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Motivation

▶ Jet quenching

interactions between QGP & hard partons

▶ Kinetic Theory

describes the physics in the soft & hard sector

▶ Minijets

no vacuum radiation
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Motivation
▶ Jet transport coefficient q̂ → medium property

Interactions

Distribution of particlesLeading parton

1 bring together transport coefficients and minijet evolution

2 estimate thermalisation time of a jet
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Outline

Linearised kinetic theory

Transport coefficients and minijet evolution

Equilibration time
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Main stages of a heavy ion collision

PbPb z

t

Glasma

quasi-particles

fluid fields

hadrons

▶ study minijets in the pre-equilibrium phase
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Linearised kinetic theory
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Framework
▶ Effective Kinetic Theory for high temperature gauge theories

Arnold, Moore, Yaffe (2003), JHEP 0209353

▶ weakly coupled quasi-particle picture, λ = 4παsNc

→phase space distribution f(τ,x,p)

(∂τ +v ·∇x)f(τ,x,p) = −C[f ]

Out-of-equilibrium initial state is transported to equilibrium



8/25

Expanding QGP

KøMPøST,
PRC 1805.00961

▶ longitudinal expansion

▶ approximate boost invariance

▶ homogeneity in the transverse plane(
∂τ − pz

τ
∂pz

)
f(τ,p) = −C[f ]

▶ leading order elastic and inelastic scattering processes

C[f ](p) = C2↔2[f ](p)+C1↔2[f ](p)
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Collision kernel

C2↔2

▶ small momentum transfer
q = |p′ −p| ≪ 1

isotropic HTL screening
Boguslavski, Lindenbauer, PRD 2407.09605

C1↔2

▶ medium induced radiation of
gluons

▶ g → qq̄ splittings

▶ LO: strictly collinear
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Linearised EKT

QGP

Momentum space 

Minijet

▶ thermal background + linear perturbation

f(t,p) = feq(t,p)+ δfJet(t,p)

▶ linearized Boltzmann eq.

∂tδf = −δC[δf,feq]
Mehtar-Tani, Schlichting, Soudi, JHEP 2209.10569
Barrera, HP2024
Brewer, Mazeliauskas, FZ, JHEP 2402.09298

▶ want to study

transport coefficients + momentum broadening of δfJet(t0,p)
Boguslavski, Lindenbauer, Mazeliauskas, Takacs, FZ in preparation
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Initial conditions
▶ ∂tδf = −δC[δf,feq]

▶ initial jet distribution δfJet(t0,p) ∝ δ(p−p0), p0 = (0,0,E)
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"single" parton in a thermal brick
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Transport coefficients and minijet evolution
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Transport coefficient q̂

F. Lindenbauer et al., PRD 2312.00447▶ Conventionally

q̂ =
∫

d2q⊥q
2
⊥

dΓel
d2q⊥

▶ broadening of 1 parton with energy p0

q̂(p0) = 1
2p0

∫
dΩ|M|2 ×

[
feq(k)(1+feq(k′))

]
p′

⊥
2

Boguslavski, Kurkela, Lappi, Lindenbauer, Peuron PLB 2303.12595, PRD 2312.00447
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Transport coefficient q̂
Distribution of particlesLeading parton

q̂ = d
dt⟨p

2
⊥⟩ = d

dt

(∫
p p2

T δfJet(t,p)
)

▶ broadening of the "jet distribution"

q̂ = −
∫
p p2

T δC[δf,feq]

▶ single hit approximation δf = δf (0) + δf (1) + ...

q̂(p0) = 1
2p0

∫
dΩ|M|2 ×

[
feq(k)(1+feq(k′))

]
(p′

⊥
2 + k′

⊥
2 −k2

⊥︸ ︷︷ ︸
additional terms

)

cf. AMY, JHEP 0010177

EKT takes into account effects from the recoiling medium
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Lower momentum cutoff Λmin

Leading parton

select
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▶ Λmin removes contributions
from the
broadening of the medium!
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Momentum broadening from minijet evolution
Distribution of particlesLeading parton

▶ transverse momentum

⟨p2
T ⟩ =

∫
p p2

T δfJet(t,p) ≈ q̂t
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▶ extract the slope q̂!
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Comparison of minijet evolution

q̂ = d

dt

(∫
p>Λmin

p2
T δfJet(t,p)d3p

)
▶ evolve 1 time step
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Minijet evolution reproduces q̂
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Momentum broadening from minijet evolution

▶ longitudinal broadening ⟨p2
z⟩

⟨p2
z⟩ =

∫
p2

zδfJet(t,p)d3p

≈ ⟨p2
z⟩0 + q̂Lt

▶ extract q̂L

q̂L = d

dt
⟨p2

z⟩p>Λmin
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Important contributions from C1↔2!
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Further transport coefficients
J. Ghiglieri, G. Moore, D. Teaney, JHEP 1509.07773

▶ drag coefficient

ηD = − 1
⟨pz⟩

d
dt⟨pz⟩p>Λmin

▶ gluon to quark conversion

Γg→q =
(

ṅq

ntot

)
p>Λmin
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Equilibration time
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Transverse broadening
▶ define timescale by intersection

q̂t = ⟨p2
T ⟩eq ⇒ tT

∗ = ⟨p2
T ⟩eq
q̂

∼ E

q̂
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▶ Collapse for different couplings λ!

▶ Coupling dependence controlled by q̂, "early time quantity"
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Energy dependence

▶ Different jet energies E

0 10 20 30 40

tT

0.00

0.25

0.50

0.75

1.00

〈p
2 T
〉/
〈p

2 T
〉 eq E/T

30

50

70

eq.

0 1 2 3 4

t/tT∗ ∼ tq̂/E

0.00

0.25

0.50

0.75

1.00

〈p
2 T
〉/
〈p

2 T
〉 eq E/T

30

50

70

eq.

▶ Only initial broadening captured by scaling with E
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Energy dependence

▶ But: timescale of the first hard splitting ∼
√

E

A. Kurkela, E. Lu, PRL 1405.6318
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▶ Collapse for different jet energies E!
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Thermalisation time of minijets
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∼ tq̂/
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Summary & Outlook

Minijets as perturbations on top of a background

Transport coefficients:

▶ numerical extraction from minijet evolution

Equilibration:

▶ Universal evolution by scaling with q̂ and
√

E

▶ ttherm ∼ 16fm for a jet of 15GeV (weakly coupled picture)

Outlook:
▶ Nonequilibrium background → q̂(t)
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Minijet hydrodynamisation

▶ timescale of minijet quenching

τmjh = 5.1fm
(

4πη/s

2

)3/2(
E

31GeV

)1/2
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Longitudinal broadening

▶ longitudinal timescale tL
∗ = ⟨p2

z⟩eq−⟨p2
z⟩0

q̂L
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t/tL∗ ∼ tq̂L/E
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Inverse energy cascade

∂tδf = −δC[δf,feq]
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δf

(p
)

tT

0.00
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1.47

3.43

24.52

equilibrium δfeq(p)

1) build up of soft bath 2) transport of energy
for isotropic case see Kurkela and Lu, PRL 1405.6318

▶ How is δfeq(p) approached?



29/25

Comparison with background-like perturbation

▶ azimuthal symmetric (ϕ): δfaz
sym(t0,p) = ϵf̄(t0,p)

f̄ + δfaz
sym = (1+ ϵ)f̄
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(b) p2δfJet(t0,p,ϕ)

▶ Hydrodynamization occurs, if both perturbations are indistinguishable
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Hydrodynamisation
▶ anisotropy A = δPT −δPL

δe/3
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▶ loss of memory about the initial conditions
→ Hydrodynamisation
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Pressure equilibration background

▶ energy momentum tensor T µν =
∫
p

pµpν

p f(τ,p)

▶ T µν
eq = diag(e,P,P,P ) with P = e/3

▶ Background longitudinal pressure P L = T
zz

2 4 6 8

scaled time w̃ = τT/(4πη/s)
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Chemical equilibration

▶ compare with kinetic equilibrium (isotropy of pressure)
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▶ in chemical equilibrium more fermionic degrees of freedom

▶ chem. equilibration not affected by expansion
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Backup

Equations of motion from 2PI effective action[
iG−1,µγ

0,ac (x;A)+Π(0),µγ
ac (x)

]
ρcb

γν(x,y)

= −
∫ x0

y0
dzΠ(ρ),µγ

ac (x,z)ρcb
γν(z,y) (1)[

iG−1,µγ
0,ac (x;A)+Π(0),µγ

ac (x)
]
F cb

γν(x,y)

= −
∫ x0

t0
dzΠ(ρ),µγ

ac (x,z)F cb
γν(z,y)+

∫ y0

t0
dzΠ(F ),µγ

ac (x,z)ρcb
γν(z,y) (2)
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Backup

▶ local homogeneity → relative coordinate sµ = xµ −yµ and center
coordinate Xµ = 1

2(xµ +yµ)

▶ gradient expansion in Xµ

▶ to lowest order, spectral function ρ is on shell
→ quasi-particle picture

▶ non-equilibrium distribution function f(X,p):

F (X,p) = −i

[1
2 ±f(X,p)

]
ρ(X,p)

⇒ pµ∂µf(X,p) = −C[f ]
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2 ↔ 2

Hard (left) and soft (right) medium regulated scattering

C2↔2[f ](p) = 1
4pν

∫
k,p′,k′

(2π)4δ(4)
(
pµ +kµ −p′µ −k′µ

)
×|M|2 {fpfk

(
1±fp′

)
(1±fk′)︸ ︷︷ ︸

loss

−fp′fk′
(
1±fp

)
(1±fk)︸ ︷︷ ︸

gain

} (3)
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2 ↔ 2

Hard (left) and soft (right) medium regulated scattering

|M|2 = 2λ2ν

(
9+ (s− t)2

u2 + (u−s)2

t2 + (t−u)2

s2

)

▶ small momentum transfer q = |p′ −p| ≪ 1 regulated by
1
q2 → 1

q2 +m2
eff

m2
eff = 2g2

∫
d3p

(2π)3p

[
Ncf

g
p +Nf f q

p

]
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1 ↔ 2

effective 1 ↔ 2 process

C1↔2[f ](p) = 1
2

1
ν

(2π)3
∫

p̃,p′,k′

(2π)4δ(4)
(
p̃µ −p′µ −k′µ

)

×
[
δ(3)(p− p̃)− δ(3)

(
p−p′

)
− δ(3)

(
p−k′

)]
×γ{fp

(
1±fp̃′

)
(1±fk′)︸ ︷︷ ︸

loss

−fp′fk′

(
1±fp̃

)
︸ ︷︷ ︸

gain

} (4)
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1 ↔ 2

effective 1 ↔ 2 process

▶ LO → strictly collinear

▶ medium induced radiation of gluons

▶ N +1 ↔ N +2 effectively 1 ↔ 2
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1 ↔ 2

Parton going through the medium, Figure from [1]

▶ hard parton receiving multiple kicks

▶ formation time τf ∼ E

▶ BH: lf ≪ lmfp, independent emissions

▶ LPM: lf ∼ lmfp, destructive interference → suppression
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Bottom-up thermalization
Baier, Müller, Schiff, Son (2001)

Isotropization of the distribution, Figure from [2]

▶ 1: overoccupied system getting more anisotropic

▶ 2: population of soft gluons

▶ 3: inverse energy cascade
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Radiation vs. elastic scattering
▶ particle number n =

∫
p f(τ,p) → C1↔2[f ]

▶ transverse pressure PT = 1
2
∫
p p2

⊥/pf(τ,p) → C2↔2[f ]
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Equilibration along each θ-slice
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Equilibrium distribution

▶ equilibrated jet → change in temperature δT and velocity δuz

δfeq(p) = (δT∂T + δuz∂uz )nBE
(
pµuµ/T

) ∣∣∣∣∣
uz=0

δfeq(p,θ) =
(

δuz cosθ + δT

T

)
F (p/T )

▶ both contributions can be disentangled
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Equilibrium distribution
▶ back-to-back jet conserves net momentum:

δfeq(p,θ) =
(
�����
δuz cosθ + δT

T

)
F (p/T )

−15 0 15
p/T

−2

0

2

δf
(p

)

Initial condition: back-to-back jet
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Only 1 ↔ 2
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Anti-jet, only 1↔2
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▶ similar timescales of equilibration
⇒ 2↔2 contribute more to equilibration of the anti-jet
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Moments of δf

▶ angular effective temperature

In(θ) ≡ 4π

∫
p2dp

(2π)3 pnf(p,θ) = Nn ×T (θ)n+3 (5)

T (θ) = T + δT (θ)

▶ temperature perturbation

δT (θ)
T

= δIn(θ)
(n+3)Īn(θ)

▶ look at time evolution!
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Moments of δf

QGP

Jet

Jet

Moments of the back-to-back jet

▶ different moments agree before different angles do!
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Equilibrium distribution
▶ back-to-back jet conserves net momentum:

δfeq(p,θ) =
(
�����
δuz cosθ + δT

T

)
F (p/T )

−15 0 15
p/T

−2

0

2

δf
(p

)

Initial condition: back-to-back jet
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Anti-jet
▶ introduce anti-jet → no energy deposited, only net momentum

−15 0 15
p/T

−2

0

2
δf

(p
)

Particle and "hole"

δfeq(p,θ) =
(

δuz cosθ +
�
��

δT

T

)
F (p/T )

▶ allows us to study the build up of δuz
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Moments of δfanti

QGP

Jet

Jet

Collapse of different θ much earlier!

δfeq(p,θ) = (δuz cosθ)F (p/T )

▶ θ-dependence → faster reached by elastic processes

▶ single jet: velocity builds up faster than temperature
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Pressure equilibration
▶ scaled time ω̃ = τ/τR with τR = 4πη/s

T (τ)

▶ effective temperature from e(τ) = νeff
π2

30 T (τ)4
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(d) coupling λ
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