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IntroductionI.

[1] Study of "Phases of Universe" of universe is interesting and important!

Credit: https://www.eso.org/public/images/eso1620a/

RD MD DEDDED
Thermalization
BBN, BAU, DM

LSSInflation ? 
(causality violating question)
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[1] Study of "Phases of Universe" of universe is interesting and important!

Credit: https://www.eso.org/public/images/eso1620a/
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IntroductionI.

[1] Study of "Phases of Universe" of universe is interesting and important!

[2] In addition to particle energy densities, 
There exist various topological defects, whose existence is rather 
ubiquitous.

UV  [G]

IR  [H]

Π଴ (𝐺/𝐻)     ⇒     Domain Wall

Πଵ (𝐺/𝐻)     ⇒     Cosmic String

Πଶ (𝐺/𝐻)     ⇒     Monopole
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IntroductionI.

[1] Study of "Phases of Universe" of universe is interesting and important!

[2] In addition to particle energy densities, 
There exist various topological defects, whose existence is rather 
ubiquitous.

"Generalized Symmetries and Topological Defects"

Physics with generalized symmetry is new, promising possibility.-
In general, topological defects, often new types, appear in those cases.-
Top. Defects might be the best probe for some physics.-
E.g. TQFT-couplings, global structure of SM, …
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[1] Study of "Phases of Universe" of universe is interesting and important!

[2] In addition to particle energy densities, 
There exist various topological defects, whose existence is rather 
ubiquitous.

DED RD MD DED

   



IntroductionI.

[1] Study of "Phases of Universe" of universe is interesting and important!

[2] In addition to particle energy densities, 
There exist various topological defects, whose existence is rather 
ubiquitous.

DED RDRD MD DED

Topological Defect Dominance

   



IntroductionI.

[3] Topological Defect Dominance

𝜌௠௢௡ ∼ 𝜌௠௔௧௧ ∼
ଵ

௔య⎯⎯

𝜌௦௧ ∼
ఓ௧

௧య⎯⎯∼
ఓ

௧మ⎯⎯∼ 𝜌௥௔ௗ          (infinite string in scaling regime)

𝜌௪ ∼
ఙ௧మ

௧య⎯⎯⎯∼
ఙ

௧
⎯                         (infinite wall in scaling regime)

DED RDRD MD DED

   



IntroductionI.

[3] Topological Defect Dominance

𝝆𝒎𝒐𝒏 ∼ 𝝆𝒎𝒂𝒕𝒕 ∼
𝟏

𝒂𝟑⎯⎯              monopole Problem

𝜌௦௧ ∼
ఓ௧

௧య⎯⎯∼
ఓ

௧మ⎯⎯∼ 𝜌௥௔ௗ          (infinite string in scaling regime)

𝝆𝒘 ∼
𝝈𝒕𝟐

𝒕𝟑⎯⎯⎯∼
𝝈

𝒕
⎯                          Domain Wall Problem

DED RDRD MD DED

   



IntroductionI.

[4] Domain Wall Dominance (DWD)          

DWD is natural to occur:    in RD,     ஡ೢ

ఘೝೌ೏
⎯⎯⎯ ∼ 𝑡-

DWD is stopped by making DWs unstable-

(i) explicit breaking of discrete symmetry  →   𝑉௕௜௔௦

(ii) walls bounded by strings
(iii) symmetry restoration
(iv) Lazarides-Shafi mechanism

Several fascinatiWD (this talk)!-

DED RDRD MD DEDDWD
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[4] Domain Wall Dominance (DWD)          

DWD is natural to occur:    in RD,     ஡ೢ

ఘೝೌ೏
⎯⎯⎯ ∼ 𝑡-

DWD is stopped by making DWs unstable-

(i) explicit breaking of discrete symmetry  →   𝑉௕௜௔௦

(ii) walls bounded by strings
(iii) symmetry restoration
(iv) Lazarides-Shafi mechanism

Several fascinating features of DWD (this talk)!-

DED RDRD MD DEDDWD

   



Domain Walls in RDII.

[1] DW Formation (Kibble-Zurek mechanism)

Consider 𝑍ଶ case for concreteness.     

2nd-order PT:   𝜉 ∼ 𝑇௖
ିଵ  •

1st-order PT:   𝜉  can be larger•

Either case,  by causality

𝜉 ≤ 𝑎(𝑡) ∫
ௗ௧ᇲ

௔(௧ᇲ)
⎯⎯⎯⎯

௧

଴
= 𝑎(𝑡) ∫ (𝒂𝑯)ି𝟏 𝑑 ln 𝑎

௧

଴

According to Percolation Theory,

If  𝑝± > 𝑝௖  then infinite (plus/minus)-cluster appears.•

Typically,  𝑝௖ < 0.5  for 3d case (𝑝௖ < 0.31  for cubic lattice)•

Finite clusters of size  :   𝑛௦ ∝ 𝑠ିఈ𝑒ିఉ௦మ/య
  (𝛼, 𝛽  depends on 𝑝±)•

https://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_two.php
correlation length
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Domain Walls in RDII.

[2] DW network

Consider 𝑍ଶ case for concreteness.     

https://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_two.php

correlation length

DW-network dominated by one-infinite wall of complicated topology•

Some finite closed walls, with typical size 𝑅 ∼ 𝜉•

Walls with  𝑅 ≫ 𝜉  exponentially rare•

   



Domain Walls in RDII.

[3] Evolution of DW network

R

(𝒂𝑯)ି𝟏

(1) tension:  𝑓 ∼
஢

ோ
⎯

: stretch out the irregularities
speed-up the wall in the cosmic plasma
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Domain Walls in RDII.

[3] Evolution of DW network

R

R
v

(𝒂𝑯)ି𝟏

(2) Friction (from wall-particle interactions)

     𝑓௙௥௜௖ ∼ 𝑁௙ 𝑛 Δ𝑝 ∼ 𝑁௙  ൬
்య

஠మ⎯⎯൰ (𝑇𝑣) ∼   𝑇ସ𝑣 ∼
௩

ீ௧మ⎯⎯⎯

[cf.  𝜌௥௔ௗ ∼ ቀ
ଷ

଼గீ
⎯⎯⎯ቁ 𝐻ଶ ∼

ଵ

ீ௧మ⎯⎯⎯]

   



Domain Walls in RDII.

[3] Evolution of DW network

(3) For sufficiently large walls,  𝑣  is determined by the balance

      𝑓 ∼ 𝑓௥௜௖ ∶       
ఙ

ோ
⎯  ∼  

௩

ீ௧మ⎯⎯⎯    ⇒      𝑣 ∼
ீఙ௧మ

ோ
⎯⎯⎯⎯

(4) If the dissipation time  𝑡ௗ ∼ 𝑅/𝑣  is  𝑡ௗ ∼ 𝑡   (Hubble time)

          𝑣 ∼ (𝐺𝜎𝑡)ଵ/ଶ ∼
(ఙ௧)భ/మ

ெ೛
⎯⎯⎯⎯⎯ ∝ 𝑡ଵ/ଶ

          𝑅 ∼ 𝑣𝑡 ∼ (𝐺𝜎)ଵ/ଶ𝑡ଷ/ଶ ∼
ఙభ/మ௧య/మ

ெ೛
⎯⎯⎯⎯⎯⎯∝ 𝑡ଷ/ଶ   

(5) DW becomes relativistic at  𝑡௥ ∼
ଵ

ீఙ
⎯⎯,   𝑅 ∼ 𝑡௥ ∼ 𝐻(𝑡௥)ିଵ
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Domain Walls in RDII.

[3] Evolution of DW network

(6) As  𝑡 → 𝑡௥

       𝜌௪ ∼
ఙோమ

ோయ⎯⎯⎯∼
ఙ

ோ
⎯  ∼  

(7)  𝜌௪ ∼
ெ೛

మ

௧ೝ
మ⎯⎯⎯∼ ρ௖(𝑡௥) means DW energy starts dominating the universe

     
(8)  𝜌௪ ∼

ఙ

௧ೝ
⎯⎯  shows the scaling (self-similar) solution

(9) On super-horizon:

      Both aimplitude and wavelength conformally stretched out.

      Shape of DW remaining unchanged.

(a) 𝜌௪ ∼
ெ೛

మ

௧ೝ
మ⎯⎯⎯∼ ρ௖(𝑡௥)

(b) 𝜌௪ ∼
ఙ

௧ೝ
⎯⎯
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Domain Wall DominanceIII.

[1] RD  →  DWD  at  𝑡௪௘௤

(1)  𝝆𝒘 ∼
ఙ

௧
⎯  ∼  𝝆𝒄 ∼

ଵ

ீ௧మ⎯⎯⎯   ⇒     𝒕𝒘𝒆𝒒 ∼
𝟏

𝑮𝝈
⎯⎯

(2)  𝑅 → 𝑡  during  𝑡 < 𝑡௪௘௤ ,    after that   𝑅 ∝ 𝑎(𝑡)

(3)  𝜌௪ ∼
ఙ

ோ
⎯ ∼

ఙ

௔(௧)
⎯⎯⎯:  ρ௪ scales like single- ∞ -wall.

DED RDRD MD DED

𝒕𝒘𝒆𝒒 𝒕𝒅 𝒕𝒆𝒒

   



Domain Wall DominanceIII.

[2] Evolution in DWD 

(1)  𝜌௪ ∼
ఙ

ோ
⎯ ∼

ఙ

௔(௧)
⎯⎯⎯:  ρ௪ scales like single- ∞ -wall.

   (i)  𝐻ଶ =
଼గீ

ଷ
⎯⎯⎯𝜌   ⇒    𝒂(𝒕) ∝ 𝒕𝟐    (𝑎 ∼ 𝑡ଵ/ଶ [RD], 𝑎 ∼ 𝑡ଶ/ଷ [MD])

  (ii)  𝜌̇ + 3𝐻(1 + 𝑤)𝜌 = 0   ⇒    𝒘𝒅𝒘𝒅 = −
𝟐

𝟑
⎯   (𝑤௥ௗ =

ଵ

ଷ
⎯,  𝑤௠ௗ = 0)

DED RDRD MD DED

𝒕𝒘𝒆𝒒 𝒕𝒅 𝒕𝒆𝒒

   



Domain Wall DominanceIII.

[2] Evolution in DWD 

(2)  comoving Hubble radius

   (𝑎𝐻)ିଵ ∝   𝑎(ଵାଷ௪)/ଶ ∼ 

   For 𝑎 ∼ 𝑡ఒ   →    𝑎̈ ∼ 𝜆(𝜆 − 1)𝑡ఒିଶ   (> 0  for  DWD, < 0  for  RD/MD)

DED RDRD MD DED

𝒕𝒘𝒆𝒒 𝒕𝒅 𝒕𝒆𝒒

𝑎           [𝑅𝐷]

𝑎ଵ/ଶ      [𝑀𝐷]

𝑎ିଵ/ଶ    [𝐷𝑊𝐷]

   



Domain Wall DominanceIII.

DED RDRD MD DED

𝒕𝒘𝒆𝒒 𝒕𝒅 𝒕𝒆𝒒

Inflation RD RD RDDWD

𝑎 ∝ 𝑒ு௧

(𝑎𝐻)ିଵ ∝ 𝑒ିு௧

𝑎 ∝ 𝑡ଵ/ଶ

(𝑎𝐻)ିଵ ∝ 𝑎

𝑎 ∝ 𝑡ଶ/ଷ

(𝑎𝐻)ିଵ ∝ 𝑎ଵ/ଶ

𝑎 ∝ 𝑡ଶ

(𝑎𝐻)ିଵ ∝ 𝑎ିଵ/ଶ

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

   



Domain Wall DominanceIII.

Inflation RD RD RDDWD

𝑎 ∝ 𝑒ு௧

(𝑎𝐻)ିଵ ∝ 𝑒ିு௧

𝑎 ∝ 𝑡ଵ/ଶ

(𝑎𝐻)ିଵ ∝ 𝑎

𝑎 ∝ 𝑡ଶ/ଷ

(𝑎𝐻)ିଵ ∝ 𝑎ଵ/ଶ

𝑎 ∝ 𝑡ଶ

(𝑎𝐻)ିଵ ∝ 𝑎ିଵ/ଶ

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

[3] Key features of DWD 

(1)  (𝒂𝑯)ି𝟏  at early times, e.g. 𝑡௪௘௤ < 𝑡 < 𝑡ௗ , can (much) larger than
       naïve extrapolation based on RD universe only

  ⇒ No. of Hubble patches and characteristic wavelength observable 
       today can be quite different.

   



Domain Wall DominanceIII.

Inflation RD RD RDDWD

𝑎 ∝ 𝑒ு௧

(𝑎𝐻)ିଵ ∝ 𝑒ିு௧
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𝑎 ∝ 𝑡ଶ/ଷ
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𝑎 ∝ 𝑡ଶ

(𝑎𝐻)ିଵ ∝ 𝑎ିଵ/ଶ

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

[3] Key features of DWD 

(1)  (𝒂𝑯)ି𝟏  at early times, e.g. 𝑡௪௘௤ < 𝑡 < 𝑡ௗ , can (much) larger than
       naïve extrapolation based on RD universe only

  ⇒ No. of Hubble patches and characteristic wavelength observable 
       today can be quite different.

Credit: D. Baumann's Cosmology Lecture

   



Domain Wall DominanceIII.

Inflation RD RD RDDWD

𝑎 ∝ 𝑒ு௧

(𝑎𝐻)ିଵ ∝ 𝑒ିு௧

𝑎 ∝ 𝑡ଵ/ଶ

(𝑎𝐻)ିଵ ∝ 𝑎

𝑎 ∝ 𝑡ଶ/ଷ

(𝑎𝐻)ିଵ ∝ 𝑎ଵ/ଶ

𝑎 ∝ 𝑡ଶ

(𝑎𝐻)ିଵ ∝ 𝑎ିଵ/ଶ

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

[3] Key features of DWD 

(2)  Decrease in (𝒂𝑯)ି𝟏 during DWD-phase 

  ⇒ preservation of GW produced before and during DWD!

    ⇒ New probes of early universe.
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Inflation RD RD RDDWD

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

[3] Key features of DWD 

(2)  Decrease in (𝒂𝑯)ି𝟏 during DWD-phase 

  ⇒ preservation of GW produced before and during DWD!

    ⇒ New probes of early universe.

𝒉𝒊𝒋 ∝
𝟏

𝒂
⎯⎯   →    𝝆𝒈𝒘 ∝

𝟏

𝒂𝟒
⎯⎯⎯

   



Domain Wall DominanceIII.

Inflation RD RD RDDWD

(𝒂𝑯)ି𝟏

𝐥𝐧 𝒂𝒂𝒘𝒆𝒒 𝒂𝒅 𝒂𝒆𝒒

[3] Key features of DWD 

(2)  Decrease in (𝒂𝑯)ି𝟏 during DWD-phase 

  ⇒ preservation of GW produced before and during DWD!

    ⇒ New sensitive probes of early universe.

𝒉𝒊𝒋 ∝
𝟏

𝒂
⎯⎯   →    𝝆𝒈𝒘 ∝

𝟏

𝒂𝟒
⎯⎯⎯

𝒉𝒊𝒋 ∝ 𝒂𝟎 𝒉𝒊𝒋 ∝
𝟏

𝒂
⎯⎯ 

   



Gravitational Waves with Domain Wall DominanceIV.

[1] GW production 

   (1) In scaling regime (SR) during RD

     GW Power:    𝑃௚௪
ௌோ  ∼ 𝐺 ൻ𝑄ሸ௜௝𝑄ሸ௜௝ൿ  ∼   𝐺 𝜎ଶ 𝑡ଶ        [Quadrupole formula]

     cf.  Since  𝑅 ∼ 𝑡,    𝑄௜௝ ∼ 𝑀௪𝑡ଶ,   𝑀௪ ∼ 𝜎𝑡ଶ    ⇒      𝑄ሸ௜௝ ∼ 𝜎𝑡

                              𝑝௚௪
ௌோ ∼ 𝑛 𝑃௚௪

ௌோ ∼  𝐺 𝜎ଶ 𝑡ଶ/ 𝑡ଷ∼ 𝐺 𝜎ଶ/𝑡 
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[2] Evolution of GW 

Linearized Einstein eq:    ℎఒ
ᇱᇱ + 2ℋℎఒ

ᇱ − ∇ଶℎఒ = 16𝜋𝐺𝑎ଶΠ 
்்

                           

                                            (cf.  𝜆 = ±,   (⋅)ᇱ = 𝑑/𝑑𝜂,   ℋ = 𝑎𝐻)

   (1) sub-horizon modes  ( 𝑘 ≫ 𝑎𝐻 )

         ℎఒ(𝑎, 𝑘) ∼
ଵ

௔௞
⎯⎯൫𝑐ଵ𝑒௜௞ఎ + 𝑐ଶ𝑒ି௜௞ఎ൯ ∝

ଵ

௔
⎯

   (2) super-horizon modes  ( 𝑘 ≪ 𝑎𝐻 )

         ℎఒ(𝑎, 𝑘) ∼ 𝑎଴

Transfer function:   ℎఒ(𝑎଴, 𝑘) = 𝑻(𝒂𝒆, 𝒌) ℎఒ(𝑎௘, 𝑘)
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[3] Instantaneous GW Power Spectrum

   (1)   
ௗ௣೒ೢ

ௗ௞೐
⎯⎯⎯⎯(𝑡௘, 𝑘௘) = 𝑝௚௪(𝑡௘)𝒫(𝑘௘)

    PDF:     𝒫(𝑘௘) =
ఔିଵ

௞೘೔೙
షഌశభ(௧೐)

⎯⎯⎯⎯⎯⎯⎯ 𝑘௘
ିఔ Θ(𝑘௘ − 𝑘௠௜௡(𝑡௘))

   (2) GW energy spectrum observed today

         
ௗఘ೒ೢ

ௗ௞
⎯⎯⎯⎯(𝑡଴) = ∫ 𝑑𝑡 𝑎(𝑡) |𝑇(𝑎, 𝑘)|ଶ 𝑝௚௪(𝑡) 𝒫 ቀ

௞

௔
⎯ቁ

௧బ

௧∗

         ℎଶΩ௚௪(𝑘) =
௛మ

ఘ೎,బ
⎯⎯⎯

ௗఘ೒ೢ

ௗ ୪୭୥ ௞
⎯⎯⎯⎯⎯(𝑡଴)  ∝  

        Numerical simulations:  Ω௚௪ ∝ 𝑘ିଵ     vs     𝑘ିଵ.଻∼ଵ.଼     ⇒    𝜈 ∼ 2 − 3

𝑘ିఔାଵ        (𝜈 < 5 )
𝑘ିସ            (𝜈 ≥ 5 )
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[4] Results

[BM1]  𝑇ௗ = 10ହGeV

             𝜎ଵ/ଷ = 10ଵ଴GeV

[BM1]  𝑇ௗ = 10ଵଵGeV

             𝜎ଵ/ଷ = 10ଵହGeV
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[4] Results:   𝜈 = 2
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[4] Results

https://arxiv.org/abs/1703.02576
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