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“When I die and go to Heaven there are two matters on which I hope for enlightenment. 
One is quantum electrodynamics and the other is the turbulent motion of fluids.
And about the former I am really rather optimistic."

-Horace Lamb, applied mathematician, 1932
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Turbulent Simulation – Von Kármán Street
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Types of Flow

“Big whirls have little whirls,
That feed on their velocity;
And little whirls have lesser whirls,
And so on to viscosity.” 
― Lewis Fry Richardson, 1922

diffusionmomentum pressure gravity

Streamlines don't intersect.

Vorticity 𝝎 = ∇ × u ≈ 0 .

Flow is chaotic and unpredictable.

Vorticity ≠ 0 .

Eddies are present at various lengthscales.

Energy cascades from large eddies → small 
eddies → viscous dissipation into heat. 
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Introduction

Our goal is to reconstruct physical systems and infer governing equations using minimal information.

Purpose

• Turbulence is an ideal case study due to half-ordered, half-chaotic behavior across a range of lengthscales. 

• The existence of analytic solutions to the Navier-Stokes equations is unknown, but there are known 
solutions that use averaged quantities.  This necessitates the use of statistical physics.

• We expect to have both exact and stochastic terms in our results, which is realistic for real-world datasets. 

Why Turbulence?

Motivation

Many machine learning models use ad-hoc parametrizations without rigorous mathematical justification.
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Fluid Simulation Dataset

𝑥𝑖 =

𝑥
𝑦
𝑧
𝑈𝑥
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𝑈𝑧
𝑝

𝑥0 𝑥1 𝑥2

𝑥3 𝑥4 𝑥5

𝑥6 𝑥7 𝑥8

Domain Mesh Mesh Nodes Node Vector
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Node-Level Inference

Each node has a time series of velocity and pressure data.

We can predict the node vector at timestep 𝒕 + 𝟏 by observing the neighboring node vectors at time 𝒕.

𝑥0 𝑥1 𝑥2

𝑥3 𝑥4 𝑥5

𝑥6 𝑥7 𝑥8

𝑥0 𝑥1 𝑥2

𝑥3 𝑥4 𝑥5

𝑥6 𝑥7 𝑥8

Time 𝒕 Time 𝒕 + 𝟏

Training set: 
[neighbors of 𝑥4]

Prediction set: 
[𝑥4 at the next timestep]
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Fitting the Data

We fit equations to the data using a Machine Scientist1 based on the work of Guimerà et al.

Permutations are performed on functional graphs to find the optimum solution. 

[1] Guimerà et al., "A Bayesian machine scientist to aid in the solution of challenging scientific problems", 2020.

Basic Permutations Example

This method tends to converge more quickly than genetic algorithm-based symbolic regression.

Compared to neural network approaches, this method avoids overfitting and generalizes well to regions outside the training domain.
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Selection Criteria

Bayesian information criterionlog likelihood

number of datapoints

(3)

sum of squared errors

(4)

(5)

(6)

Lower description length ⇒ higher probability that a model is correct.

optional; encodes our prior knowledge

(2)

model given data data given model

Probability that a Model is True

(1)

description length
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Recoverability of True Model

A learnability transition2 occurs when Ltrue function > Lapproximation due to the presence of high noise.

The true function can’t be recovered when this occurs.

[2] Fajardo-Fontiveros et al., "Fundamental limits to learning closed-form mathematical models from data", 2023.

High NoiseLow Noise
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First Modification to the Machine Scientist

Every variable may introduce a source of aleatoric uncertainty.

The following two datasets may have the same L  and SSE, but their sources of noise are different.

We solve this problem by adding noise variables to the machine scientist program.
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Noise Parameters 

By isolating the noise terms, we decompose ε𝑓 into constant noise parameters 𝜃𝑖  that are straightforward to optimize. 

x

+

constant

discrete variable

probability density function

Noise Transformation

=

Propagation of Uncertainty Expected Error
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Uncertainty

x

variable

+

constant

variable + noise

+

+

constant not constant

variable + noise + uncertainty

Gaussian interpolation (kriging)

Uncertainty is useful if the number of datapoints 𝑁 is small.

Unlike noise, uncertainty can’t be represented by a constant parameter.   Also, the calculation for L    is different for sparse data3.

This is the next item we’re adding to the code.

[3] Piga et al., "Bayesian estimation of information-theoretic metrics for sparsely sampled distributions", 2024.
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The governing equations for many nodes may be similar, but have different parameters (i.e. constants).

We direct the machine scientist to prioritize identical graph structures whenever possible.  

Second Modification to the Machine Scientist

Many nodes within the same regime have similar governing equations. We can make one graph to rule them all, by using node parameters 𝜃𝑖.
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Higher Levels of Abstraction

To increase lengthscale, we pool adjacent nodes into a single meta-node.  By design, node-level information is lost.

The new meta-node must know the governing equations of its subnodes and their parameters.

This can be accomplished with minimal overhead:
The governing equations are referenced by an index in a look-up table.
The distributions 𝜇𝜃 and 𝜎𝜃  are stored rather than each parameter 𝜃𝑖. 

𝑥0, θ0 𝑥1, θ1 𝑥2, θ2

𝑥3, θ3 𝑥4, θ4 𝑥5, θ5

𝑥6, θ6 𝑥7, θ7 𝑥8, θ8

𝛍𝜃 , 𝝈𝜃 , [idx]

The course-graining process can be repeated multiple times.
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Results

Categorizing nodes by L reveals sharp transitions the domain.

These directly correspond to laminar and turbulent regions.

Importantly, we didn’t begin with the goal of classifying regimes. It seems to occur as a natural product of information content. 

This result suggests a precise definition of the concept of “physical regime”.

L   = 128 bits 

L   = 412 bits 

Node reconstruction error: 

< 0.01% per timestep

Metanode reconstruction error: 

< 0.1% per timestep

0.0 

0.2 

m/s 

0.4 
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Are the Results Physical?

Various statistical symmetries are present in turbulence4.  The Navier-Stokes equations should hold under these transformations.

Likewise, certain invariants should be present at every scale.

Governing equations can be constructed algorithmically if the full set of invariants and symmetries are known.

[4] Klingenberg et al., "Symmetries and turbulence modeling", 2020.

Within each abstraction layerBetween abstraction layers

Due to these symmetries, the averaged NS terms should be identical at every lengthscale. This list of invariants must be conserved in solutions that are physically realistic. 

Open question:  Can we develop a graph rule for a given symmetry or invariant?
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Other Applications

Particle detectors would be a good candidate for this method.

Using the grid data, one could reconstruct:

• particle trajectories.
• the characteristics of the radiation source.
• the individual variations of each sensor.
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Future Work

The first priority is the addition of uncertainty to the machine scientist.

By unlocking uncertainty, we also unlock the ability to consider sparsity.

Uncertainty and sparsity together create the ability to optimize L with minimal data, i.e. an intelligent sampling policy. 

Next Steps

We would like to test our machine scientist against other symbolic regression solvers, such as pysr and gplearn.

Benchmarking

It would be interesting to test the description length criterion against the common definition of turbulence, 
which occurs when the Reynolds number is greater than 4000. 

Related Research
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Long Term

Calculating the optimum spatiotemporal placement of the data collection buoys used by the US National 
Oceanic and Atmospheric Administration (NOAA) Global Drifter network.
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Thank you for listening.
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