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Time-evolution of the QGP in heavy-ion collisions

before collision Glasma Pre-equilibrium local thermal equilibrium QGP

0.1 fm/c 1 fm/c 10 fm/c
Classical
Yang-Mills

QCD
kinetic theory Hydrodynamics Transport models

freeze-out

Different stages in time evolution1

This talk: Kinetic theory: Far-from-equilibrium → isotropy

1
Rev.Mod.Phys. 93 (2021) [Berges, Heller, Mazeliauskas, Venugopalan]
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Effective kinetic theory description of the QGP

Gluons with distribution function f (t,p)

Time evolution described by Boltzmann equation at leading-order2

2[JHEP 01 (2003) [Arnold, Moore, Yaffe], Int.J.Mod.Phys.E 16 (2007) [Arnold]]
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Effective kinetic theory description of the QGP

Gluons with distribution function f (t,p)

Time evolution described by Boltzmann equation at leading-order2

Azimuthal symmetry around beam axis ẑ ,
Bjorken expansion, homogeneous in transverse plane

2[JHEP 01 (2003) [Arnold, Moore, Yaffe], Int.J.Mod.Phys.E 16 (2007) [Arnold]]
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Bottom-up thermalization in heavy-ion collisions

Initial condition3, with λ = g2NC

f (p⊥, pz) =
2A
λ

⟨pT ⟩√
p2⊥+ξ02p2z

× exp
(

−2
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))

ξ0 ∼ anisotropy, ⟨pT ⟩ = 1.8Qs ,
Qs ∼ saturation scale

Phase 1: Anisotropy increases
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Phase 3: System thermalizes at
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3
Phys.Rev.Lett. 115 (2015) [Kurkela, Zhu]

4
Phys.Lett.B 502 (2001) [Baier, Mueller, Schiff, Son]
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Hard probes to study pre-hydrodynamic evolution

Study pre-hydrodynamic evolution
→ very energetic or heavy probes

Here depicted: jets

Highly energetic partons
created in initial collision
Splits into many particles
→ then measured in the detectors
Imprints of medium interactions

Momentum broadening:

q̂ =
d⟨p2⊥⟩
dL

=
d⟨p2⊥⟩
dt

=

∫
d2q⊥ q2⊥

dΓel

d2q⊥

P

QK

z x

y

K'

P'
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Motivation

Studies find initial stages q̂(τ < 0.6 fm) ≡ 0
needed for description of jet v2 and RAA

5

But: Glasma and kinetic theory q̂ large6

With q̂(t) during kinetic theory stage → ?

1 What is the gluon spectrum
from time evolving q̂(t)?

2 Generalize q̂ → C (q⊥)
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Phys.Lett.B 850 (2024) [Boguslavski, Kurkela, Lappi,

FL, Peuron]

5
Phys.Lett.B 803 (2020) [Andres, Armesto, Niemi, Paatelainen, Salgado]

6
Phys.Lett.B 810 (2020) [Ipp, Müller, Schuh], Phys.Rev.C 105 (2022) [Carrington, Czajka, Mrowczynski], Phys.Rev.D 107 (2023)

[Avramescu, Baran, Greco, Ipp, Müller, Ruggieri] Phys.Lett.B 850 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]
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Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

dI

dω d2k
=

CRαs

2π2ω3
Re

∫ ∞

t0

dt 2 e
−ϵt2

∫ t2

t0

dt 1

∫
x
e−ik·x

× P(x,∞; t2) ∂x · ∂yK(x, t2; y, t1)y=0 −
8ᾱπ

k2ω
,

ω: emitted gluon energy

k: transverse momentum

tform ∼
√
ω/q̂: formation time

P

QK

K'

P'

Splitting kernel K is the solution to(
∂t −

∂2
x

2ω
+ iC (x, t)

)
K(x, t; y, t1) = iδ2(x− y)δ(t1 − t)

Input: dipole cross section

C (x) =

∫
d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)
, C (q⊥) = (2π)2

dΓel

d2q⊥

Phys.Rev.D 79 (2009) [Arnold]
JETP Lett. 65 (1997) [Zakharov]

Nucl.Phys.B 483 (1997) [Baier, Dokshitzer, Mueller, Peigne, Schiff]
JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

Florian Lindenbauer How jets broaden and lose energyduring the initial stages 9 / 27

https://arxiv.org/pdf/0808.2767
https://inspirehep.net/literature/441901
https://inspirehep.net/literature/420877
https://inspirehep.net/literature/1868335


Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

dI

dω d2k
=

CRαs

2π2ω3
Re

∫ ∞

t0

dt 2 e
−ϵt2

∫ t2

t0

dt 1

∫
x
e−ik·x

× P(x,∞; t2) ∂x · ∂yK(x, t2; y, t1)y=0 −
8ᾱπ
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Numerical results

Scale time in units of
relaxation time

τR =
4πη/s

Tε(τ)

“thermal matching”: Find Tε:
Require εeq(Tε(t)) = εnonequ(t)
→ Landau matching

Time evolution of q̂(t)
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ωc = 1
2 q̂

staticL2
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ᾱ
d
I

d
ω

d
2
k

τ/τR = 0.5

varying emitted gluon energy, λ = 10

ω = 0.2

ω = 0.5

ω = 1.4

nonequilibrium

static brick

thermal matching

Preliminary

Vary energy ω of emitted gluon: Large ω = large formation time

ωc = 1
2 q̂

staticL2

Florian Lindenbauer How jets broaden and lose energyduring the initial stages 11 / 27



Medium

Medium-
induced
radiation

QCD kinetic
theory

ො𝑞(t)

𝑓(𝑝, 𝑡)

𝐶(𝑞⊥)

𝐶(𝑥)

Splitting rate 𝛾Gluon spectrum 𝑑𝐼

𝑑𝜔𝑑2𝑘

Bottom-up
thermalization

ො𝑞0(𝑡), 𝜇∗(𝑡)“LO“

“NLO“
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Going beyond “leading order”

Actually: Approximation C (x) ≈ 1
4 q̂x

2 not so good

Can we do better?

Revisit calculation for small x

C (x) =

∫
d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)︸ ︷︷ ︸
expand: ∼ 1

4
x2q2⊥+...

But: Expansion coefficient∫
d2q⊥
(2π)2

q2⊥C (q⊥)

→ ∞ (= q̂?)
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Going beyond “leading order” II

Introduce cutoff

C (x) =

∫
|q⊥|<Λ

d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)︸ ︷︷ ︸
expand: ∼ 1

4
x2q2⊥+...︸ ︷︷ ︸

1
4
x2q̂(Λ)

+

∫
|q⊥|>Λ⊥

d2q⊥
(2π)3

C (q⊥)(1− e ix·q⊥)︸ ︷︷ ︸

expand:
b2 q̂0
4

(
1−γE−log

bΛ⊥
2

)
+O(b4)

q̂0 is constant related to large q⊥ behavior of C (q⊥ → ∞) → q̂0
2π

1
q4⊥

We know q̂(Λ) = q̂0 log
Λ2

Q2 + b (for large enough Λ)

C (x, t) =
1

2
x2b(t) +

x2q̂0(t)

2

(
1− γE − log

x Q

2

)

=
1

4
q̂0(t)x

2 log
1

x2µ2
∗(t)

Expand perturbatively around harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]
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Comparing LO and NLO
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s
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Two imput parameters: (q̂0, b) in q̂(Λ) = q̂0 log Λ
2/Q2 + b → (q̂0, µ∗)
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Generalize q̂ → C (q⊥)
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Medium

Medium-
induced
radiation

QCD kinetic
theory

ො𝑞(t)

𝑓(𝑝, 𝑡)

𝐶(𝑞⊥)

𝐶(𝑥)

Splitting rate 𝛾Gluon spectrum 𝑑𝐼

𝑑𝜔𝑑2𝑘

Bottom-up
thermalization

ො𝑞0(𝑡), 𝜇∗(𝑡)“LO“

“NLO“
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Jet momentum broadening in kinetic theory

From f (k) we obtain:

q̂ij =

∫
q⊥<Λ⊥
p→∞

dΓPS q
iqj |M|2 f (k)

(
1 + f (k ′)

)

appropriate phase-space measure

Matrix element

with medium corrections (HTL self-energy)

Incoming plasma particles

with momentum k

Outgoing plasma particle

P P+Q

K-QK

Medium modifications
(screening)

Matrix element

Leading jet parton Outgoing jet parton

Plasma particle
(quark, gluon)
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Momentum broadening kernel

C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Normalize using (Landau-matched)
thermal kernel

Angular average
C (q⊥) =

1
2π

∫ 2π
0 dϕC (q⊥, ϕ)

Momentum transfer of soft
momenta enhanced

Late times (red curve):Thermal
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C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Normalize using (Landau-matched)
thermal kernel, with limiting q⊥ forms
JHEP 05 (2002) [Aurenche, Gelis, Zaraket]
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CRg
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D
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⊥ +m2

D)

C (q⊥ ≫ T ) =
q̂0
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Momentum transfer of soft
momenta enhanced

Late times (red curve):Thermal

10−1 100 101

q⊥/T

0.0

0.2

0.4

0.6

0.8

1.0

C
(q
⊥

)
q3 ⊥
/T

2

λ = 2

thermal q⊥ � T thermal q⊥ � Tthermal q⊥ � T thermal q⊥ � T

Florian Lindenbauer How jets broaden and lose energyduring the initial stages 19 / 27

https://inspirehep.net/literature/585373


Momentum broadening kernel

C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Normalize using (Landau-matched)
thermal kernel

Angular average
C (q⊥) =

1
2π

∫ 2π
0 dϕC (q⊥, ϕ)

Momentum transfer of soft
momenta enhanced

Late times (red curve):Thermal

10−2 10−1 100 101

q⊥/T

0

1

2

3

4

5

6

C
(q
⊥

)/
C

eq
(q
⊥

)

Earliest
tim

e
(before

?)

Latest time (After ∇)

λ = 2preliminary

τ/τR = 0.02

τ/τR = 0.10

τ/τR = 0.50

τ/τR = 3.15

τ/τR = 0.02

τ/τR = 0.10

τ/τR = 0.50

τ/τR = 3.15

Florian Lindenbauer How jets broaden and lose energyduring the initial stages 19 / 27



Momentum broadening kernel

C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Normalize using (Landau-matched)
thermal kernel

Angular average
C (q⊥) =

1
2π

∫ 2π
0 dϕC (q⊥, ϕ)

Momentum transfer of soft
momenta enhanced

Late times (red curve):Thermal

10−2 10−1 100 101

q⊥/T

0

1

2

3

4

5

6

C
(q
⊥

)/
C

eq
(q
⊥

)

Earliest
tim

e
(before

?)

Latest time (After ∇)

λ = 2preliminary

τ/τR = 0.02

τ/τR = 0.10

τ/τR = 0.50

τ/τR = 3.15

τ/τR = 0.02

τ/τR = 0.10

τ/τR = 0.50

τ/τR = 3.15

Florian Lindenbauer How jets broaden and lose energyduring the initial stages 19 / 27



Angular dependence and contribution to q̂
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)
q3 ⊥
/T
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λ = 2
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thermal q⊥ � T

τ/τR = 0.02

τ/τR = 0.50

φpq = 0

φpq = π/2

angular average

Contribution to q̂ =
∫
d2q⊥ q2⊥C (q⊥)/(2π)

Peaked at Debye mass ■ for later times
Along beam (ϕpq = 0): Much larger and different form at early times
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Medium

Medium-
induced
radiation

QCD kinetic
theory

ො𝑞(t)

𝑓(𝑝, 𝑡)

𝐶(𝑞⊥)

𝐶(𝑥)

Splitting rate 𝛾Gluon spectrum 𝑑𝐼

𝑑𝜔𝑑2𝑘

Bottom-up
thermalization

ො𝑞0(𝑡), 𝜇∗(𝑡)“LO“

“NLO“
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To impact parameter space

C (x) =
∫ d2q⊥

(2π)3
(1− e iq⊥·x)C (q⊥)

C (q⊥ ≪ T ) → analytic
(“reference”):

C ref(x) =
CRg

2
s T

2π

(
γE + K0(x mD) + log

x mD

2

)
Reference C (x) > 20% off “true
thermal”

Compare with small x expression

C (x, t) =
1

2
(x2bx(t) + y2by (t))

+
|x|2q̂0(t)

2

(
1− γE − log

|x|Qs

2

)
,
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ε
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Time evolution

C (x) for different times
→ continuous evolution

For isotropic systems:
T∗ form (replace T → T∗)

C ref(x) =
CRg

2
s T

2π

(
γE + K0(x mD) + log

x mD
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)
Deviations > 100% at early
times!
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Medium

Medium-
induced
radiation

QCD kinetic
theory

ො𝑞(t)

𝑓(𝑝, 𝑡)

𝐶(𝑞⊥)

𝐶(𝑥)

Splitting rate 𝛾Gluon spectrum 𝑑𝐼

𝑑𝜔𝑑2𝑘

Bottom-up
thermalization

ො𝑞0(𝑡), 𝜇∗(𝑡)“LO“

“NLO“
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Impact on gluon emission rate

γ is rate for g → gg splitting process

γ =
p4 + p′4 + k ′4

p3p′3k ′3
dAλ

2(2π)3

∫
d2h

(2π)2
2h · ReF,

F is the solution to the integral equation

2h = iδE (h)F(h) +
g2

2

∫
d2q⊥
(2π)2

C (q⊥)

×
[
(3F(h)− F(h− pq⊥)− F(h− kq⊥)− F(h+ p′q⊥)

]
,

Solved by Fourier trafo . . .C (q⊥) → C (x)

→ solve for anisotropic C (q⊥)

Different assumptions than gluon spectrum presented before:
static C (q⊥) during splitting process, infinite medium size

JHEP 12 (2001) [Arnold, Moore, Yaffe]
JHEP 01 (2003) [Arnold, Moore, Yaffe]
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Results for splitting rate γ

First time γ for anisotropic C (q⊥)

Anisotropic C (q⊥, ϕ) can be well
approximated by angular average
C (q⊥) =

1
2π

∫ 2π
0 dϕC (q⊥, ϕ)

→ only “very nuanced changes”
< 2%

But: Isotropized γ deviate from
equilibrium significantly

Equilibrium deviates from reference
15− 20%

Large differences for T∗ form!
→ Consequences for EKT?
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Conclusions and outlook

Initial out-of-equilibrium plasma described by kinetic theory → f (p, t)

f (p, t) as input → momentum broadening of jets
→ q̂ and C (q⊥) during initial stages in heavy-ion collisions

q̂(t) → Gluon spectrum using “improved opacity expansion”
→ smaller ω → more nonequilibrium effects

C (q⊥) at small q⊥ is enhanced compared to thermal (especially along beam)
→ splitting rates γ → significant deviations from thermal rates
→ Anisotropic C (q⊥) can be well approximated by angular average

Outlook

Transport properties for minijet evolution (with Mazeliauskas, Takacs, Zhou)

Accelerate kinetic theory simulations with machine learning
(with Barrera Cabodevila & Kurkela)
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Screening in the matrix element of q̂

Scattering matrix element includes in-medium
propagator

Receives self-energy corrections

Anisotropic hard thermal loop (HTL) self-energy →
unstable modes7

Approximation: Use isotropic HTL matrix
element
Similar approximation also in EKT implementations8

P P+Q

K-QK

Medium modifications
(screening)

Matrix element

Leading jet parton Outgoing jet parton

Plasma particle
(quark, gluon)

7[Phys.Rev.D 68 (2003) [Romatschke, Strickland]]
8[Phys.Rev.Lett. 115 (2015) [Kurkela, Zhu]; Phys.Rev.Lett. 122 (2019) [Kurkela, Mazeliauskas];

Phys.Rev.D 104 (2021) [Du, Schlichting]]
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Screening approximation to the matrix element

Compare with simple screening
approximation

(s − u)2

t2
→ (s − u)2

t2
q4

(q2 + ξ2Tm
2
D)

2

Longitudinal9 ξL = e5/6/
√
8

Transverse broadening:
ξT = e1/3/2

Good agreement
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isotropic HTL

approximation

s, u, t: Mandelstam variables
9[Phys.Rev.D 89 (2014) [York, Kurkela, Lu, Moore]]
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What about total momentum broadening?

Per definition, q̂ =
d⟨p2⊥⟩
dτ

Näıvely ∆p2⊥ =
∫
dτ q̂(τ) over

lifetime of jet

Think of q̂ as medium parameter.
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)
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Making sense of the cutoff

Cutoff Λ⊥ restricts transverse momentum transfer q⊥ < Λ⊥
(needed in eikonal limit p → ∞)

q̂ ∼
∫

d2q⊥ q2⊥
dΓel

d2q⊥︸ ︷︷ ︸
1/q4⊥for large q⊥

∼
∫

dq⊥
q⊥

Cutoff should grow with jet energy

kinematic cutoff Λkin
⊥ (E ,T ) = ζking(ET )1/2

obtained from comparing leading log behavior for large p and Λ⊥

LPM cutoff ΛLPM
⊥ (E ,T ) = ζLPMg(ET 3)1/4

Estimate for momentum broadening during LPM ‘formation time’:
Q2

⊥ ∼ q̂t form, t form ∼
√
E/q̂, approximately q̂ ∼ g4T 3

[arXiv:2312.00447 [Boguslavski, Kurkela, Lappi, FL, Peuron]]Florian Lindenbauer How jets broaden and lose energyduring the initial stages 5 / 5
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LPM cutoff ΛLPM
⊥ (E ,T ) = ζLPMg(ET 3)1/4

Estimate for momentum broadening during LPM ‘formation time’:
Q2

⊥ ∼ q̂t form, t form ∼
√
E/q̂, approximately q̂ ∼ g4T 3

[arXiv:2312.00447 [Boguslavski, Kurkela, Lappi, FL, Peuron]]
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