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Axions and the strong CP problem
• Why do strong interactions preserve CP?
• Smallness of the nEDM …

 𝑑𝑛 < 1.8 × 10−26 𝑒cm
• … implies a tiny CP-odd coupling for gluons 

    (𝜃 ≲ 10−10)

• Peccei-Quinn (PQ) solution: 
• New U(1) symmetry, spontaneously broken (scale  𝑓𝑎)
• 𝜃 is dynamical, and its vacuum value is zero

• Particle: the axion
• Nambu-Goldstone boson of the PQ symmetry

• QCD anomaly gives a small mass 𝑚𝑎 ≈ Λ𝑄𝐶𝐷
2 /𝑓𝑎, 

• Couplings to SM ~ 1/𝑓𝑎, astrophysics: 𝑓𝑎 ≲ 109 GeV
• A dark matter candidate with 𝑚𝑎 ≲ 100 meV
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Abel et al (2020)

Weinberg (1977), Wilczek (1977)



Axions in the post-inflationary scenario
• PQ symmetry: spontaneously broken U(1) 
• Phase transition at 𝑇𝑐 ≈ 𝑓𝑎

• if universe was hot enough after inflation
• Production of string defects

• Strings produce non-relativistic axions … 
• … and disappear at 𝑇~Λ𝑄𝐶𝐷

• Axion mass density now: 𝜌𝑎,0 = 𝑚𝑎𝑛𝑎,0

• Axion DM: 𝜌𝑎,0 = 𝜌𝑑𝑚,0 = 9.72(9) × 10−12 eV4

• Accurate 𝑛𝑎,0 gives accurate 𝑚𝑎

• Accurate 𝑚𝑎 needed for axion detectors
• Resonant microwave cavities

• Abundance of string-produced axions?

Kibble (1976), Davis (1986)
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𝑇~Λ𝑄𝐶𝐷
𝑇 < Λ𝑄𝐶𝐷

𝑇~𝑓𝑎 Λ𝑄𝐶𝐷 < 𝑇 < 𝑓𝑎

Sikivie (1983)

ADMX-SLIC (2019) Rybka (2023)

Planck (2021)



Theoretical expectations: scaling
• Scaling = self-similar evolution of strings
• Length scales:

• 𝑤𝑠: string width
• 𝜉: mean string separation
• ҧ𝜉: mean string curvature
• 𝑡: time (phase transition at 𝑡𝑐)

• Scaling: for 𝑡 ≫ 𝑡𝑐; 𝜉, ҧ𝜉 ≫ 𝑤𝑠, 𝜉(𝑡𝑐):

𝜉~ ҧ𝜉~𝑡

• String mass density: (mass/length 𝜇 ) * (length density 𝜁/𝑡2 )
• String core density fraction (constant): 

Ω𝑠~ 𝜁(𝐺𝜇)

• Axion field (“Ørsted”) dressing: 
Ω𝑎~ 𝜁(𝐺𝜇) ln(𝜉/𝑤𝑠)

Kibble (1976,1980), Zel’dovich (1980), Vilenkin (1981, 1982)
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Axion number density

• Classical axion field 𝐴
• Fourier transform ሚ𝐴𝐤

• Angular frequency 𝜔𝑘 = 𝑘2 + 𝑚𝑎
2(𝑇)

• Axion mass from QCD instantons ( tr 𝐄 ∙ 𝐁 2 ∝ 𝜒(𝑇))

• Strings disappear when 𝑚𝑎𝜉~1  or  𝑚𝑎/𝐻~1/ 𝜁

• Axion number density (covariantly conserved)

• Average frequency at string disappearance

• Axion mass density now:  𝜌𝑎,0 = 𝑚𝑎,0𝑛𝑎,0 ∝ ҧ𝜃∗
2 𝜁∗/𝑚𝑎,0

• Hence 
• Borsanyi et al 2016: 

Re Φ

Im Φ

𝑓𝑎

𝜃
𝐴 = 𝜃𝑓𝑎



The simplest model (high T ), observables

• SM singlet, PQ charge +1, v.e.v. 𝜂 ≡ 𝑓𝑎

• FLRW metric, scale factor 𝑎 

• String length measures:
• Universe frame length 

(comoving)
• String rest frame length 

(comoving)

• RMS velocity 
• Mean string separation 𝜉 (physical)

• From string comoving length ℓ 
in comoving volume 𝒱

• Scaled mean string separation

• Scaled length density
• (! Elsewhere 𝜉 !) 



Pre-2018 axion string simulations
• All consistent with 𝑥 ≈ 1, 𝜁 ≈ 1

• (dashed lines 𝜁 = 1 added)

• NB 𝜁𝑟 = 𝛾𝜁𝑢 = 𝛾2𝜁𝑉

• RMS velocity (Klaer-Moore 17) 
𝑣 ≈ 0.6, 𝛾 ≈ 1.3

Yamaguchi, Kawasaki, Yokoyama (1999)

Hiramatsu et al (2010)

Moore, Shellard, Martins (2001)

Lopez-Eiguren et al (2017)

𝜁𝑟 = 2.0(5)

𝜁𝑢 = 1.3(1)

𝜁𝑉 = 1.00(8)

𝜁𝑢 = 0.87(14)

5123

2563

“over 3203 “

10243

Klaer, Moore (2017)

𝜁𝑟 = 1.42(1)

2048x2016x2000

𝜁 𝑟

𝜁 𝑉

𝜁 𝑢
𝜁 𝑟

Slope = 𝑥/2



4
𝜁 𝑢

Kawasaki et al  (2018)

𝜁 𝑢

2018/9 axion string simulations

• Scaling violation, long-term slow growth?
• 𝜁~𝑐1 log 𝑚𝑠𝑡 

• Or a low-density transient?

40963

Klaer, Moore  (2019)

Hindmarsh et al (2019)
40963𝜁 𝑢

~12503

Gorghetto, Hardy, Villadoro (2018)

𝜁 𝑢

Gorghetto, Hardy, Villadoro (2018)

Hindmarsh et al (2019)



2020s axion string simulations

• More growth 
from low
density

• Final values still
 ζ ≈ 1

Buschmann (2021), Benabou (2024)

Saikawa et al  (2024)

Kim, Park, Son (2024)

𝜁 𝑢 𝜁 𝑢
𝜁 𝑢

Adaptive Mesh 
(1 simulation)

40963

112643

20483

Gorghetto, Hardy, Villadoro (2021)

45003

𝜁 𝑢



Theoretical expectations: log?
• Dynamics of “ideal” axion string

• 𝜇0: string core tension, ~𝑓𝑎
2

• 𝐅: self-force (Ampère-like, current 𝑓𝑎)
• Divergent part of force renormalises tension

• 𝑤𝑠: string width
• 𝐿: correlation length
• 𝐅fin: finite part of self-force, ∝ 𝜇0/𝑟

• Average effect of self-force decreases with time
• But self-force anti-aligns strings when they intersect

𝑟 = |𝐗 𝜎 − 𝐗 𝜎′ |

𝑑𝐅~𝑓𝑎
2𝐗′(𝜎) ∙ 𝐗′(𝜎′)/𝑟

Lund, Regge (1976)
Dabholkar, Quashnock (1990)
Hindmarsh, Haws, Copeland (1990)

Kalb, Ramond (1974)



Approach to scaling
• Force-free string equations in 

expanding universe, scale factor 𝑎.

• Energy/(comoving length): 𝜇0𝜖

• Rest frame length, RMS velocity

• Reminder: scaled mean string 
separation:

Hindmarsh et al (2021)

• Averaging the string equations gives 
Velocity one-scale (VOS) models:

• Scaling: Ԧ𝛼𝑥, Ԧ𝛼𝑣  no 𝜉-dependence

Kibble 1985, Martins, Shellard (1995,6)

e.g.
c: energy loss
(constant)

k: curvature
(constant)



Numerical methods

• HILA simulation framework (CPU/GPU)

• Cubic periodic lattices up to 163843

• Generalised leapfrog time evolution for 
Φ, Π = ሶΦ (time-reversal invariant)

• Acceleration term (7-point stencil for  
Laplacian):

• Initial condition: 
• stationary Gaussian random field, 

correlation length 𝑙𝜙

• 300 cooling iterations at high mass
• Reduce mass to physical value 

(“core growth”)

• Evolve for half light-crossing time

𝑤𝑠 ≡ 𝑚𝑠
−1

Rummukainen et al  (2023 - )



Measurements
• String length: rest frame

• RMS velocity

• String length: universe frame
• No. plaquettes pierced by string 𝑛p 

(“windings”)
• 2/3 to convert to Euclidean length (angle 

average)

• Define string-weighted energies

• Weight with potential: 𝒲 = 𝑉 
• Weighted tension 

𝜇𝒲 ≈ 0.89𝜂2 
• Weighted potential energy fraction 

𝑓𝑉,𝒲 ≈ 0.37



AxCESS project simulations

• Evolution parameters

• Run sizes, random seeds, 
initial correlation lengths, 
start and end times:

• String densities 𝜁 at 𝜏cg

(start of physical evolution)

CSC IT Center for Science, Finland



Simulations: network visualization (2k)

𝑙𝜙 = 5 𝑙𝜙 = 80



String separation, string density
• Simulation sizes: 4k, 8k, 12k, 16k; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80

• Rest frame string lengths

• Plot against (cosmic) time to highlight asymptotic values



Scaled string separation 𝑥, RMS velocity 𝑣
• Simulation sizes: 4k, 8k, 12k, 16k; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80

• Rest frame string lengths

• Plot against (cosmic) time to highlight asymptotic values



Scaled string separation 𝑥, RMS velocity 𝑣
• Simulation sizes: 16k only; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80, 160, 320

• Rest frame string length

• Plot against (cosmic) time to highlight asymptotic values

Olive: Estimated asymptote ො𝑥r,∗

Purple: Est. 𝑣, 2102.07723 
Olive: Estimated asymptote ො𝑣𝐿,∗

Purple: Est. 𝑣, 2102.07723 



Phase plane
• Simulation sizes: 16k only; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80, 160, 320

• Rest frame string length

• Final values and uncertainties (right)

• Consistent final 𝑥rfor 𝑙𝜙 = 5, 10, 20, 40, 80. Consistent final 𝑣𝐿for all 𝑙𝜙



Summary: standard scaling

• Scaling values (from 16k runs)

• 𝜁 t-scaled length density
• 𝑥 t-scaled mean separation
• 𝑣𝐿 RMS velocity
• w: universe frame
• r: string rest frame

• 16k runs: max(𝜁𝑤) = 1.46 (last half)

Grey: Hindmarsh et al 2020
Olive: this work

Purple: Hindmarsh et al 2021
Olive: this work

Solid squares: at 𝜏 = Τ𝐿 2
Open squares: at 𝜏 = Τ𝐿 4

Circles: Linear fits of x (2102.07723)



𝜁 𝑤

Scaling violations?
• Low density simulations grow slowly
• Do not exceed scaling density by more 

than 1 standard deviation (~0.15).
• Strings slow down (extra growth in 

universe frame length 𝜁𝑤  relative to  𝜁𝑟  )

Buschmann (2021), Benabou (2024)

Saikawa et al  (2024)

Kim, Park, Son (2024)

𝜁 𝑤
𝜁 𝑤

One run



Rest frame length vs. universe frame length
• Simulation sizes: 16k only; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80, 160, 320

• Universe frame length Lorentz contracted: less than rest frame length

• Strings slow down: extra growth in universe frame length 𝜁𝑤 relative to  𝜁𝑟 



Rest frame string length: log time
• Simulation sizes: 16k only; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80, 160, 320

• Plot against log time to highlight evolution of dynamical system

• Convergence of 𝑙𝜙 = 5, 10, 20 in in last half (conformal time)

• 𝑙𝜙 = 40, 80 (160) final values are consistent with 𝑙𝜙 = 5, 10, 20 



Universe frame string length, velocity: log time
• Simulation sizes: 16k only; i.c.s 𝑙𝜙 = 5, 10, 20, 40, 80, 160, 320

• Convergence 𝑙𝜙 = 160, 320 in last half of conformal time 

• 𝑙𝜙 = 5, 10, 20, 40, 80 final values are consistent



Questions for further work

Standard scaling
• What is the evolution model far from 

the fixed point?
• Have the velocities converged?
• How to model energy lost from string?

Scaling violations
• What is the scaling violation in 𝜁?

Log, or something else?
• Why 𝜁 ≈ 1 for i.c. 𝜁 ≳ 1 until (at least) 

log 2𝑚𝑠𝑡 ≈ 9 ?

• What is the velocity evolution?
• How to model energy lost from string?



Conclusions
• Scaling framework fits data consistently
• Apparent scaling violations can be understood in 

scaling framework as approach to fixed point
• Accurate fixed point values obtained (5%)
• Points to mass estimate closer to

• Borsanyi et al (2016)   28 2 𝜇eV
• Klaer, Moore (2019)   26.2 3.4 𝜇eV

• Than
• Benabou et al (2024) 45,65 … 300 𝜇eV
• Saikawa et al (2024) 95 − 450 𝜇eV
• Kim, Park, Son (2024)  ≳ 420 𝜇eV

• Target for axion number density: better accuracy 
than lattice QCD susceptibility measurements 
(~7%)

• Dark matter density uncertainty 1% in CDM 

• Axion spectroscopy? 
• Different theories give different masses (scaling) 



• Log rate of change of axion energy 
power spectrum

• Numerical diff. 𝜏 ∈ 2500,2800

• Benabou et al (2024): slope of  𝑞 = 1 

Bonus: axion emission spectrum (12k)

• Definitions:
• Axion 𝐴 and scalar 𝜓

• PQ charge density 

• Axion energy density

• Slope of 𝒫0/𝑘: parameter 𝑞

𝑞 = 1

𝑘 = 𝑚𝑠/2



Emission from collapsing loops

• Collapsing string loops emit 
axions with a 𝑞 = 1 spectrum

Sikivie, Hagman  (1991)

Saurabh, Vachaspati, Pogosian  (2020)

~𝑘−𝑞, 𝑞 = 1

𝑘 = 𝑚𝑠/2



Emission from axion string networks

• Projected energy density
• Top: massive mode
• Bottom: axion

• Main site of energy loss is regions of 
high curvature

• Also in Abelian Higgs strings

Benabou et al  (2023)

Blanco-Pillado et al  (2023)

Nambu-Goto trajectory
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