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Introduction



QCD θ parameter

In the QCD sector, we can introduce CPV parameters:

LCPV =− q̄
(
mqPR +m∗

qPL
)
q + θG

αs
8π
GG̃

chiral rot.−−−−−→− |mq|q̄q + (θG − arg(mq))
αs
8π
GG̃

Physical parameter (= independent from field redefinition) : θ̄

θ̄ = θG −
∑

# of quark

arg(mq)

θ̄ generates neutron EDM [ J. Liang, et al. arXiv:2301.04331 ]

|dn| ' 1.48× 10−16θ̄ e · cm
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Strong CP problem

Current experimental bound of θ̄ (and the nEDM):∣∣θ̄∣∣ . 1.2× 10−10
(
|dn| < 1.8× 10−26 e · cm

)
Why θ̄ � δCKM ∼ O(1)? → Strong CP Problem

Possible solutions:

• axion

• P or CP symmetric model ← today’s talk
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P or CP solutions

P/CP symmetric model (e.g. left-right model, Nelson-Barr model)

• P/CP symmetry forbids θ term at tree level. (GG̃ is P-odd and CP-odd.)

• At low energy, these symmetries have to be spontaneously broken.

→ θ is radiatively generated,

θ̄ = ��̄θtree + δθ

Precise evaluation of δθ is essential for testing these models.
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How to evaluate the radiative θ

Conventional method: θ is evaluated by the imaginary part of the renormalized quark

mass using Fujikawa method.

[ J. R. Ellis and M. K. Gaillard, Nucl. Phys. B 150 (1979) ]

LCPV = −q̄ (mq +∆mq)
renormalized mass

PRq + h.c. → θ̄ = − arg(mq +∆mq)

Problems:

• Contributions other than arg(mq +∆mq) cannot be evaluated.

←→ dipole operators contribute to δθ by RGE. [ E. E. Jenkins, et al. JHEP 01 (2018) ]

• The renormalization condition of mq is not clear.
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Key points

We studied the 2-loop correction to the QCD θ by calculating Feynman diagrams.

• Diagrammatic evaluation of θ includes contributions beyond arg(mq +∆mq).

• We confirmed that when using the conventional method, defining the

renormalized mq at zero momentum is appropriate.
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Outline

1. One-loop evaluation in an EFT (review)

• Confirmed the contribution of the dipole operator to θ.

2. Two-loop evaluation in a toy model with CP-violating Yukawa interactions

• Clarified the definition of the renormalized mq and compared with the conventional

method.

• Identified cases where the conventional method is insufficient.
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Light quark EFT & 1-loop θ



1-loop θ (review)

Light quark EFT with effective operators up to dimension-5. (one-flavor, θG=0)

Leff = q̄
[
i /D −

(
m∗
qPL +mqPR

)]
q − 1

2
gsµq q̄(σ ·G)q −

i

2
gsdq q̄(σ ·G)γ5q

Feynman diagrams contributing to θ:

mqPR or m∗
qPL

d̃q
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1-loop θ(review)

Evaluating the effective action (Tr log):

∆S = −iTr log
∥∥i /D − (

m∗
qPL +mqPR

)∥∥
= −

(
i

2
log

m∗
q

mq
+ 2|mq|d̃q log

|mq|
µ

)∫
d4x

αs
8π
GG̃

• 1st term is consistent with Fujikawa method:
i

2
log

m∗
q

mq
= arg(mq)

• 2nd term could be evaluated by diagrammatic calculation: a contribution from

the chromo EDM d̃q. It is consistent with the RG effect

(
µ
dθ

dµ
= 4mqd̃q

)
.

With this approach, we can evaluate not only the contribution of arg(mq) but also

other contributions (e.g. CEDM).

However the evaluation of Tr log becomes difficult at 2-loop level or higher.

→ We need alternative method.
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Evaluation of the 2-loop θ



Evaluation of the 2-loop θ

2-loop level θ in a toy model with CP-violating Yukawa.

1. EFT approach (review)

• quark mass phase + RG effect

2. Direct diagram calculations

• Check consistency with EFT results in the light quark mass limit.

• Clarify the definition of the renormalized quark mass

when using the Fujikawa method (θ̄ = arg(mq +∆mq)).

• See that arg(mq +∆mq) may not be sufficient.
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Model

We studied the 2-loop θ in a simplified model.

The simplified model with a virtual quark, a real-scaler, and a CPV Yukawa:

−L = q̄ (Re[mq] + i Im[mq]γ5) q +
1

2
m2
φφ

2 + yqφq̄PRq + y∗qφq̄PLq

Symmetry: φ→ −φ, yq → −yq

Invariant quantities under the chiral rotation: θG − arg(mq), yqm
∗
q

Assumptions: mq > ΛQCD, Im(mq)� Re(mq), θG = 0

⇒ Complex phases contributing to the θ:

arg(mq) '
Im(mq)

Re(mq)

Im((yqm
∗
q)

2) ' Im(y2q )Re(mq)
2
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Light quark EFT (1)

The case of mq � mφ

→ the correction to the θ can be understood in terms of a light quark EFT.

Integrating out the heavy φ at the scale µ = mφ, we obtain effective CPV operators

up to dim-6:

−Leff = q̄i Im[mq +∆mq(µ)]γ5q +
i

2
gsd̃q q̄σ

µνγ5Gµνq − Cq4(q̄q)(q̄iγ5q)

−
hhhhhhhhhh
Cq5(q̄σ

µνq)(q̄iσµνγ5q) + ∆θth
αs
8π
GaµνG̃

aµν +
XXXXXXXXX

1

3
ωfabcGaµνG

bν
ρ G̃

cρµ

• ∆mq(µ): Correction to quark mass at zero momentum.

• d̃q: chromo-EDM , Cq4 : 4-fermi operator

• ∆θth : Threshold correction to θ (undetermined in EFT)

• Slashed operator: Negligible because they are higher-order corrections.
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Light quark EFT (2)

RG effects at (mq ≤ µ ≤ mφ):

• Mixing d̃q and C
q
4 : d̃q, C

q
4 → d̃q(µ) [ J. Hisano, et al. Phys. Lett. B 713 (2012) ]

µ
dd̃q
dµ

=
4mq

16π2
Cq4

• contribution of d̃q [ E. E. Jenkins, et al. JHEP 01 (2018) ]

µ
dθ

dµ
= 4mqd̃q(µ)

Combining with the conventional method (arg(mq + δmq)), we obtain:

θ̄ = δθEFT = − Im[mq +∆mq]

Re[mq]
− 2

∫ logm2
q

logm2
φ

Re[mq]d̃q(µ) d log µ2 +∆θth
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Diagrammatic evaluation of the θ

Next, we consider diagrammatic evaluations of the radiative θ.

CPV → GG̃

Problems:

• Evaluating Tr log is difficult at 2-loop order or higher.

• The standard diagram calculations cannot handle total derivative term

GG̃ ∝ ∂
[
A∂A+ 2

3A
3
]
.

→ Fock-Schwinger gauge method
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Fock-Schwinger gauge method

We evaluate θ with the background gluon field in Fock-Schwinger gauge.

Fock-Schwinger gauge : (x− x0)µAµ(x) = 0

• It breaks translational symmetry (momentum conservation), allowing treatment

of the total derivative term GG̃ ∝ ∂
[
A∂A+ 2

3A
3
]
.

• Gauge-invariant quantities restore translational symmetry.

• The gauge field can be expanded in the field-strength.

Aµ(q) = −
i(2π)4

2
Gνµ(0)

∂

∂qν
δ(4)(q) + · · ·

The bellow 1-loop diagram corresponds to the contribution of Im(mq) to the θ. (It

consistent with Fujikawa method.)

[ J. Hisano, et al. JHEP 03 (2023) ]
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→ δθ1−loop = −Im(mq)

Re(mq)



Diagrams contributing to the θ (2-loop level)

Model:

−L = q̄ (Re[mq] + i Im[mq]γ5) q +
1

2
m2
φφ

2 + yqφq̄PRq + y∗qφq̄PLq

Diagrams up to 2-loop:

Im(mq) Im(mq,c.t.)

+ + + ( )+

They correspond to contributions of Im(mq) + 2-loop diagram ( + quark mass

counterterm)

→ We evaluated the radiative theta by calculating these diagrams using the

Fock-Schwinger gauge method.
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Result



The case of mq � mφ

Evaluation of the QCD θ term at the 2-loop level using the Fock-Schwinger gauge

method:

θ̄ = δθ = δθ1−loop + δθ2−loop
Im(mq) Im(mq,c.t.)

+ + + ( )+

Diagrammatic calculations is consistent with the EFT approach when mq � mφ

(where ∆θth is determined here).

δθ1−loop + δθ2−loop = δθEFT = − Im[mq +∆mq]

Re[mq]
− 2

∫ logm2
q

logm2
φ

Re[mq]d̃q(µ) d log µ2 +∆θth

• We can evaluate the contributions not only arg(mq +∆mq) but also d̃q, ∆θth.

• Contributions of d̃q, ∆θth are suppressed by m
2
q/m

2
φ.

What happens when mq ∼ m0?
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The case of mq ≤ mφ

Analytical behavior of loop functions for mq ≤ mφ

Blue: Complex phase of the 1-loop correction

to quark mass (using Fujikawa method):

δθ = − arg(∆mq)

Here, ∆mq(µ) is the quark mass correction

defined at zero momentum.

Orange: Analytical solution of the 2-loop

diagram:

δθ = δθ2−loop

We take the renormalization scale µ = mφ.

When mφ/mq . 10, Fujikawa method does not cover full contributions.
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The case of mq ≥ mφ

Analytical behavior of loop functions for mq ≤ mφ

Blue: Complex phase of the 1-loop correction

to quark mass (using Fujikawa method):

δθ = − arg(∆mq)

∆mq(µ) is the quark mass correction defined

at zero momentum.

Orange: Analytical solution of the 2-loop

diagram:

δθ = δθ2−loop

We take the renormalization scale µ = mq.

When mφ/mq . 10, Fujikawa method does not cover full contributions.

The coincidence for mφ/mq � 1 is cannot be explained by EFT.
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Summary

• With the diagrammatic method, we can evaluate full contributions to the

radiative θ.
Im(mq)

+ + +=θ̄ = δθ1−loop + δθ2−loop

• If the renormalized mq is defined at zero momentum, arg(mq +∆mq) gives the

correct evaluation for large mass hierarchies.

• When the mass hierarchy is small, arg(mq +∆mq) is insufficient.
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Outlook

The Fock-Schwinger gauge method can evaluate higher-order corrections to the

QCD θ.

Measurements of the nEDM impose constraints on QCD θ:

• Current constraint: θ̄ . 10−10

• Future experiments may improve by 1-2 orders of magnitude.

In the minimal left-right model, we will study leading (3-loop) contributions to the

radiative θ.

• Previous estimates suggest θ3-loop is several orders below experimental

constraints.

[ J. Hisano, et al. JHEP 03 (2023) ]

• A precise evaluation of θ3-loop can impose constraints on model parameters.

T.Banno 2025 CAU BSM Workshop 20/20



Backup



Weinberg operator

The contribution to the Weinberg operator from 1-loop diagrams involving Im(mq):

d

dmq
∆S ⊃ tr

[{
1

p2 − |mq|

(
1

2
gs(σ ·G)

)}3
1

p2 − |mq|
m∗
qPR

]

⊃ i
∫

d4x
c

mq|mq|2
GGG̃ (c : real number)

Integrating over mq, and considering
d

dm∗
q
∆S

∆S ⊃ i
∫

d4x

[
c

|mq|
− c

|mq|

]
GGG̃ = 0

Higher-order CP-violating gluon operators do not

appear at the 1-loop level.

Im(mq)

···

= 0
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Two-flavor case

A toy model with CP-violating Yukawa interactions (two-flavor:

i = l, h, ml � mh ∼ mφ)

−L = q̄i (Re[mi] + i Im[mi]γ5) qi +
1

2
m2
φφ

2 + yij q̄iPRqjφ+ h.c.

• ql: light quark, qh: heavy quark

• Im(yll = Im(yhh)) = 0, Im(ylh) 6= 0

2-loop contribution to the θ:

light heavy

Leading contribution: − Im(∆ml)/Re(ml) ∼ O(mh/ml)

Other contributions: O(ml/mh), O(ml/mφ)
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Nelson-Barr model

minimal BBP model (+ real scalar S)

[ L. Bento et al. Phys. Lett. B 267 (1991) ]

chirality SU(3)C SU(2)L U(1)Y ZN

Q L 3 2 1/6 0

u R 3 1 2/3 0

d R 3 1 −1/3 0

H – 1 2 1/2 0

ψ L 3 1 −1/3 k

ψc R 3 1 −1/3 k

Σa – 1 1 0 k

S – 1 1 0 0

−LdY = yiju H̃Q̄iuj + yijd HQ̄idj

+ gaiΣaψ̄Ldi + fSψ̄ψc + h.c.

V (Σa,H) = γabΣ
∗
aΣb|H|

2
+

1

2
γ̃abΣ

∗
aΣbS

2

• Relative phases of Σa lead to CPV.

• f 〈S〉 leads to the vector-like quark
mass.
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Contributions to δθ

δθ = ∆θΣ +∆θS

〈
Σb

〉
〈H〉

di,L di,R

ψψc

h σa

〈
Σb

〉
〈S〉

ψ ψc

ψψc

S σa

∆θΣ '
1

16π2
γabg

akgck
Im[〈Σb〉 〈Σc〉∗]
m2
h −m2

Σ

Dominated by contributions of ml.

∆θS '
1

8π2
γ̃abg

akgck
〈S〉
mψ

Im[〈Σb〉 〈Σc〉∗]
m2
S −m2

Σ

Involving only heavy particles (small mass hierarchy).

When mψ ∼ mS , 〈Σa〉, we have to evaluate ∆θS using the diagrammatic method.
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γ5 problem?

We calculated the radiative θ using dimensional-reguralization. However, definitions

of γ5 and ε
µνλκ

are ambiguous in d-dimensional spacetime.

Breitenlohner-Maison-’t Hooft-Veltman (BMHV) scheme clarifies these defenitions.

γ5 = − i
4
ε̄µνλκγµγνγλγκ, ε̂ = 0, {γ̄µ, γ5} = 0, [γ̂µ, γ5] = 0

Bar denotes 4-dim. vector, and hat denotes d− 4-dim. vector. It is often used to

calculate anomalies or CPV operator effects.

What happens in the radiative θ calculation? → We will submit to arXiv.
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