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Hybrid approach

There are currently several approaches to spin hydrodynamics:

1 Determine spin polarization using only gradients of
hydrodynamic fields on the freezeout hypersurface (the main
objects are thermal vorticity ϖµν = −1

2 (∂µβν − ∂νβµ) and
thermal shear ξµν = −1

2 (∂µβν + ∂νβµ), where βµ = uµ

T ).

2 Obtain hydrodynamic equations from kinetic theory.

3 Consider mathematically possible forms of the e-m and spin
tensors and apply conservation laws and entropy production.

4 Use the spin-extended Lagrangian formalism.

We propose a framework that combines (2) for the perfect fluid
description and (3) for the inclusion of dissipation.
Z. D., W. Florkowski, M. Hontarenko, Hybrid approach to perfect and

dissipative spin hydrodynamics, Phys. Rev. D 110, 096018 (2024)
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Phenomenological version of thermodynamic relations

The fundamental thermodynamic relation, first law of thermodynamics
and the Gibbs-Duhem relation are

ε+ P = Tσ + µn +
1

2
ΩαβS

αβ , (1)

dε = Tdσ + µdn +
1

2
ΩαβdS

αβ , (2)

dP = σdT + ndµ+
1

2
SαβdΩαβ . (3)

Multiplication by uµ leads to tensor equations

Sµ = Pβµ − ξNµ + βλT
λµ − 1

2
ωαβS

µ,αβ , (4)

dSµ = −ξdNµ + βλdT
λµ − 1

2
ωαβdS

µ,αβ , (5)

d(Pβµ) = Nµdξ − Tλµdβλ +
1

2
Sµ,αβdωαβ , (6)

with ξ = µ
T
, the spin polarization ωαβ , spin chemical potential Ωαβ = Tωαβ ,

spin density Sαβ = uλS
λ,αβ , and the spin tensor Sµ,αβ = uµSαβ .



Introduction Perfect spin hydrodynamics Dissipative spin hydrodynamics Summary

Sµ,αβ = uµSαβ appears already in a model of spinning fluid
by Weyssenhoff and Raabe 1947 and has been used many
times since then.
J. Weyssenhoff, A. Raabe, Relativistic Dynamics of Spin-Fluids and

Spin-Particles, Acta Phys. Pol. 9, 7 (1947)

It is analogous to perfect fluid expressions
Nµ
eq = nuµ, Tλµ

eq = (ε+ P)uλuµ − Pgλµ = εuλuµ − P∆λµ.

However, it is not justified by microscopic calculations.
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Kinetic theory with a classical description of spin

Internal angular momentum

sαβ =
1

m
ϵαβγδpγsδ, (7)

where the spin 4-vector s · p = 0, sα = 1
2m ϵαβγδpβsγδ.

In the particle rest frame, pµ = (m, 0, 0, 0), sα = (0, s∗), |s∗| = ‘.

‘2 = 1/2 (1 + 1/2) = 3/4. (8)

Local equilibrium distribution functions for particles (+) and for
antiparticles (−) have the Fermi-Dirac form

f ±eq (x , p, s) =

[
exp

(
∓ξ(x) + p · β(x)− 1

2
ω(x) : s

)
+ 1

]−1

=
1

ey± + 1
, (9)

y± = ∓ξ(x) + p · β(x)− 1

2
ω(x) : s, (10)

with ω(x) : s ≡ ωµνs
µν .
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Preliminaries

Parametrization of the spin polarization tensor

ωαβ = kαuβ − kβuα + tαβ , (11)

with k · u = ω · u = 0, tαβ = ϵαβγδu
γωδ, tµ = tµνkν = ϵµναβkνuαωβ .

Integration measures

dP =
d3p

(2π)3Ep
, (12)

dS =
m

π ‘
dsδ(s · s + ‘2)δ(p · s). (13)
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Currents and tensors

The baryon current, the energy-momentum tensor, and the spin tensor
in local equilibrium

Nµ
eq =

∫
dP dS pµ

[
f +eq(x , p, s)− f −eq(x , p, s)

]
, (14)

Tµν
eq =

∫
dP dS pµpν

[
f +eq(x , p, s) + f −eq(x , p, s)

]
, (15)

Sλ,µν
eq =

∫
dP dS pλ sµν

[
f +eq(x , p, s) + f −eq(x , p, s)

]
. (16)

In addition, we define the current Nµ (= Pβµ in traditional hydrodynamics)

N µ=−
∫

dP dS pµ
[
ln(1− f +eq) + ln(1− f −eq)

]
. (17)
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The entropy current

Sµ
eq = −

∫
dP dS pµ

[
f +eq ln f

+
eq − f +eq ln(1− f +eq) + ln(1− f +eq)

]
.

(18)

We use the formula

feq ln feq − feq ln(1− feq) = −yfeq (19)

and express Sµ
eq in terms of other tensors and currents

Sµ
eq =

∫
dP dS pµ [

f +eq (−ξ + p · β − 1
2
ω : s) + f −eq (ξ + p · β − 1

2
ω : s)

]
+Nµ,

(20)

Sµ
eq = −Nµ

eqξ + Tµα
eq βα − 1

2
Sµ,αβ
eq ωαβ +N µ. (21)

This is similar to Eq. (4), except N µ ̸= Nβµ for particles with spin.
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Expansion for small spin

For small magnitudes of ω, we can expand the FD distribution
functions around ys = 0

1

ey
±
0 +ys + 1

=
1

ey
±
0 + 1

− ey
±
0

(ey
±
0 + 1)2

ys +
ey

±
0 (ey

±
0 − 1)

2 (ey
±
0 + 1)3

y2
s + · · · , (22)

where y±
0 = ∓ξ(x) + p · β(x), ys = − 1

2ω : s.

f ±eq = f ±0 − f ±0 (1− f ±0 )ys +
1

2
f ±0 (1− f ±0 )(1− 2f ±0 )y2

s + · · ·

≡ f ±0 +
1

2
f ±1 ω : s +

1

8
f ±2 (ω : s)2 + · · ·

(23)



Introduction Perfect spin hydrodynamics Dissipative spin hydrodynamics Summary

The baryon current

Expansion up to quadratic order in ω

Nµ
eq =

∫
dP dS pµ [

f +eq(x , p, s)− f −eq (x , p, s)
]
= 2(Z+µ

0 − Z−µ
0 )

+ ‘2
ω : ω

6
(Z+µ

2 − Z−µ
2 ) +

‘2

3m2
(Z+µαβ

2 − Z−µαβ
2 )ωγ

αωβγ + ...,

(24)

Z±αβ...
n ≡

∫
dPpαpβ ...f ±n . (25)

In the Boltzmann case,
Z±αβ...
n → e±ξZαβ... ≡ e±ξ

∫
dPpαpβ · · · e−β·p, n = 0, 1, 2, and so

Nµ
eq = (n0 + nk2 + nω2 )u

µ + ntt
µ, (26)

with coefficients n0 =
2 sinh ξ

π2 z2T 3K2(z), nk
2 = − 2 ‘2 sinh ξ

3π2 zT 3K3(z)k
2,

nω
2 = − ‘

2 sinh ξ
3π2 zT 3 [zK2(z) + 2K3(z)]ω

2, nt = − 2 ‘2 sinh ξ
3π2 zT 3K3(z),

Kn(z) – Bessel functions of the second kind.
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The energy-momentum tensor

Expansion up to quadratic order in ω

Tµν
eq =

∫
dP dS pµpν

[
f +eq(x , p, s) + f −eq(x , p, s)

]
= 2

(
Z+µν
0 +Z−µν

0

)
+ ‘2

ω : ω

6

(
Z+µν
2 +Z−µν

2

)
+
‘2

3m2

(
Z+µναβ
2 +Z−µναβ

2

)
ωγ

αωβγ + ...

(27)

Z±αβ...
n =

∫
dPpαpβ ...f ±n .

In the Boltzmann case,

Tµν
eq = (ε0 + εk2 + εω2 )u

µuν − (P0 + Pk
2 + Pω

2 )∆
µν

+ Pkω(k
µkν + ωµων) + Pt(t

µuν + tνuµ),
(28)

with
ε0 =

2 cosh ξ
π2 z2T 4[zK3(z)− K2(z)], εk2 = − 2 ‘2 cosh ξ

3π2 zT 4[zK2(z) + 5K3(z)]k
2

εω2 = − ‘
2 cosh ξ
3π2 zT 4[zK2(z) + (z2 + 10)K3(z)ω

2, P0 =
2 cosh ξ

π2 z2T 4K2(z),

Pk
2 = − 4 ‘2 cosh ξ

3π2 zT 4K3(z)k
2, Pω

2 = − ‘
2 cosh ξ
3π2 zT 4[zK2(z) + 4K3(z)]ω

2,

Pkω = − 2 ‘2 cosh ξ
3π2 zT 4K3(z), Pt =

2 ‘2 cosh ξ
f π2 zT 4[K3(z)− zK4(z)].
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The spin tensor

Expansion up to linear order in ω

Sλ,µν
eq =

∫
dP dS pλ sµν

[
f +eq(x , p, s) + f −eq(x , p, s)

]
=

2 ‘2

3
ωµν (Z+λ

1 + Z−λ
1 )

+
2 ‘2

3m2

[
(Z+λαµ

1 + Z−λαµ
1 )ων

α − (Z+λαν
1 + Z−λαν

1 )ωµ
α

]
+ ...

(29)

In the Boltzmann case,

Sλ,µν
eq = uλ [A (kµuν − kνuµ) + A1t

µν ]

+
A

2

(
tλµuν − tλνuµ +∆λµkν −∆λνkµ

)
,

(30)

where
A = −4 ‘2 cosh ξ

3π2 zT 3K3(z), A1 =
2 ‘2 cosh ξ

3π2 zT 3 [zK2(z) + 2K3(z)].

Not just Sµ,αβ
eq = uµSαβ.
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Entropy current for the Boltzmann case

Sµ
eq = Tµα

eq βα − 1

2
ωαβS

µ,αβ
eq − ξNµ

eq +N µ. (31)

Sµ
eq = σ̄uµ + σtt

µ, (32)

with σ̄ = ε̄
T + (coth ξ − ξ)n̄ − s̄, σt =

Pt
T + (coth ξ − ξ)nt − st .
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Note on Fermi-Dirac statistics

Tensors

Z±αβ...
n ≡

∫
dPpαpβ · · · f ±n

instead of

Zαβ... ≡
∫

dPpαpβ · · · e−β·p

admit the same decomposition in terms of generic tensors of the
same symmetry built out of uµ and gµν , but the expressions
contain integrals other than the Bessel functions.
In the limit case ϵ → 0, we retrieve the Boltzmann case.
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Close-to-equilibrium dynamics
We write general nonequilibrium expressions as the equilibrium
terms plus corrections
Nµ = Nµ

eq+δNµ, Tµν = Tµν
eq +δTµν , Sµ,αβ = Sµ,αβ

eq +δSµ,αβ .
(33)

The spin-orbit interaction is introduced through dissipative terms.

Tµν contains nonsymmetric parts, and the spin tensor is not
seperately conserved
∂µJ

µ,αβ = 0, Jµ,αβ = xαTµβ − xβTµα + Sµ,αβ ,

∂µS
µ,αβ = Tβα − Tαβ , ∂µN

µ = 0, ∂µT
µν = 0 (34)

From Eqs. (31, 33, 34), we get

∂µS
µ = δNµ∂µξ+δTµν

s ∂µβν+δTµν
a (∂µβν−ωνµ)−

1

2
δSµ,αβ∂µωαβ .

(35)

(Compare, e.g., K. Hattori et al., Fate of spin polarization in a relativistic fluid.
An entropy-current analysis, Phys. Lett. B 795 (2019) 100-106,

F. Becattini, A. Daher, X.-L. Sheng, Entropy current and entropy production in

relativistic spin hydrodynamics, Phys. Lett. B 850 (2024), 138533.)
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General tensor decomposition

To find the form of the deviations δNµ, δTµν , δSµ,αβ , we use
a decomposition of general tensors of the given symmetry via projections
along uµ and separation into symmetric and antisymmetric parts

Nµ = auµ + bµ,

Tµν = cuµuν + dµ
s u

ν + dν
s u

µ + dµ
a u

ν − dν
a u

µ + eµνa + eµνs ,

Sλ,µν = uλ [(f µuν − f νuµ) + ϵµνρσuρwσ] + iλµuν − iλνuµ + jλµν ,

(36)

with the constraints bµuµ = 0, dµ
s uµ = dµ

a uµ = eµνa uµ = eµνs uµ = 0,
f µuµ = 0, hµν = −hνµ, hµνuµ = 0, iλµuλ = iλµuµ = 0,

jλµν = −jλνµ, jλµνuλ = jλµνuµ = jλµνuν = 0, w · u = 0.
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The dissipative corrections

Some parts of the general tensors have the same form as the
equilibrium ones. When we enforce the Landau matching
conditions

Nµuµ = Nµ
equµ,

Tµνuµuν = Tµν
eq uµuν ,

Sλ,µνuλ = Sλ,µν
eq uλ,

(37)

we obtain

a = n̄(T , ξ, k2, ω2), c = ε̄(T , ξ, k2, ω2),

f µ = A(T , ξ)kµ, wµ = A1(T , ξ)ωµ.
(38)
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The remaining terms are

δNµ = V µ,

δTµν
s = −Π∆µν +W µuν +W νuµ + πµν ,

δTµν
a = dµ

a u
ν − dν

a u
µ + eµνa ,

δSλ,µν = Σλµuν − Σλνuµ + ϕλµν ,

(39)

with

V µ = bµ − ntt
µ, Π = e − P̄kω, W µ = dµ

s − Ptt
µ,

πµν = e⟨µν⟩s − Pkω( k
⟨µkν⟩ + ω⟨µων⟩), Σλµ = iλµ − A

2
tλµ,

ϕλµν = jλµν − A

2
(∆λµkν −∆λνkµ).

(40)

Equations (39) have the same form as in (Biswas 2023) and can be
expressed in terms of gradients of hydrodynamic variables
multiplied by kinetic coefficients.
R. Biswas, A. Daher, A. Das, W. Florkowski, R. Ryblewski, Relativistic

second-order spin hydrodynamics: An entropy-current analysis,

Phys. Rev. D 108, 014024 (2023).
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Thus, we get the form of the tensors

bµ = λ∇µξ + nt t
µ. c = ε̄(T , ξ, k2, ω2), dµ

s = −κ(Duµ − β∇µT ) + Pt t
µ,

dµ
a = λaβ

−1(βDuµ + β2∇µT − 2kµ), e = P̄ − ζθ − (1/3)Pkω(k
2 + ω2),

e
⟨µν⟩
s = 2ησµν + Pkω( k

⟨µkν⟩ + ω⟨µων⟩), eµνa = γβ∇[µuν],

iλµ = −χ1∆
λµuβ∇αωαβ − χ2uν∇⟨λωµ⟩ν − χ3uν∆

[µ
ρ ∇λ]ωρν +

A

2
tλµ,

jλµν =
χ4

2
∇λω⟨µ⟩⟨ν⟩ +

A

2
(∆λµkν −∆λνkµ),

(41)

with D = uµ∂µ, θ = pµu
µ, σµν = p⟨µuν⟩, η, ζ – shear and bulk

viscosity, κ – thermal conductivity, λa, γ – coefficients introduced
in (Hattori 2019), χ1, χ2, χ3, χ4 – coefficients from (Biswas 2023).

This, together with the conservation laws, forms a framework
of dissipative spin hydrodynamics.

We include second-order terms in ω in a consistent way.

Including second-order terms in gradients is straightforward.
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Summary

We combine the perfect-fluid results of kinetic theory for
particles with spin 1/2 with the Israel-Stewart approach for
including nonequilibrium processes.

Two-fold expansion: in ω and in gradients of hydrodynamic
variables.

With spin degrees of freedom, the perfect-fluid description
contains seemingly dissipative, transverse terms.

Genuine dissipative terms come from the condition of positive
entropy production.

The results can be implemented in code for numerical
simulations.
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Thank you for your attention!
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