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first fully non-perturbative determination
of in-equilibrium anomalous transport coefficients
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Introduction



Quarks and gluons in extreme conditions

> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e
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Quarks and gluons in extreme conditions
> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

> neutron stars T <1 MeV, n <2 fm™3
magnetars B < 1015 G

Outer crust: nuclei

Inner crust: nuclei + neutron gas
Rod- and plate-like structures

Uniform nuclear matter
Condensates of

nKZ,..?
Quarks?

~03km ~0.6 km ~10 km

& Lattimer, Nature Astronomy 2019
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> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
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» neutron star mergers T < 50 MeV
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Quarks and gluons in extreme conditions
> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

> neutron stars T <1 MeV, n <2 fm™3
magnetars B < 1015 G

» neutron star mergers T < 50 MeV

» eary universe, QCD epoch T < 200 MeV, standard scenario: n~ 0
B from electroweak epoch & Vachaspati '91 & Enquist, Olesen '93
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Magnetic fields impact on

> phase diagram 160 4 deconfinement transition line ]
- \‘ prediction
& Endrédi, JHEP 07 (2015) ol ]
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Anomalous transport

» usual transport:
vector current due to electric field

(Jy=0-E

» chiral magnetic effect (CME)
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)
vector current due to chirality and magnetic field

<J> = OCME - B

» chiral separation effect (CSE)
& Son, Zhitnitsky, PRD 70 (2004) & Metlitski, Zhitnitsky, PRD 72 (2005)
axial current due to baryon number and magnetic field

(J5) = ocse - B
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Phenomenological and theoretical relevance

» experimental observation of CME in condensed matter systems
& Li, Kharzeev, Zhan et al., Nature Phys. 12 (2016)

P experimental searches for CME and related observables in heavy-ion collisions
& STAR collaboration, PRC 105 (2022)

P serves as indirect way to probe topological fluctuations and CP-odd domains in
heavy-ion collisions

P> recent reviews: £ Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016)
& Kharzeev, Liao, Tribedy, 2405.05427
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Phenomenological and theoretical relevance

» experimental observation of CME in condensed matter systems
& Li, Kharzeev, Zhan et al., Nature Phys. 12 (2016)

P experimental searches for CME and related observables in heavy-ion collisions
& STAR collaboration, PRC 105 (2022)

P serves as indirect way to probe topological fluctuations and CP-odd domains in
heavy-ion collisions

P> recent reviews: £ Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016)
& Kharzeev, Liao, Tribedy, 2405.05427

» disclaimer: this talk is not about feasibility of experimental detection,
but about the theory of anomalous transport
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General (handwaving) argument

» spin, momentum  chiral magnetic effect
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General (handwaving) argument — issues

P> quantum theory requires ultraviolet regularization
P> massless vs. massive fermions
P strong interactions between fermions

» in-equilibrium vs. out-of-equilibrium nature
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In-equilibrium vs. out-of-equilibrium

» example: charge transport due to electric field E || e;

00~ <00~
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In-equilibrium vs. out-of-equilibrium

> example: charge transport due to E| e
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» out-of equilibrium linear response:
time-dependent response to time-dependent perturbation (electric conductivity)
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In-equilibrium vs. out-of-equilibrium

> example: charge transport due to E| e

-

00 OO
00 o®

» out-of equilibrium linear response:
time-dependent response to time-dependent perturbation (electric conductivity)

» leading to an equilibrium distribution (electric polarization/susceptibility)

P> same story can be told for CME 9/ 23



No currents in equilibrium

> Bloch’s theorem: 2 Bohm Phys. Rev. 75 (1949) & N. Yamamoto, PRD 92 (2015)
persistent electric currents do not exist in ground state of quantum systems

» applies to conserved currents
» applies to global (spatially averaged) currents
» applies in the thermodynamic limit (V — o0)
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No currents in equilibrium

v

Bloch’s theorem: £ Bohm Phys. Rev. 75 (1949) & N. Yamamoto, PRD 92 (2015)
persistent electric currents do not exist in ground state of quantum systems

applies to conserved currents
applies to global (spatially averaged) currents
applies in the thermodynamic limit (V — oo)

in-equilibrium CME is not possible
in-equilibrium CSE is possible

in-equilibrium local CME currents are possible
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Chiral magnetic effect in equilibrium



CME and inconsistencies

P parameterize chiral imbalance ns by a chiral chemical potential us
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)

» CME for weak chiral imbalance (B = Bes)
(J3) = oome B = Comp s B + O(12)
» from Bloch's theorem it follows that in equilibrium
Ccme =0V

> several results in the literature give incorrectly

CeME = ¢

272
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CME and inconsistencies

| 2

parameterize chiral imbalance ng by a chiral chemical potential us
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)

CME for weak chiral imbalance (B = Bes)
(J3) = oome B = Comp s B + O(12)
from Bloch's theorem it follows that in equilibrium
Ccme =0V

several results in the literature give incorrectly

CeME = ¢

272

careful regularization is required
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Perturbation theory

P triangle diagram

> gives in-equilibrium CME coefficient

. 1
Ceve = lim —T9%0v(p+9,p, 9)
P,g—0 g1

P also gives the axial anomaly & Peskin-Schroeder 19.2

(Ouds) ~ (p+@)ulavy(p+a,p,9)AA,
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Regularization sensitivity — anomaly

> naive regularization

(p+q)uTn (p+ g, p, q)ALA, = mPs(p, q) ¢

» Pauli-Villars regularization
(regulator particles s = 1,2,3 with ¢ = £1 and ms — o)

3
(p+ q)ulh (P + a.p, @)ALA, = mPs(p,q) + > cmsPg(p, q)ALA,

s=1
PP, Fy,
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Regulator sensitivity — CME

» naive regularization

1
Ccve= lim =T%,(p+qp.q) ==
CME piaspH—0 g1 aw(p+a,p,q) 52

» Pauli-Villars regularization
3
1 1 C
Cove= lim  —T1%3 P, q) = — S _ov
CME p,q,pl-l—q—>0 p avv(p+a,p,q) 52 =+ 2 o2

» in equilibrium, Ccme vanishes due to anomalous contribution
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CME in equilibrium — lattice simulations



Regularization sensitivity on the lattice

» seminal lattice determination of (J3) at B# 0, us # 0 £ A. Yamamoto, PRL 107 (2011)
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> coefficient Conmp & 0.025 ~ 1/(472) #
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P> £ A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jyon e = d(n)ya(n)

0.12
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Regularization sensitivity on the lattice
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> coefficient Conmp & 0.025 ~ 1/(472) #

P> £ A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jlr}onfcons _ 1;(”)’%1/}(”) JﬁOnS ~ Qﬁ(n)’yy Uy(n)¢(n + 19)
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Regularization sensitivity on the lattice

» seminal lattice determination of (J3) at B# 0, us # 0 £ A. Yamamoto, PRL 107 (2011)
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> coefficient Conmp &~ 0.025 ~ 1/(472) #

> 2 A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jlr}onfcons _ 1/_)(”)7”1/](”) Jﬁons ~ &(n)’y,, U,,(n)w(n + 19)

» conserved current: Coyig = 0 V' @ Brandt, Endrédi, Garnacho, Marké, JHEP 09 (2024)
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CME in equilibrium — final result

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» global CME current vanishes in equilibrium
& Brandt, Endrédi, Garnacho, Marké, JHEP 09 (2024)
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Chiral separation effect in equilibrium



Chiral separation effect

» axial current due to magnetic field and baryon density
& Son, Zhitnitsky, PRD 70 (2004) & Metlitski, Zhitnitsky, PRD 72 (2005)

P> parameterize baryon density n by chemical potential p

» CSE for small density (B = Bes)

(J5) = ocsE B = Cosp uB + O(12?)

» Bloch's theorem allows in-equilibrium CSE (9, J,5 # 0)
P regularization less intricate, but conserved vector current on lattice is important

» previous lattice efforts & Puhr, Buividovich, PRL 118 (2017)
& Buividovich, Smith, von Smekal, PRD 104 (2021)
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CSE in equilibrium — final result

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current
& Brandt, Endrédi, Garnacho, Marké, JHEP 02 (2024)
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Local chiral magnetic effect



Inhomogeneous magnetic fields

» up to now: homogeneous magnetic background

> off-central heavy-ion collisions: inhomogeneous fields # Deng et al., PRC 85 (2012)

5
e<B,>

y (fm)

.

4
e<(B,f>

y (fm)

- dh o4 |
-15-10-5 0 5 10 1815-10-5 0 5 10 1815-10-5 0 5 10 1

x (fm) x(fm) x(fm)
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> consider profile B(x) = Bcosh™2(x/€) & Dunne, hep-th/0406216
with € ~ 0.6 fm
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Inhomogeneous magnetic fields

» up to now: homogeneous magnetic background

> off-central heavy-ion collisions: inhomogeneous fields # Deng et al., PRC 85 (2012)

5
e<B,>

y (fm)

.

4
e<(B,f>

y (fm)

-0.4 -0.2 0.0 0.2 0.4
x1/L

- dh o4 |
-15-10-5 0 5 10 1815-10-5 0 5 10 1815-10-5 0 5 10 1

x (fm) x(fm) x(fm)

> consider profile B(x) = Bcosh™2(x/€) & Dunne, hep-th/0406216
with € ~ 0.6 fm

» impact on thermodynamic observables in QCD and phase diagram

& Brandt, Endrédi, Marké, Valois, JHEP 07 (2024)
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Local currents

» response for weak ps for homogeneous B

() = Comg usB
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Local currents
> response for weak p5 for homogeneous and inhomogeneous B
(J3) = Conp 5B (h(x)) = ns [ dxf Contnloa — x0)B(x)

G(x1)

» Bloch's theorem allows local currents if [ dxi(J3(x1)) =0
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Local currents in QCD

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» non-trivial localized CME signal ¢ Brandt, Endrédi, Garnacho, Marks, Valois, 2409.17616

x10—3
0.4 4
7 A &
0.0
02 A
04
T = 155 MeV
—0.6 -
eB (GeV?)
—081 = 0.1
~1.0 N N - 0.2
G(@1) - Cgop (GeVT) 0.5
—1.2 1 T T T T T
-2 -1 0 1 2

1 (fm)

21/ 23


https://inspirehep.net/literature/2833817

Local currents in QCD

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» non-trivial localized CME signal ¢ Brandt, Endrédi, Garnacho, Marks, Valois, 2409.17616

x10—3 x10~3
0.4 G(z1 = 0.9 fm) - C3} (GeV?)
0.5 -
0.2
0.0 00
—0.2 T (MeV)
04 - . 13
1 7 =155 Mev —05 1 155
—0.6 162
eB (GeV?)
—081 = 01 —107
104 02 _ ;
6@ - Ciop (GeV?) 05 s G(z1 =00 fm) - C3 ) (GeV?)
—1.2 4 T T T T T : T T T T T
) -1 0 1 2 0.0 0.1 0.2 0.3 0.4 0.5
21 (fm) eB (GeV?)

21/ 23


https://inspirehep.net/literature/2833817

Local currents in QCD

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit

employing the conserved electric current

» non-trivial localized CME signal ¢ Brandt, Endrédi, Garnacho, Marks, Valois, 2409.17616
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» may guide experimental efforts to detect CME
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Out-of-equilibrium phenomena



Out-of-equilibrium transport

» Kubo formula: transport coefficients from spectral functions

» spectral function from Euclidean correlators on the lattice

6x) = | dople) K(w, )
——
known kernel
ill-posed problem, may be studied using various strategies

» Euclidean correlators

Gome(xa) = (J3(0)Jas(xa)) Gese(xa) = (J35(0)Ja(xa))

first results for CME £ Buividovich, PRD 110 (2024)
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Summary

» CME subtleties: e o0
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in-equilibrium global CME vanishes .

L 3
o a [fm]
Cecse 0.03
Caof
» in-equilibrium CSE in full QCD
x10-3
T MeV]
024
0.2 4
» in-equilibrium local CME in QCD ] ey
067 eB (GeV?)
—0.8 4 - 0.1
Y096 5k (Gev?) =
1y LGt @ v | 23/ 23

9 1 0 1 2



Backup



Chiral density

P chiral density ns is parameterized by chiral chemical potential us

2
ns(us) = x5 ps + O(1d) _ T 97lgZ
5\15) = X5 M5 Hs)s X5 =7, o2
Hs ps5=0
03l Xs/T*(m/T =0)=1/3
== xs/T* =0 o
Loy orp T
ﬁ( T ¥ 24*xs ITﬂ'
¢ 28°x10 =
01k % 3(7“><12
24% x 32
F 323 x48 I
Ea
0.0 [-e— %
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T [MeV]



Inhomogeneous chiral imbalance

» inhomogeneous B(x1) and inhomogeneous pi5(x)

(o)) = / dxd At/ o — X xt — xt') BO<) 1s(x)

H(z1,a4)/eB - Oy}
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