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Bottom-Up Thermalization

In kinetic theory,
hydrodynamization occurs
in stages:

1 Anisotropy increases
2 Occupancy decreases
3 System becomes

isotropic and thermal
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Scaling and Pre-Scaling

Many prior calculations show that
distribution functions quickly take
“scaling” form:

f (p, τ) = ταw(τβp⊥, τ
γpz)

Berges, Boguslavski, Schlichting,
Venugopalan, arXiv:1303.5650

“Prescaling” regime in QCD EKT

f (p, τ) = τα(τ)w(τβ(τ)p⊥, τ
γ(τ)pz)

Mazeliauskas, Berges, arXiv:1810.10554

Rescaled distribution function w is
a universal attractor

BMSS scaling

α = −2
3 ,

β = 0,

γ = 1
3

Baier, Mueller, Schiff, Son
arXiv:hep-ph/0009237

Rachel Steinhorst
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Scaling in Bottom-Up

If f takes scaling form

f (p, τ) = ταw(τβp⊥, τ
γpz)

we can imagine stages of
“Bottom-Up
Thermalization” as
corresponding roughly to
specific scaling exponents
α, β, γ.

Rachel Steinhorst
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Adiabatic Hydrodynamization Framework

Is there a generic way of
understanding why and in
what form attractors arise?
Idea: view pre-hydro
attractors as the
time-dependent ground state
of an effective Hamiltonian

Brewer, Yan, Yin, arXiv:1910.00021;
Brewer, Scheihing-Hitschfeld, Yin,
arXiv:2203.02427;
Mikheev, Mazeliauskas, Berges,
arXiv:2203.02299

Early-Time Dynamics

τα(τ)w(τβ(τ)p⊥, τ
γ(τ)pz , τ)

↓
Prescaling “Ground State”

ταS(τ)w(τβS(τ)p⊥, τ
γS(τ)pz)

Rachel Steinhorst
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Rescaled Distribution Function

The idea is to choose a time-dependent coordinate rescaling,
e.g.

f (p⊥, pz , τ) = A(τ)w
( p⊥

B(τ) ,
pz

C(τ) , τ
)

= A(τ)w(ζ, ξ, τ)

If f is scaling, we can absorb all time-dependence this way by
choosing

α = ∂y A
A , β = −∂y B

B , γ = −∂y C
C

such that ∂τ w = 0.

Rachel Steinhorst
Adiabatically understanding pre-hydrodynamic and hydrodynamizing attractors 6



Introduction Adiabaticity Analytic Example Describing Hydrodynamization Inelastic Scatterings Conclusions

Effective Hamiltonian

Now, starting with a Boltzmann equation

∂f
∂τ

− pz
τ

∂f
∂pz

= −C [f ],

we can rewrite as an effective Hamiltonian evolution for w :

Hw ≡ −
↑

Note: -1 instead of i

∂y w , where y ≡ log
(
τ

τ0

)

The operator H is nonlinear, non-Hermitian, and dependent
on the choice of scaling: H = H(w ,A,B,C , τ).
This is not a Schrödinger equation (it’s missing i), but we can
still draw analogies to Quantum Mechanics.

Rachel Steinhorst
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Adiabaticity

Hw ≡ −∂y w
Now if we express w in terms of the eigenstates of H,

w(ζ, ξ, y) =
∑

n
cn(y)ϕn(ζ, ξ, y) where Hϕn = εnϕn ,

eigenstates evolve as

∂y cn = −εncn +
∑
m ̸=n

⟨n|∂y H|m⟩
εn − εm

cm .

Analogy to Adiabatic Theorem in QM: if H evolves slowly
compared to the gap, the eigenstates evolve independently as

cn(y) ∼ e−
∫ y

εn(y ′) dy ′
.

This means that the ground state acts as an attractor!
Rachel Steinhorst
Adiabatically understanding pre-hydrodynamic and hydrodynamizing attractors 8



Introduction Adiabaticity Analytic Example Describing Hydrodynamization Inelastic Scatterings Conclusions

General Plan

We want to find A(τ),B(τ),C(τ) such that the adiabaticity
condition

δ(n,m) ≡
∣∣∣∣ ⟨n|∂y H|m⟩
(εn − εm)2

∣∣∣∣ ≪ 1

is satisfied.
If this is true for all (n,m), then the effective ground state
should be the rescaled attractor.

Rachel Steinhorst
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Example: Diffusive Small-Angle Elastic Scatterings

Consider a boost-invariant theory with only small-angle elastic
scatterings, and take only the diffusive part:

∂f
∂τ

− pz
τ

∂f
∂pz

= −C2→2[f ]

= g4
s N2

c
4π lCb[f ]( Ia[f ]∇2

pf︸ ︷︷ ︸
diffusive part

+
((((((((((
Ib[f ]∇p · (p̂f (1 + f )))

where Ia[f ] =
∫

p f (1 + f )

Writing in terms of w , the effective Hamiltonian is

H = ∂y A
A −

(
∂y C
C + 1

)
ξ∂ξ − q

C2∂
2
ξ − ∂y B

B ζ∂ζ − q
B2 (∂2

ζ + 1
ζ
∂ζ).

Rachel Steinhorst
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Solving Analytically for the Eigenstates

This H has exact analytic eigenstates and eigenvalues

ϕL
n,m = He2n

(
ξ√
q̃

)
1F1

(
−2m, 1, ζ

2

2q̃B

)
,

ϕR
n,m = 1√

2πq̃(2π)!q̃B
He2n

(
ξ√
q̃

)
1F1

(
−2m, 1, ζ

2

2q̃B

)
e− ξ2

2q̃ − ζ2
2q̃B

ϵn,m = 2n(1 − γ) − 2mβ

where q̃ = q
C2(1−γ) , q̃B = − q

B2β
carry all the time dependence.

Just choose B,C such that q̃ = q̃B = 1.
Brewer, Scheihing-Hitschfeld, Yin, arXiv:2203.02427

Rachel Steinhorst
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Solving for q̃ = q̃B = 1 reproduces expected scaling
exponents

With this kernel we can see the BMSS and dilute scaling regimes,
and conclude that the attractor for these modes is the ground
state of an adiabatic evolution.

Brewer, Scheihing-Hitschfeld, Yin, arXiv:2203.02427

Rachel Steinhorst
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Moving Towards Generalization...

How is this attractor related to the hydrodynamizing
attractor?
Will this interpretation hold for more realistic theories?

Without the non-diffusive part, f will not hydrodynamize, but
with it, we do not know the spectrum of H.

∂f
∂τ

+ pz
τ

∂f
∂pz

= g4
s N2

c
4π lCb[f ](Ia[f ]∇2

pf + Ib[f ]∇p · (p̂f (1 + f )))

⇒ considered in Rajagopal, Scheihing-Hitschfeld, RS, arXiv:2405.17545

Furthermore, for consistency with the “bottom-up” picture
(and for hydrodynamization on a realistic time scale) we need
to find a way to include inelastic scatterings.
⇒ considered in forthcoming work

Rachel Steinhorst
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Basis Expansion

In general eigenstates of H are unknown, so we must express
H in terms of some other convenient basis:

ψ
(R)
ij = pi(ζ)qj(ξ)e−(ξ2/2+ζ), ψ

(L)
ij = pi(ζ)qj(ξ)

Then we can express H and w in terms of this basis:

H ik
jl = ⟨ψL

ij |H|ψR
kl⟩ w(ζ, ξ, y) =

∑
ij

wij(y)ψR
ij (ζ, ξ)

=
∫ d2ζdξ

(2π)3 ψ
L
ijHψR

kl

Rachel Steinhorst
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Choosing an Adiabatic Frame

H =∂y A
A − ∂y B

B ζ∂ζ −
(
∂y C
C + 1

)
ξ∂ξ − q

[ 1
B2

(1
ζ
∂ζ + ∂2

ζ

)
+ 1

C2∂
2
ξ

]
− λ

p (2(1 + Aw) + (1 + 2Aw)ζ∂ζ + (1 + 2Aw)ξ∂ξ)

Challenges:
Explicit factors of w appearing in H.
Solution: Drop these ⇒ equilibrium solution will be
Boltzmann instead of Bose-Einstein
Factor 1/p means we can’t write H as sum of separable terms.
Solution: choose a different scaling scheme

Rachel Steinhorst
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Getting to Late Times

Let’s instead use a scaling framework which will accommodate
isotropization easily:

f (p, pz , τ) = A(y)w
( p

D(y) ,
pz
p , r(y), y

)
= A(y)w (χ, u, r(y), y)

At equilibrium, we expect D → T , while r(y) we will use to
control anisotropy.

Rachel Steinhorst
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Basis and Scaling Choice

Choose the basis

ψ
(R)
ij = pi(χ)qj(u)e−(u2/r2+χ), ψ

(L)
ij = pi(χ)qj(u)

based on early- and late-time attractors.
Before, we took q̃ = q̃B = 1 to get B(y),C(y).
How to choose D(y), r(y)?
Choose D(y) to decay towards the effective temperature, and
choose r(y) to optimize similarity of f to the basis.

Rachel Steinhorst
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Effective Hamiltonian

With this form for f , the effective Hamiltonian H is

H =α− ∂y D
D χ∂χ + ∂y r ∂

∂r − u(1 − u2) ∂
∂u

− q
D2

[
1
χ2

∂

∂χ
χ2 ∂

∂χ
− 2u
χ2

∂

∂u +
(

1 − u2

χ2

)
∂2

∂u2

]

− λ

D

[ 2
χ

+ ∂

∂χ

]
.

Rachel Steinhorst
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Early-Time Scaling With New Basis
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Rajagopal, Scheihing-Hitschfeld, RS, arXiv:2405.17545
At very weak coupling, we see BMSS and dilute scaling - each
associated with a “ground state band” of states. The system
becomes too dilute to hydrodynamize.

Rachel Steinhorst
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Connecting Early- and Late-Time Attractors!
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Rajagopal, Scheihing-Hitschfeld, RS, arXiv:2405.17545
At somewhat stronger coupling, we see hydrodynamization! Most
importantly, the hydrodynamizing attractor emerges cleanly from

the early-time ground state band.

Rachel Steinhorst
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However, Radiation of Gluons Is Important...

Rajagopal, Scheihing-Hitschfeld, RS, arXiv:2405.17545
With gluons forced to thermalize through small-angle elastic
scatterings only, the system dilutes way more than is realistic

before hydrodynamizing.

Rachel Steinhorst
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If we assume radiation of soft gluons only, it is possible to show
that the leading order 1-to-2 part of the collision kernel without
Bose enhancement is approximately

C1↔2[f ] = −2λ0

√
Ia[f ]ℓCb[f ]

2π3p (1 − f (p = 0))
(7

2 + p · ∇p

)
f ,

adding to our effective Hamiltonian a term which looks like

H ∋ −2τλ0

√
ℓCbIa
Dπ3

(
1 − Aw

∣∣∣
χ=0

)(7
2

1
√
χ

+ √
χ∂χ

)
.

Now we proceed as before...

Rachel Steinhorst
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Elastic scatterings only

Rajagopal, Scheihing-Hitschfeld, RS,
arXiv:2405.17545

Inelastic and elastic scatterings

Rajagopal, Scheihing-Hitschfeld, RS,
Preliminary

As expected, things look much more physical, and
hydrodynamization can happen on a much shorter timescale!

Rachel Steinhorst
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Elastic scatterings only
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Inelastic and elastic scatterings
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However, we no longer see scaling in the “dilute” regime.

Rachel Steinhorst
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Elastic scatterings only
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Inelastic and elastic scatterings
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Nonetheless, there are hints of the expected “dilute” gap between
bands! Thus we have a framework to understand loss of memory
even without scaling behavior.

Rachel Steinhorst
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Elastic scatterings only
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At somewhat weaker coupling, “dilute” scaling is easier to see, but
still not as clean as with elastic scatterings only.

Rachel Steinhorst
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Elastic scatterings only

Rajagopal, Scheihing-Hitschfeld, RS,
Preliminary

Inelastic and elastic scatterings

Rajagopal, Scheihing-Hitschfeld, RS,
Preliminary

Physically, we do seem to see distinct regimes of behavior at this
coupling.

Rachel Steinhorst
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Elastic scatterings only
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The effective energies tell a clear story of successive loss of
memory!

Rachel Steinhorst
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Summary

The adiabatic picture provides an intuitive physical
explanation for what attracts to attractors, and how memory
is lost.
We present a unified description of both prehydrodynamic and
hydrodynamizing attractor behavior, and show:

Memory that is lost in the pre-thermal attractor cannot be
regained!
Loss of memory is incremental, occurring in two stages.
Adiabaticity describes memory loss with or without the
presence of scaling.

By including inelastic scatterings in the AH framework, we are
able to describe hydrodynamization in a realistic time frame!

Rachel Steinhorst
Adiabatically understanding pre-hydrodynamic and hydrodynamizing attractors 29



Introduction Adiabaticity Analytic Example Describing Hydrodynamization Inelastic Scatterings Conclusions

Next Steps

Ultimate goal: quantitative
understanding of the mechanism and
timescale of hydrodynamization in
QCD

Adiabatic hydrodynamization is
promising as a mechanism.
Restoring Bose enhancement terms?
Important missing piece: spatial
gradients.

Once spatial dependence can be
incorporated, can this framework
describe the hydrodynamization of jet
wakes?

Rachel Steinhorst
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Next Steps

Use an analytic ground state as a
stage in a HIC Bayesian analysis
(ongoing: G. Nijs, B. Scheihing-Hitschfeld,
and RS)

Typically, Bayesian analyses use
free-streaming as a
pre-hydrodynamic stage.
Instead, match a known analytic
ground state to the
free-streaming solution at some
time τfs prior to hydrodynamics.
We would like to see that the
interacting adiabatic ground state
is preferred to free streaming!

Giacalone, Nijs, van der Schee,
2305.0001

Rachel Steinhorst
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Initial Conditions

For solutions in the D, r basis, we use

f (p, τ = τI) = σ0
g2

s
e−

√
2p/Qs e−r2

I u2/2Q(R)
0 (u; rI)

with rI =
√

3 and τIQs = 1 unless otherwise specified.
For solutions in the B,C basis, we use

f (p⊥, pz ; τI) = σ0
g2

s
exp

(
−p2

⊥ + ξ2
0p2

z
Q2

s

)
(1)

with ξ0 = 2, τIQs = 70, BI = Qs/
√

2, and CI = Qs/(ξ0
√

2)
unless otherwise specified.

Rachel Steinhorst
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Derivation of Inelastic Scattering Kernel

In the LPM regime, the leading 1-to-2 kernel in the collinear limit is

C1↔2[f ] = −
∫ 1

0
dx d2I

dx dt

{
1

x5/2

[
f
(p

x

)
(1 + f (p))

(
1 + f

(
p(1 − x)

x

))
−f (p)f

(
p(1 − x)

x

)(
1 + f

(p
x

))]
− 1

2 [f (p)(1 + f (px))(1 + f (p(1 − x)))

−f (px)f (p(1 − x))(1 + f (p))]} ,

where
d2I

dx dt = λ0

√
Ia[f ]ℓCb[f ]

2π3p
(1 − x + x2)5/2

(x − x2)3/2

is the rate of nearly collinear splitting for a hard gluon.

Rachel Steinhorst
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Derivation of Inelastic Scattering Kernel

Expanding in 1 − x , we can evaluate the integral to get

C1↔2[f ] = −2λ0

√
Ia[f ]ℓCb[f ]

2π3p

[g
p (p · ∇p)2 + (1 + 2f ) (p · ∇p)

+7
2

(
1 + f + g

p (p · ∇p)
)]

f

where

g = lim
p→0

pf (p)
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Derivation of Inelastic Scattering Kernel

Without Bose corrections,

C1↔2[f ] = −
∫ 1

0
dx d2I

dx dt

{ 1
x5/2

[
f
(p

x

)
− f (p)f

(p(1 − x)
x

)]
−1

2 [f (p) − f (px)f (p(1 − x))]
}
.

Now when we expand in 1 − x , we get

C1↔2[f ] = −2λ0

√
Ia[f ]ℓCb[f ]

2π3p (1 − f (p = 0))
(7

2 + p · ∇p

)
f .
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Incremental Loss of Memory
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Adiabaticity
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Adiabaticity
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Larger Coupling
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Very Weak Coupling With Inelastic Scatterings
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