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QCD Scattering in the Regge Limit

Abstract

or simplifications take place. A remarkable and well-known property of this |

ogarithms, a phenomenon known as gluon Reggeization, leading to power-

However in full non-planar QCD multi-Reggeon interactions give rise to Regge cuts, In
Over the past decade an effective theory of multi-Reggeon interactions was developed, leading to a clear
interpretation of state-of-the-art 2 = 2 and 2 = 3 QCD amplitude computations. Specifically, we are now able

to fix all parameters associated with the
trajectory, the 2-loop impact factors, anc
along with the effective multi-

2 — n scattering in the multi-Regge limit, and push BFKL theory to NNLO.

QCD amplitudes in general kinematics are limited to either one, two or three loops,
- particles produced. This strongly motivates our theoretical research programme
pehaviour of quark and gluon scattering amplitudes in special kinematic limits, in

imit is the Regge limit,
Mit Is the exponentiation

ke dependence on the
Regge pole). This phenomenon and its breaklng can be investigated using non-linear rapidity
ons. In the planar limit the evolution Is consistent with a Regge pole to any logarithmic accuracy.

addition to the pole.

Regge pole to the next-to-next-to-leading order (NNLO): the 3-loop
since recently, the two-loop Reggeon-gluon-Reggeon vertex. These,
Reggeon theory, can be used to determine or resum higher-loop corrections in




QCD Scattering in the Regge Limit

Outline of the talk

® |nspiration: the rising total cross section

e Partonic amplitudes in the Regge Iimit:

v Reggeization; factorization and its violation
v Towards an effective multi-Reggeon two-dim

ensior

(will not discuss alternative approaches, suc

® [he Loops and Legs frontier:

nas G

al theory f
auber-SC

'om rapidity evolution

=T).

v Disentangling pole from cut at NNLL in signature-odd 2 — 2 amplitudes

v Determining the Lipatov Vertex at 2 loops



INspiration: cross section In proton-proton scattering
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Figure from review by Pancheri and Srivastava.

e Cross sections can be computed perturbatively if —¢ > AéCD. Data and model compilation
by D. Fagundes, A. Grau and O. Shekhovtsova

e Weconsiders > —1t> AéCD and study . in this limit perturatively



QCD scattering in the Regge limit

Motivation and objectives

Understand the high-energy behaviour of quark and gluon scattering amplitudes in full colour
Study the exponentiation of high-energy logarithms
Connect rapidity evolution equations to properties of scattering amplitudes

Establish connection with Regge poles and cuts in the complex angular momentum plane

Understand the interplay between the Regge limit and soft gluon exponentiation



2 — 2 amplitudes: signature and reality properties

® Regge theory Is based on expressing the 7-channel amplitude as a sum over states with a
given angular momentum ¢ and analytically continuing to the s channel.

s channel =3

This requires separating between even and odd values of £, leading to even/odd signature.

e Defining signature even and odd amplitudes under S <> U

M®B (s,1) = 3 (M(s,t) £ M(=s — 1,1))

® [he spectral representation of the amplitude implies:

pP3

e

t channel

v
M

P1 P4

Y4100 di .
(+) — g J (+) gL ' T * 4+
MY (s,t) =1 A_ioo >sin(n] /) a;’ " (t) e, with (aj* (t)) = aj; (t)
e N L = log ° —ig
MOs,t) = | O L/ s
—ico 2c08(mj/2) 1 (log S —1

e Expanding the amplitude in the signature-symmetric log, L,
the coefficients in M (T)are imaginary, while in M )real.

[See 1701.05241 Caron-Huot,

-G, Vernazza]



The singularity structure of 2 = 2 amplitudes in the
complex angular momentum plane: pole vs. cut

® The signature-odd amplitude admits Yoo dj

M) (s,1) = / o (1) el

oo 2 cos(mj/2) 7

singularity amplitude asymptotics
| a7 (#) ~ 1 (-) T 5 L)
pO c J — j—1-— Oé(t) M (S7t)’Reggepole ~ — —c g alt) 4
Sin —
Cut a§._)(t) - 7 1 1+6(t ./\/l(_)(s t) ~ i ® ! LB®) L) 1 qubleading logs
(] — 1 — Oz(t)) +B(t) y U)|Regge cut — “in ralt) ¢ T (1 i B(t)) g 108

® Reggeization of the signhature-odd amplitude (NLL): a manifestation of a pure Regge pole.



The Regge limit of 2 = 2 gauge-theory amplitudes

Regge theory: the amplitude should be dominated by the #-channel exchange of the particle

with the highest spin, M ~ s

QCD: Simplification at leading powe

-in t/s: he

and indeed, f-channel gluon exchanr
Reggeization (Regge-pole):

resumming all leading logarithms [

ge Is dom
S S

_H_

t t

ICIty is conserved,
nant.

S ag(t)
—t

a(—1) In <i>]
—1

Factorization:

p2 Y p3
t channel

s channel —3» u

S

P1 y
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( )\/ Impact factor
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The high-energy limit of 2 = 2 gauge-theory amplitudes

® [he gluon Regge trajectory can be computed in perturbation theory. At one loop:
d2_2ekj_ qi
(2m)>2< k{ (g1 — ko)

o g 2 —1 — € Bo(E) 2 )
— ?Tt (F) 26 _l_ O(OZS) BQ(E) :ee’yEF (1_6)_F(

(1) = T2 [

-+ O(a?)

1+ e€)
€

® Regge-pole factorization amounts to a relation between gg—gg, 9qg—qg, gg—qg

Gl >

ti % ‘§pin of exchanged particle

S @ ol — (e, (t)Ay
Impact

Reggeized factor
e

gluon ~___ _

® [his holds for the real part of the amplitude through NLL.
Beyond that it is violated by non-planar corrections associated with multi-Reggeon
exchange forming Regge cuts. These effects are now better understood.

2 2 3
T(1—29 ~ 2° 3° 7



Signature, number of Reggeons and t-channel colour flow

® [he signature odd and even sectors decouple
./\/lz'j_m'j > ./\/l( ) M(_I_)

17—17 17—19
® 0dd/even signature amplitude is governed by
the exchange of an odd/even number of Reggeons.

Regge

® Bose symmetry in gg = gg correlates odd/even signature
with odd/even colour representations in the t channel.

(8© 8)y4

3, @ (10 & 10)

il

More generally we use channel colour operators: T3 iseven, T2 =5 _"% is odd




Signature-odd amplitudes: Regge-pole factorisation and its breaking

Regge factorization and violation:

_/\/l(_) — Cz (t) eoég(t) Ca L CJ (t)Mge—eﬂ] -+ MR \

17—17]
Colour octet exchange in the t channel: single Reggeon

< 11
/ LL aflog” (—_t> S — @ one-loop Regge trajectory

m two-loop Regge trajectory

(s :
] NLL ol log” : (—_t) @ one-loop impact factors
%
m three-loop Regge trajectory

:
_ S
x NNLL 04? 1Ogn : (—_t> @ two-loop impact factors
<

Regge factorisation breaking
(starting at 2 loops) can be
inferred from comparing

99799, 99—qQg, 9q9—qQq

amplitudes
[Del Duca, Glover '01]

[Del Duca, Falcioni, Magnea, Vernazza ’14]

But until recently unknown
how to account for it
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parton density evolution in Q% and in rapidity

Figure by Michael Fucilla

o DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi)
evolution resums logarithms of Q?/ //t}% Y =In(1/z)

Saturation

e BFKL (Balitsky-Fadin-Kuraev-Lipatov) evolution resums
energy logarithms (= rapidity Y')

The high-gluon-density saturation regime requires a
generalisation: Balitsky-JIMWLK (Jalilian-Marian, lancu,
MclLerran, Weigert, Leonidov and Kovner)

non-linear evolution Iin rapidity

DGLAP

In Q?

We shall study the conseguences of this non-linear evolution on the perturbative amplitude.



The shock-wave formalism and non-linear rapidity evolution

® [he colliding particles are replaced by (sets of) infinite lightlike Wilson lines

U(x) = Pexp {z’gs / dzT A% (27,27 = 0; X)T“}

e Rapidity evolution equation [Balitsky-JIMWLK]

— — U(x1)...U(xp)| = H[U(x1)...U(xy)]

dn
O X0i * X0j a a a a ab a b a b
H = ) /dXidedXo X2 2 (Tz’,LTj,L + T3 RTS r — Usj(%0) (15, T} g _l_Tj,LTi,R))
T, =TU(x;) 0 T U(x;)T" g
e = X, , i — X3
i oU (x;) . OU (x;)

Provides complete separation between the light-cone directions
and the transverse plane: 2-dimensional dynamics



Towards an effective theory: Defining the Reggeon

® |n the perturbative regime U(x) ~ 1 It IS natural to expand in terms of W  Simon Caron-Huot (2013)

® Scattered particles are expanded in states of a definite number of Reggeons
ozt W W W W W W

Vi) = “mai(pa)al (91)|0) ~ gs |W) + g2 |WW) + g3 |WWW) +... —

e Amplitudes are governed by rapidity evolution
between the target and projectile:

n Reggeons
[ W \ (HHl 0 Hs_, \( W
d
_d_nwi>:H|¢i> gl Ww 0 Hyy 0 ... WwW

e
N N (e R s B R gn%%

® Fach action of the Hamiltonian generates an extra power of the high-ene log L
i ltonian gener Xira power 9 Iy 108 m Reggeons




Computing multi-Regge exchanges using non-linear rapidity evolution
1701.05241 Caron-Huot, EG, Vernazza

L |44 w W w W W
Projectile |7pz> —
n Reggeons
%;? ﬁ A oww (5 e T ww
WWWwW | | Hiss 0 Hs .3 ... WWW
n Reggeons to m Reggeons

) TTET NI S NP S OO I RS
transition Hamiltonian (

[1701.05241] — o IR S AL
TSR B W

m Reggeons

= MWW

et (1] =




Signature-odd 2 — 2 amplitudes: understanding the NNLL tower

® Using non-linear rapidity evolution, the NNLL tower is determined Te T® T¢
to all orders in terms of one and three Reggeon exchanges

OF

® Expandingin X = —rplL
7T
(—),NNLL _ (@s\* J|, . yNNLO|, 2 12 k
_M ( ) (J1li1) F7T Z J3|H3—>3‘23

28 Zj—>Zj

/ T + @(k > 1) ]1‘H3—>1 _>3‘ZS ]3|H§_>§13H1—>3‘21

- LO
<j1|I:I3—>1]:I§;;23[:]1—>3‘i1> } \

Caron-Huot, EG, Vernazza
JHEP 06 (2017) 016
Falcioni, EG, Milloy, Vernazza

e All diagrams computed to four loops Phys. Rev. D 103 (2021) L111501




Signature odd 2 = 2 amplitude at NNLL: Regge pole and cut

Requiring that the Regge cut

' Tas: ' — —) SR —) MR —) MR
s strictly non-planar fixes M= MO e MmO o+ MY N
the separation between - e P

Regge pole vs. Regge cut _ () pole L g et

1) —1] 1) —1]

- le (t)Ca L tree
MIPOle o) @ () Ca L o4y pqtree
Falcioni, EG, Maher, Milloy, Vernazza 1) —1] Z( ) 3( ) 1]—>1]

Phys.Rev.Lett. 128 (2022) 13, 13;
JHEP 03 (2022) 053

M) MR must be universal (9g, gg, qg) to be absorbed in the factorizing pole term.

planar

cannot contribute beyond 3 loops: the NNLL Regge pole term has no free parameters!

planar

Indeed, at 4 loops planar Multi Regge contributions conspire to cancel!



Signature odd amplitude at NNLL: Regge pole and cut properties

All-order structure through NNLL for any gauge theory, any representation:

0O
tree nrn—2 A 4(£,n,n—2) cut
M5+ E a"L""* M
n=2

Regge pole-factorized Regge cut: breaks factorization
C_Gi() > 4 single Reggeon; colour octet v multiple Reggeons; various colour reps.
Ly s v dominant in planar limit v suppressed in planar limit
S = roportional to (irr)?
@ v Trajectory and impact factors at NNLL are fixed vprop (i7)
m by ma’[Ching to (qq, gg, qg) Sca't’[ering amp”’[udes* ‘/HO depeﬂdeﬂce on the matter content:

the same for any gauge theory!

v Sensitive to soft singularities beyond
the dipole formula.

* 3-loop Amplitudes: Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi, JHEP 10 (2021) 2006]
Caola et al. Phys.Rev.Lett. 128 (2022) 21, 21

Falcioni, EG, Maher, Milloy, Vernazza, Phys.Rev.Lett. 128 (2022) 13, 13; JHEP 03 (2022) 053



Regge-pole factorisation for multi-leg amplitudes in MRK

Multi-Regge Kinematics (MRK) Regge (pole) factorization in MRK

4-momentum »=®",p7;p)

target  p1 = (0,p;;0) Pn

projectile  py = (p3, 0;0) Impact factor
strong hierarchy of light-cone components s >pi > ..>p;

p3_ < pi <. < po 000000000000 pn_]_
No ordering of transverse components P3| ~ [pa| ~ ... ~ |pn] Lipatov vertices
. . | . POO0000000000 p4
Regge (pole) factorization holds in MRK for the Reggeized gluon — =
dispersive (real part) of the amplitudes through NLL; (olt)
established using unitarity [Fadin et al. 2000] Do CCJ' (tlD D3
Planar limit:

e Four- and five-point planar amplitudes have only Regge poles. Essential for the BDS ansatz in SYM.

e Six and higher-point planar amplitudes have also Regge cuts in some special kinematic regions
[Bartels, Lipatov, Sabio Vera (2008)]. All multiplicity planar results are available [Del Duca et al. (2019)]




2 — 3 amplitudes in multi-Regge kinematics

<« S93 = 19 —>

o Multi-Regge kinematics:

912 51 52 : 0
S12 > xz S45 — ; S34 —> 7 S15 —> tl S23 —> tz or x —

s
| —>
L
DO
—
.
Va)
()
N
<« || —>
BN
N

® Signature symmetry operations: S12= 5 g - Py
(1 <> 5) — {s = —s, S45 = —Su5},
(2 < 3) — {S — —S, 834 — —834}.

S
<_
O
—_
<_
.
U
N
Ot
<« |
S
X

® t-channel colour basis: , ,
diagonal operators: T; = (T1+ Ts) 55 =1 —

T; = (Ty+ T3)°

Signature-preserving operator on line 7, j: Ty = (TT+T5) - (T3 +T3),
Signature-preserving on line 4, inverting on 7: Ty =(TT+T5) (T3 -T3),
Signature-preserving on line 7, inverting on i: T4 =(T? —T5) (T3 +T3),
Signature-inverting operator on lines %, j: T __y=(T7-T%)- (T3 3)



2 — 3 amplitudes at one loop: multi-Reggeon contributions

® A new feature compared to 2 — 2 scattering: even and odd signature mix
Caron-Huot, Chicherin, Henn, Zhang, Zoia, JHEP 10 (2020) 188

These have now been eventuated in the effective multi-Reggeon framework:

i s
2 & :

p p p tree
+log 55T (__)+log =T +log =T + O }/\/l,b y
p2p2 (=) p2p2 L= p2p2 L) (€) ¢ M350 g5

MR (1) (1) (1) (1)
M. /\/l722 o2 + Mo R2+MR29R

1)—1' gy’

VT

S
= {1 (T + T4y + T(y)) 2

4

® Asin 2 — 2 scattering, at one-loop multi-Reggeon exchanges
do not affect the odd-odd signature part of the amplitude,
hence factorization (for the [8,8] component) holds just as at tree level:

1-Reggeon

M)

17—1" g9’

Mtree

Z]-)’L g]

= ci(t1,7) €1 " oty to, P, T) €727 ¢ (b2, T)




Extracting the Lipatov vertex from one-loop amplitudes

1-loop vertex extracted/computed in Fadin & Lipatov (1993); Del Duca and Schmidt (1998); Del Duca, Duhr, Glover (2009); Fadin, Fucilla, Papa (2023),
Buccioni, Caola, Devoto, Gambuti — 2411.14050 [hep-ph] (Figures below), Abreu, De Laurentis, Falcioni, EG, Milloy and Vernazza — 2412.20578 [hep-ph]

Tee One-loop: ( — , — ) signature
Leading Logarithms
/ One-loop \
( —, — ) signature
No Logarithms (“Next to Leading”)

.

(“One-ioop — ——— ———
(—,+),(+—-), (+,+)signature
No Logarithms

KNO 8,8] colour component /




Multiple-Reggeon effect in 2 — 3 scattering: two loops

® At two loops there are many contributions of mixed odd-even signature

These break factorization!

i




Signhature odd-odd 2 — 3 amplitude at two loops

® [wo-loop contributions of odd-odd signature:

4 D00
1 S
(a)
CR3gR3 _ T{a,b,C}Z-fca4d T{a,b,d}

1 2 2 2 (0)

= (Nf — 0+ ]{,82> cl8:8la for qq
=19 =5 (N2 +6) cl88ala for qg
% (N3+36) 4\/N2 410,101 for gg

® [hese affects the [8,8] colour channel
® [heir large-Nc limit is universal

M@

19— gy’

2 2 2 2

CRrgR3

S?T

b pbck pkge redasrmpic.d,g}
— T} [0k fhoc pedea]

1 0
Y (2N T4 Jr2(T(++)) +6(T(—+))2)Ci(j)
3¢/N2—4
(ﬂ + %) C[Sa,Sa] 4\/% 6[10+1O,8a] for qqg
];7_4 4 % [8,8]a for qq
];7_4 i i c18:8ala for gg
2 3./N2—4
(3 + ) ool = DETA00 for gg



Factorizable and non-factorizable contributions in 2 = 3 amplitudes

® [he [8,8] odd-odd component of the Multi-Reggeon (MR) amplitude, splits into
Regge-factorizable (planar) terms and non-factorizable terms

(Nf + 36) Fract (2, 2) for gg

© \9 2 2€
Mﬁﬁ[&éﬂ - (Z;TQ) (hg ‘2> M(O), o 8 NEFfaCt(Z’ Z) ™ Fr(lzgn—fact(z7 2) for qq
4

NgFfact(Z72> + E (272) for a9

non-fact
Fraet(:2) = = — 1og |21 — 22 + 3 Da(2,2) — G+ log? |2[2 + 2log? [1 — 22 — = log =2log [1 - 2 D5(z, 7): Block-Wigner Dilogarith
fact\%; 2) = -5 = 51082 z 2(%, 2 2T 5108 |2 1108 z 5 10817108 "<, <) BIOCK-VVIgnher Dillogaritnm
qq ) 2 2 9 _ 21,12 2 2 2 2
Fnon_factzzlog\z\ 11— 2| +§ 12D5(z,z) — log” |z]* — 2log |z|“log |1 — z|* — log“ |1 — Z]
3 (3 6 2 2 - 21,2 2 2 2 ,
+ — — —log|z|*|1 — z|* = 18D5(z,2z) + 6log” |z|* + 3log |z|“log |1 — z|* + 61log” |1 — 2|* — —
N2 \ e ¢ 2
a9 279 2 2 ) _ 21,12 2 2 2
Fnon_fact:2—€2—z 2log|z]* — 3log |1 — 2| +Z 48D5(z, 2) + 10log” |2]* — 8log |z|“log |1 — z|* — =

Abreu, Falcioni, EG, Milloy and Vernazza — PoS LL2024 (2024) 085
Buccioni, Caola, Devoto, Gambuti — 2411.14050 [hep-ph]
Abreu, De Laurentis, Falcioni, EG, Milloy and Vernazza — 2412.20578 [hep-ph]




Extracting the Lipatov vertex from2 — 3 ( — , — ) signature amplitudes

Two-loop amplitudes are available since last year: G. De Laurentis, H. Ita, M. Klinkert, V. Sotnikov 2311.10086, 2311.18752,
B. Agarwal, F. Buccioni, F. Devoto, G. Gambuti, A. von Manteuffel, L. Tancredi, 2311.09870

Tvvo Ioop
Two-loop (=, gm ?ﬁ» %Tm
L L Iith
eading Logarithms NLL
Two-loop ( — , — ): Next-to-next-to Leading Logarithms

FEFE FEFEEFEEE

\_ Multi-Reggeon [8,8] contributions Y,

Robust check: we obtained the (same) expression for the 2-loop QCD Lipatov Vertex from all three partonic channels!

Abreu, Falcioni, EG, Milloy and Vernazza — PoS LL2024 (2024) 085
Buccioni, Caola, Devoto, Gambuti 2411.14050 [hep-ph]; Abreu, De Laurentis, Falcioni, EG, Milloy and Vernazza: 2412.20578



Odd-Odd 2 — 3 amplitude: discontinuity structure

e Steinmann relations forbid unitarity cuts in partially overlapping channels.

® Allowed Iterated discontinuities:

compatible with the signature

o A
M

M(_a_)

ij—i'gj’

-Order factorizati

Ulti-Regge kinernr

1-Reggeon

M‘gree

17— gy’

Ci (tla T)

on form

ula for 2 = 3 amplit

atics In -

1
4

(

i

'erms of two real-va

(2)7
2

—S534
-

S$34
-

— 8545
-

T

Jdes In

>w2w1_ ]
>w1wz_

[Bartels (1980), Fadin and Lipatov (1993)

(

S19 and Sq5 O S19 and S34

ued vertex functions

UR(t17t27 |P4‘277')—|—

v, (t17t27 ‘p4‘27 7_) }Cj(t277_)

Fadin, Fucilla, Papa (2023)]

lllll



Odd-Odd 2 — 3 amplitude

e All-order factorization formula for 2 = 3 amplitudes in Multi-Regge kinematics in terms
of two real-valued vertex functions vr, vr,

W1 — CAOég(tl), wWo — CACVg(tQ)

1-Reggeon

M@j_yi/gj/ (t ) 1 i 834 w2—CU1—|_ _834 (UQ—(Ul_
— C; s T ) — —
Meiree by T T

1)—1'9]’

s\ ! —s\ ! .
_ + - UR(t17t27‘p4‘ 77-)_|_
T T

S Wi — w9 g wl—wg_ S %) g W
(45) + ( 45) () + (> UL(tlﬂfz, P42,T)}Cj(t277)
T T T T

e Equivalently: a single complex-valued vertex ‘ 2 3
rapidity variables absorb a phase: 1 = log 22 — T, m =log 2 —
1-Reggeon
(_7_) 4
Mij—)i’gj’ w1 M1 2 W2 N2
Mtree — G4 (t17 7-) € U(tla t27 Py, T) € Cj (t27 7_)
ij—i'g;’




Complex-valued vertex: properties

1-Reggeon

M

17— g9’

ci(t1,T) e w22 ci(tg, T)Mge—en’gj’

U(tla t27 |P4|27 7-) —

® 2‘d|m mOmeﬂta —11 _ (1 B Z)(l B Z) —12 _ .3
P4l P4l
3 (witw2) (a1 @)® — |anflael” _
v(ty,ta, [pal®, 7) = v(z, 2) (\pZP) pal?/4 = (=27 =0

.
e Absence of discontinuities in physical kinematics (z = 7*)

implies that the transcendental functions f(z, Z7) in the complex
vertex should be Single-Valued GPLs

e [he reality of v; and vy and target-projectile symmetry
imply definite z <> Zand z <« 1 — z symmetry properties

e Symbol alphabet: {2z, 2, 1 — 2,1 —2, 2 — 2z, | — 2z — Z} paf” — 0

e Rational factors have spurious singularities on the line 2z + 2 = 1



Contributions to BFKL kernel at increasing logarithmic accuracy

Leading
Order

Next to
Leading Order

Next to next to
Leading Order

Multiple parton Central Emission Vertices at : 2-gluon CeV in sYM: Byrne, Del Duca, Dixon, EG, Smillie 2204.12459
and on-going work with De Laurentis, Byrne, Del Duca, Mo, Smillie



Conclusions

Sufficient evidence to say that the Reggon field has been identified:

(1) The shock-wave formalism and rapidity evolution equations
facilitate efficient computation of multiple-Reggeon interactions in the (multi) Regge limit:
NLL for signature even 2 — 2 amplitudes (all orders)
NNLL for signature odd 2 — 2 amplitudes (so far to four loops)
NNLL for signature odd-odd 2 — 3 amplitudes (so far to two loops)
(2) Regge-pole factorization violations in 2 = 2 and 2 = 3 amplitudes - Regge cut contributions - are non-planar

(3) Based on (1), (2) and 3-loop 4-point calculations we now know all Regge-pole parameters to NNLO.

(4) Based on (1), (2) and (3) and recent 2-loop 5-point calculations we determined the 2-loop Lipatov vertex in QCD.

This vertex is one of the building blocks of NNLO BFKL Kernel. The remaining ones will be available soon.

Great prospects to further exploiting the synergy between effective computations
in the Regge limit and the calculation and study of multi-leg amplitudes



