for Tc and t1,x the values
determined from the scaling fits to the order parameter
M given in Eqs. 36, 37. Using Tc and t1,x as free fit
parameters gives result that are consistent with Eqs. 36,
37.

We performed joint fits to data for pseudo-critical tem-
peratures obtained from five di↵erent susceptibilities, de-
manding that they yield the same critical temperature
in the chiral limit. It turns out that in the case of the
mixed susceptibility �M

t(T ) these fits are not sensitive to
a term proportional to t3,(t,M). We thus set t3,(t,M) = 0
in our final fits. Furthermore, we need to control the
influence of the smaller volume used in our determina-
tion of Tpc in calculations with H = 1/160. We there-
fore performed fits (i) leaving out or (ii) including the
data for H = 1/160 as well as (iii) using the data for
H = 1/160 where we corrected the Tpc values, obtained
for H = 1/160, by a global shift of 0.25 MeV. This is
in accordance with the finite volume dependence found
in [4]. For N⌧ = 8, H = 1/80 it was found there that
pseudo-critical temperatures determined at zL,b ' 1.1
and 0.8 di↵er by about 0.25 MeV. We use this value also
as an estimate for finite volume e↵ects in our data ob-
tained for H = 1/160 at zL,b ' 1.1.

We find that fits using these three di↵erent approaches
yield similar results for the chiral transition temperature
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zt,M = 0.63

❖ Determine peak positions of various susceptibilities 

➡ Definition of pseudo critical line  (constant  value)z

[Ding et al. (HotQCD) ’24]
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❖ Fit to peak positions give  in 
good agreement with EoS fits
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FIG. 7. The ratios K
B
2 (top) and K

BS
11 (bottom) defined in

analogy to the corresponding functions in the flavor basis, K`
2

(Eq. 54) and K
`s
11 (Eq. 55), respectively. The chiral extrap-

olation at Tc defines the curvature coe�cients 
B
2 (top) and


BS
11 (bottom).
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FIG. 8. Surface of critical temperature in the µB-µS plane.
The solid line shows Tc as function of µB in strangeness neu-
tral matter. The dashed line in the front corresponds to
µS = 0 whereas the dashed line at large µS corresponds to
the case µs = 0, which is equivalent to µS = µB/3.

expect that universal features of the chiral phase transi-
tion in (2+1)-flavor QCD is described by the same uni-
versality class for all finite, non-zero values of the strange
quark mass. As the strange quark mass does not break
chiral symmetry in the light quark sector explicitly, it
will appear as an external parameter in the energy-like
scaling variable t, just like the chemical potentials.
We may expand the chiral phase transition temper-

ature Tc, appearing in the definition of the energy-like
scaling field t given in Eq. 19, in terms of a Taylor se-
ries around the physical strange mass, mphy

s
. To leading

order we obtain,

Tc(ms) = Tc(m
phy

s
) +

@Tc(ms)

@ms

����
m

phy
s

�
ms �mphy

s

�

+O((�ms)
2) , (63)

Omitting just for clarity the µ-dependence of the scaling
variable t, introduced in Eq. 19, we rewrite t as

t =
1

t0


T

Tc(ms)
� 1

�

=
1

t0

" 
T

Tc(m
phy

s )
� 1

!
� ms

ms �mphy

s

mphy

s

#
(64)

+O((�T )2,�T�ms, (�ms)
2)

(65)

where

ms = �
mphy

s

Tc(m
phy

s )

@Tc(ms)

@ms

���
m

phy
s

. (66)

Using the definition of the light-strange susceptibility,
introduced in Eq. 11, we may obtain the curvature coef-
ficient ms from the ratio

K
ms(T,H) =

�`,ms

�M`

t(T )

. (67)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the suscep-
tibility shifts to smaller values as H decreases. Results
for the pseudo-critical temperatures corresponding to the
location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudo-critical
temperatures vary with H just like the other mixed sus-
ceptibilities obtained from derivatives of the chiral order
parameterM` with respect to a energy-like variable. This
confirms our expectation that that the strange quark
mass enters the universal scaling relations just like other
energy-like couplings.
Results for K

ms(T,H), obtained for several values of
H, are shown in Fig. 9 (bottom). From this we obtain
the curvature coe�cient ms in the chiral limit as

ms = lim
H!0

K
ms(Tc, H) . (68)

❖ Ratio of mixed susceptibilities 
are related to the curvature 
coefficients 
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❖ results may be transformed 
to the  hadronic basis
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❖ Temperature like scaling field
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ml = 0 (Nτ = 8)

 κB,nS=0
2 = { 0.012(4)

0.0153(8)

ml = ms/27 (cont.)



 


κB, ̂μS=0
2 ≡ κB

2 = 0.015(1)
κB,nS=0

2 = 0.893(35)κB
2

κB, ̂μs=0
2 = 0.968(23)κnS=0

2

[HotQCD ’19]
[BW '20]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://www.sciencedirect.com/science/article/pii/S0370269319303223?via=ihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.052001


Scaling fields are unknown, a frequently used 
ansatz is given by a linear mixing of T, μB

 t

 h T

 μB μcep

 Tcep

For a constant  we obtain z = zc

9
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with  and ΔT = T − TCEP ΔμB = μB − μCEP
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Re[µLYE] = µ
CEP
B + c1�T + c2�T

2 +O(�T
3)

Im[µLYE] = c3�T
��
,

The fit parameter  gives the (inverse) slope of 

the 1st order line at the critical point: 

c1
c1 = − Ah /Bh

Mixing of scaling fields: 

Fit Ansatz: 

Scaling in the vicinity of the QCD critical point   

[Stephanov, Phys. Rev. D, 73.9, 094508 (2006)]

Lee-Yang edge: 
complex  planeh

hc = 0 Re h

Im h

t3
t2
t1

Poles approach critical point along 
imaginary -axis [Yang,Lee’59] 

 is const. and universal
h

t/h1/βδ = zc



10The Padé resummation

Detecting phase 
transitions via Padé 
and post-Padé 
approximants has a 
long history in 
statistical and high 
energy physics 


They are often used 
in combination with 
perturbation theory 


QCD is non-
perturbative in the 
vicinity of the phase 


The numerical 
calculation of the 
pressure series in  
is difficult 
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T
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Construct [4,4]-Padé 
from 8th order Taylor 
Expansion


Calculate complex 
roots of the 
denominator


Find apparent 
approach to the real 
axis with decreasing 
temperature


Can also be 
combined with 
conformal maps     
[Basar, 2312.06952] 
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12Lattice Data at imaginary μB

Lattice size:  363 × 6
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[arXiv: 2403.09390]

Observables: 

Derivatives of , w.r.t  ln Z ̂μB = μB /T
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 is even in  and 
periodic, with periodicity  


Choose 10 equidistant -points  
in , all further points are 
obtained by periodicity and parity


Odd (even) derivatives are 
imaginary (real) at 

ln Z ̂μB = iθ
2π

̂μB
[0,iπ]

̂μB = iθ

https://arxiv.org/abs/2403.09390
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data: T = 120 MeV

expansion points

complex singularities

Procedure: 
Perform simultaneous fits to  
and  for each temperature 


Use [3,3]-Padé


Varry length of the fit interval in 
 and the center of the 

interval in 


bootstrap over the data by 
assuming independent and normal 
distributed errors


Calculate roots of the denominator 
and keep only roots in the first 
quadrant 


Collect all the results for Lee-Yang 
scaling fits. We have 55 different 
intervals per temperature.

χB
1

χB
2

[π,2π]
[−π/2, + π/2]

 MeVT = 120

[arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196
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the Pearson correlation coefficient 
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 singularities show here are chosen 

on the basis of the  of the scaling fit 
(“best fit”)

Nτ = 6
χ2

Orange box shows the AIC weighted result 
for , based on  scaling fitsNτ = 6 𝒪(105)

Perform one fit for  and  fits for Nτ = 8 𝒪(105) Nτ = 6
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Error bars are based on the inner 68-percentile 

Histogram over the  and  from the   fits TCEP μCEP
B 𝒪(105)

Observe interesting structure

Dashed line 
indicates the 
continuum 
extrapolated 
crossover line

(T CEP, μCEP
B ) = (105+8

−18,422+80
−35) MeV
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New Strategy: Determine the QCD critical point by the temperature scaling of the 
Lee-Yang edge singularity 


Technically this requires Pade or multi-point Pade analysis of  derivatives. The 
later eliminates the need for the calculation of high order expansion coefficients but 
introduces some interval dependence.  


Find encouraging results for : 


No continuum result yet 


Current estimates of the cutoff effects increase  towards  MeV, 
which is consistent with FRG and DSE results

ln Z

Nτ = 6 (TCEP, μCEP
B ) = (105+8

−18,422+80
−35) MeV .

μCEP
B μCEP

B ≈ 650

Universal scaling is a very powerful tool if the scaling fields and the universality class 
are known. 


Transition temperate in the chiral limit, pseudo-critical line and curvature coefficients 
are obtained from scaling fits. 


Pseudo-critical lines correspond (asymptotically) to a constant real , the 
Lee-Yang edge to a universal complex 


z = t/h1/βδ

zc
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N⌧ = 6 N⌧ = 8

multi-point Padé [4,4]-Padé

T
CEP [MeV] µ

CEP
B [MeV] µB/T T

CEP [MeV] µ
CEP
B [MeV] µB/T

best fit 90.7 ± 7.7 461.2 ± 220 5.09 ± 0.68 101 ± 15 560 ± 140 5.5 ± 1.7
weight-1 105.4 + 8.0 � 18.4 422.9 + 80.5 � 34.9 3.92 + 1.52 � 0.24
weight-2 100.8 + 11.6 � 26.8 430.9 + 208.2 � 42.2 4.20 + 4.13 � 0.47

c1 c2 c3 c1 c2 c3

best fit -6.2 ± 9.2 0.115 ± 0.090 0.424 ± 0.086 -12.3 ± 8.1 0.203 ± 0.059 0.55 ± 0.25

TABLE II. Obtained fit parameters from the fit with eq. (5) to the real and imaginary parts of the singularities of lnZ. For
N⌧ = 6, we show the results for the fit with the smallest �

2
/d.o.f. (0.067), as well as the median and 1�-percentiles of all

performed fits, weighted with (’weight-1’) and without the AIC (’weight-2’).

determination of the crossover line.
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Parametrizations of the crossover line: 

1.)

2.)

Continuum estimate might 
suffer from large systematic 
effects (Padé vs multi-point 
Padé)

κ2 = κ̄2 = − 0.015(1)

Many results seem to favour a 
small κ̄4 ≈ − 0.0002(1)

[HotQCD, 2403.09390]

https://arxiv.org/abs/2403.09390
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❖ QCD and STAR results are in good 
agreement for 


❖ Slight vertical shift might suggest 
that freeze-out temperature is slightly 
below 

sNN < 19.6 GeV

Tpc

6

FIG. 4. The ratio µS/µB on the pseudo-critical line in (2+1)-
flavor QCD versus µ̂B obtained for strangeness neutral matter
with nQ/nB = 0.4. The bands show continuum estimates for
second and fourth order Taylor expansion results of µS/µB on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12. Also shown are results obtained by the STAR
Collaboration [9, 13, 32] and HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

(NNLO [5,4]) shown in this figure are statistically well
controlled for µ̂B  1.5. For large values of the chem-
ical potential, µ̂B  2, we only show the result (NLO
[3,2]) based on O(µ̂3

B) and O(µ̂2
B) Taylor series for �B

1
and �B

2 , respectively. These continuum estimates are ob-
tained from fits to data taken on lattices with temporal
extent N⌧ = 8 and 12. As can be seen, the ratio RB

12
starts to deviate from HRG model calculations at about
µ̂B ' 1. The Taylor series, however, is still well con-
trolled at least up to µ̂B ' 1.5. We compare RB

12(T, µ̂B),
calculated in (2+1)-flavor QCD, with the corresponding
ratio of net proton-number and its variance, Rp

12(
p
sNN ),

[33] as follows. In order to convert the experimental con-
trol parameter,

p
sNN , to a chemical potential value on

the freeze-out line we use the set of freeze-out temper-
atures (Tf ) and baryon chemical potentials (µf

B) deter-
mined from the analysis of particle yields using fits based
on the thermodynamics of a hadron gas in the Grand
Canonical Ensemble [13, 33].

As can be seen in the figure, the experimental re-
sults for Rp

12(Tf , µ
f
B) are close to the line of values for

RB
12(T, µB) on the pseudo-critical line. We thus deter-

mined a set of freeze-out parameters obtained by de-
manding Rp

12(
p
sNN ) = RB

12(Tpc(µ
f
B), µ

f
B). In Table I we

compare the thus determined set of freeze-out parame-
ters, {µf

B , Tpc(µ
f
B)}, with the experimental set of freeze-

out parameters, {µf
B , Tch}, obtained by comparing mea-

sured particle yields to hadronization models [12–14].
As can be seen in Fig. 5, NLO and NNLO QCD re-

sults agree well with each other up to µ̂B ' 1.5, where
the errors of the NNLO expansion start getting large. In
Tab. I, we tabulate the freeze-out parameters determined
from Rp

12 using NLO QCD results for RB
12(T, µ̂B) and
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FIG. 5. The ratio RB
12(T (µB), µB) on the pseudo-critical line

in (2+1)-flavor QCD versus µ̂B obtained for strangeness neu-
tral matter with nQ/nB = 0.4. The bands show continuum
estimates for next-to-leading (NLO [3,2]) and next-to-next-
to-leading (NNLO [5,4]) order Taylor expansion results on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12 (see also discussion in the text). Also shown
are results obtained by the STAR Collaboration for the cor-
responding proton cumulant ratio, Rp

12 for various beam en-
ergies

p
sNN [33]. Results from [13] have been used to con-

vert
p
sNN to thermal parameters (Tf , µ̂

f
B). Furthermore,

we show recent results for Rp
12 obtained by the STAR Col-

laboration [34]. For data taken at two new beam energies,
p
sNN = 9.2 GeV and 17.3 GeV we used the parametrization

of interpolating curves for freeze-out parameters given in [12].
Solid curves show results from HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

they agree well with the freeze-out parameters {Tf , µ̂
f
B}

obtained from particle yields down to
p
sNN

<
⇠17.3 GeV,

which also corresponds to µ̂B ' 1.5. For smaller
p
sNN or

µ̂B ' 2.0 the NNLO lattice QCD results have too large
errors for a detailed quantitative comparison. Results
from the NLO expansion are, however, still in good agree-
ment with the STAR data down to

p
sNN ' 11.5 GeV. In

order to compare QCD results with STAR data at even
lower beam energies statistically well controlled higher
order Taylor series will be necessary.
It also should be noted that the experimen-

tally determined Rp
12 becomes larger than unity for

p
sNN

<
⇠17.3 GeV. This is consistent with lattice QCD re-

sults for RB
12, which become larger than unity for µ̂B>⇠1.3

or µB>⇠200 MeV. On the other hand, HRGmodel calcula-
tions based on non-interacting, point-like hadrons will al-
ways lead toRB

12(T, µ̂B) < 1. The experimental data thus
seem to reflect interactions in strong-interaction matter
at freeze-out (on the pseudo-critical line) that go beyond
those taken care of in HRG models through the presence
of a tower of excited states and resonances.
We give a comparison of the chemical potentials and

pseudo-critical temperatures on the pseudo-critical line,
{Tpc(µ̂B), µB}, that are obtained by demanding RB

12 =

[Karsch, Goswami, XQCD ’24] [Bollweg et al. '24]

❖ HRG model calculations based on 
noninteracting, point-like hadrons 
will always lead to 

➡ HRG can not reproduce STAR 

data

RB
12 < 1
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