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What is it all about?
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Ask chatGPT. . . or rather not

Synopsis of StatSci paper

• About likelihood ratio testing (but not about the likelihood ratio)

• Focused on parametric inference

• Primarily frequentist viewpoint

• Explores what happens when models are not “well behaved and
consistent”

• Large-sample inference (though we will see few χ2’s)
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A wealth of contributions!

https://doi.org/10.1214/23-STS910
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Step by step

• Some notation

• (and a bit of history)

• Just the basics

• Toy examples
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Physics / Statistics glossary

• parameter determination = estimation

• systematic uncertainty = nuisance parameters

• profiled value = constrained estimate

• toy simulation = (boostrap) resampling

• error propagation = delta method

• half chi-square distribution = chi-squared bar distribution

• chi-square method = least squares criterion

• M(achine) L(earning) = M(aximum) L(ikelihood)
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Notation 1/2

• sample: y = (y1, . . . ,yn)

• model function: f (y ;θ), with θ ∈Θ⊆ Rp

• likelihood: L(θ ;y) ∝ f (y ;θ)

• log likelihood: ℓ(θ ;y) = log{L(θ ;y)}
• maximum likelihood estimate: θ̂ = argsupθ ℓ(θ)

• null hypothesis H0 and alternative hypothesis H1

• use likelihood ratio for testing

• expected information: i(θ) = E [j(θ ;Y )]
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What do we mean by likelihood ratio?

given null hypothesis H0 and alternative hypothesis H1

λ (θ ) =
L(θ1)

L(θ0)

or

w(θ ) = 2{ℓ(θ̂ )− ℓ(θ )}
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Neyman & Pearson (1933)

• optimality

λ (θ ) =
L(θ1)

L(θ0)

• (1933)

https://doi.org/10.1098/rsta.1933.0009
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When is the LR optimal?

given sample y and significance level α

• scalar parameter of interest θ

H0 : p0(y) vs H1 : p1(y) most powerful test based on LR p1(y)
p0(y)

H0 : θ ≤ θ0 vs H1 : θ > θ0 uniformly most powerful test1 if LR is
monotone in T (y)

H0 : θ = θ0 vs H1 : θ ̸= θ0 uniformly most powerful unbiased
test if T (y) has symmetric distribution

• θ = (ψ,λ ), with ψ scalar parameter of interest

H0 : ψ = ψ0 vs H1 : ψ ̸= ψ0 uniformly most powerful unbiased
similar test, e.g. natural exponential
family

1Karlin–Rubin theorem
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Two most enjoyable books
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Wilks (1938)

• generality

W (θ ) = 2{ℓ(θ̂ )− ℓ(θ )} ∼ χ
2
p +O(n−1)

• (1938)

https://doi.org/10.1214/aoms/1177732360
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Neo-Fisherian inference

• UMP tests need be worked out on a case-by-case basis.

• Wilks (1938) characterizes the asymptotic (large n)
distribution of log LR

2
{
logL(θ̂ ;Y )− logL(θ0;Y )

}
∼ χ

2
p

• large- and small-sample theory based on likelihood-type
functions

15/47



Notation 2/2

• sample: y = (y1, . . . ,yn)

• model function: f (y ;θ), with θ ∈Θ⊆ R

• likelihood: L(θ ;y) ∝ {f (y ;θ)}
• log likelihood: ℓ(θ ;y) = log{L(θ ;y)}
• maximum likelihood estimate: θ̂ = argsupθ ℓ(θ)

• score function: u(θ) = dℓ(θ)/dθ

• observed information: j(θ) =−d2ℓ(θ)/dθ 2

• expected information: i(θ) = E [j(θ ;Y )]
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Huey, Dewey and Louie

If θ scalar

• likelihood root

r(θ) = sign(θ̂ −θ)[2{ℓ(θ̂)− ℓ(θ)}]1/2

• score statistic
s(θ) = j(θ̂)−1/2u(θ)

• Wald statistic
t(θ) = j(θ̂)1/2(θ̂ −θ)

∼ N(0,1)+O(n−1/2)
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Systematics

Scalar parameter of interest ψ

• nuisance parameters: θ = (ψ,λ )

• constrained estimate: λ̂ψ = argsupλ ℓ(ψ,λ )

• profile log likelihood2: ℓp(ψ) = log{f (y ;ψ, λ̂ψ)}

• . . .

Bayesian view

• prior: π(θ)

• posterior: π(θ |y) ∝ π(θ)L(θ |y)

2This is not a proper likelihood!
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Pit stop

Questions so far?
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Why is the LR a χ2?

For scalar θ and i.i.d. observations y1, . . . ,yn

ℓ(θ) = ℓ(θ̂)+ ℓ′(θ̂)(θ − θ̂)+
1
2
ℓ′′(θ̂)(θ − θ̂)2 +

1
6
ℓ′′′(θ̃)(θ − θ̂)3

2{ℓ(θ̂)− ℓ(θ)}=−ℓ′′(θ̂)(θ̂ −θ)2 +
1
3
ℓ′′′(θ̃)(θ̂ −θ)3

2{ℓ(θ̂)− ℓ(θ)}= −ℓ′′(θ̂)

n
{
√

n(θ̂ −θ)}2 +
1
3
ℓ′′′(θ̃)

n
{n3/2(θ̂ −θ)}3

n1/2

i1(θ)×{N(0, i−1
1 (θ))}2 +

1
3
×const ×n−1/2 ×{N(0, i−1

1 (θ))}3
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Asymptotic likelihood-based inference

• It’s (almost) all about (suitable) Taylor series expansion

• . . . and re-arranging terms. . .

• in combination with (suitable) Laws of Large Numbers and
Central Limit Theorems.

How many assumptions did we make?!
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. . . well behaved and convergent

Condition 1 All components of θ are identifiable. That is, two model functions,
f (y ;θ 1) and f (y ;θ 2), defined by any two different values θ 1 ̸= θ 2 of
θ , are distinct almost surely.

Condition 2 The support of f (y ;θ) does not depend on any component of θ .

Condition 3 The parameter space Θ is a compact subspace of Rp , for a fixed
value of p ∈ N\{0}, and the true value θ 0 of θ is an interior point of
Θ.

Condition 4 The partial derivatives of the log-likelihood function ℓ(θ ;y) with
respect to θ up to the order three exist in a neighbourhood of the
true parameter value θ 0 almost surely. Furthermore, in such a
neighbourhood, n−1 times the absolute value of the log-likelihood
derivatives of order three are bounded above by a function of Y
whose expectation is finite.

Condition 5 The first two Bartlett identities hold, which imply that

E [u(θ ;Y )] = 0 and i(θ) = Var(u(θ ;Y )).
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Regularity conditions

These conditions are sufficient
(though not necessary).
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Toy example 1

(Translated exponential distribution)

• X1, . . . ,Xn random sample of standard exponential variables

• Yi = Xi +θ , θ unknown

• MLE is θ̂ = Y(1), the minimum observed value

• LR for H0 : θ = θ0 is

W (θ0) = 2n(Y(1)−θ0)∼ χ
2
2

• MLE of θ is not asymptotically normal, because

Y(1)−θ ∼ Exp(n).
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Does this matter?

Condition 1 All components of θ are identifiable. That is, two model functions,
f (y ;θ 1) and f (y ;θ 2), defined by any two different values θ 1 ̸= θ 2 of
θ , are distinct almost surely.

Condition 2 The support of f (y ;θ) does not depend on any component of θ .

Condition 3 The parameter space Θ is a compact subspace of Rp , for a fixed
value of p ∈N\{0}, and the true value θ 0 of θ is an interior point of Θ.

Condition 4 The partial derivatives of the log-likelihood function ℓ(θ ;y) with
respect to θ up to the order three exist in a neighbourhood of the true
parameter value θ 0 almost surely. Furthermore, in such a
neighbourhood, n−1 times the absolute value of the log-likelihood
derivatives of order three are bounded above by a function of Y
whose expectation is finite.

Condition 5 The first two Bartlett identities hold, which imply that

E [u(θ ;Y )] = 0 and i(θ) = Var(u(θ ;Y )).
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Pit stop

Questions so far?
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Boundary problem

• In general terms, the “boundary” of the parameter space Θ consists of
those θ every neighbourhood of which contains points both interior to
and exterior to Θ.

• A boundary problem arises when testing a null hypothesis that a value
θ0, or some components of it, are not interior to the parameter space.

• Informally, the methodological difficulties in likelihood-based inference
occur because the maximum likelihood estimate can only fall ‘on
the side’ of θ0 inside Θ.

• This implies that if the maximum occurs on the boundary, the score
function need not be zero and the distributions of the related likelihood
statistics will not converge to the typical Normal or chi-squared
distributions.
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Toy example 2 1/2

(Bivariate Normal)

• Single observation y = (y1,y2) from Y = (Y1,Y2)∼ N2(θ , I2)

• θ = (θ1,θ2), with {(θ1,θ2) : θ1,θ2 ≥ 0}

• I2 is the 2×2 identity matrix

• MLE is θ̂1 =max(y1,0) and θ̂2 =max(y2,0)

• LR for testing (θ1,θ2) = (0,0) is

W = Y 2
1 +Y 2

2 − (Y1 − θ̂1)
2 − (Y2 − θ̂2)

2
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Toy example 2 2/2

W (θ0)∼ 1
4 χ2

0 +
1
2 χ2

1 +
1
4 χ2

2

W(θ0) = Y2
2 ~ χ1

2

W(θ0) = Y1
2 ~ χ1

2W(θ0) = 0 ~ χ0
2

θ2

θ1

W(θ0) = Y1
2 +Y2

2 ~ χ2
2

θ0 = (0,0)

29/47



Key contributions

• Research on boundary problems was initiated by Chernoff
(1954).

• Self and Liang (1987) has fuelled an enormous literature.

• A further major step forward was marked by Kopylev and Sinha
(2011) and Sinha, Kopylev and Fox (2012).

• A key role is played by the chi-bar squared distribution (Kudô,
1963)

Pr(χ̄2 ≤ c) =
N

∑
ν=0

ωνPr(χ2
ν ≤ c).
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Hard and soft boundaries

https://onlinelibrary.wiley.com/doi/pdf/10.1002/cjs.11791
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Soft boundary

Only θ ∈Θ makes statistical sense, but the likelihood is
mathematically well-defined in an open neighbourhood around
Θ, so standard asymptotic approximations can be applied on

the boundary.

• Testing for variance components in simple mixed effects models

• Comparison of parametric regression models with
semiparametric alternatives, under the now-standard formulation
of spline regression as a linear mixed model
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Hard boundary

θ /∈Θ is not possible.

• Testing for infinite mixtures

• Student t distribution with continuous degrees of freedom
ν = θ−1, which reduces to the normal for θ = 0

• Negative binomial distribution with k = θ−1 successes, which
reduces to the Poisson when θ = 0
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Indeterminate parameter problems

• An “indeterminate parameter” problem occurs when setting one
of the components of the parameter θ = (θ1,θ2) to a particular
value leads to the disappearance of some or all components of
the other.

• The model is then unidentifiable, as several model function
f (y ;θ) identify the same distribution.

• Generally speaking, this prevents the use of the usual
second-order expansions of the log-likelihood function.

• The general framework for deriving the asymptotic null
distribution of the LR was developed by Liu and Shao (2003).
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Finite mixture models

• Probably represent the best-studied indeterminate parameter
problem, though may also be treated as boundary cases.

• Deserve special attention, both because of their widespread use
in statistical practice and because of the challenges posed by
the derivation of their asymptotic properties.

• The first discussion of asymptotic theory for testing homogeneity
of a two-component mixture model when all parameters are
unknown was provided by Ghosh and Sen (1985).
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Testing for homogeneity

• Two-component mixture model

f (y ;η) = (1−π)fb(y ;θb)+πfs(y ;θs)

with η = (π,θb,θs)

• Null hypothesis H0 : π = 0

• The null distribution of the LR statistic often converges to

{sup|t |≤MZ (t)}2 + W

where Z (t), t ∈ [−M,M], is a Gaussian process with zero mean
and known covariance function, and W is an independent
chi-squared random variable.
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Change-point problems

• A change-point problem arises when a regime of random
events suddenly changes.

• Such a modification in the data generating process
generally implies that the log likelihood function is non
differentiable with respect to some values of the
parameter.

• Change-point problems arise in many applications and
have been the subject of intensive research, a detailed
account of which could easily fill a book.
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(Some) final remarks

• Simulation: may not be feasible (especially at 5σ level)

• Bayesian solutions (not necessarily a panacea)

• Results also for non parametric inference
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Some bibrefs in physics

• S. Algeri, J. Aalbers, K. Dundas Mora and J. Conrad (2020).
Searching for new phenomena with profile likelihood ratio tests
https://doi.org/10.1038/s42254-020-0169-5

• E. Canonero, G. Cowan and A. R. Brazzale (2023). Higher-order
asymptotic corrections and their application to the Gamma
Variance Model
https://doi.org/10.1140/epjc/s10052-023-12263-7

• B. K. Hewa Wellalage, B. K., Volovouev, I and Trindade, A. A.
(2023). High-order asymptotic approximations for improved
inference under exceptionally low false positive error rates.
https://doi.org/10.1007/s11749-023-00873-y
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Announcement

• R. Barlow, I. Volobouev and A. R. Brazzale (2025).
Asymmetric errors
https://arxiv.org/abs/2411.15499
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Thank you!

Happy to take any (further) question!
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Backup slides

BACKUP SLIDES
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Toy example 3

Student t data with ψ = n−(1+ε)/2 reciprocal degrees of freedom for ε = 0.2.
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Modern likelihood inference

LARGE-SAMPLE THEORY
(asymptotic approximation)

⇓
SMALL-SAMPLE THEORY

(higher order asymptotics)
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Modified LRs

For scalar θ

• Bartlett correction

E[W (θ)]=1+B(θ)+O(n−2) =⇒ W
(1+B)

∼ χ
2
1 + O(n−2)

• Modified likelihood root

r ∗(θ) = r(θ)+
1

r(θ)
log

{
q(θ)
r(θ)

}
∼ N(0,1) + O(n−3/2)
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Two-for-one!

• Nuisance parameters: θ = (ψ,λ )

INCIDENTAL PARAMETERS !

p
n
−→ 0

r∗(ψ) = r(ψ) + rinf (ψ) + rnp(ψ)
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Want to know more?
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