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Background Theory



Dynamic Aperture IVW"
&

Dynamic Aperture (DA): region in phase space in which
particles remain stable under perturbations.

1. Decrease loss of particles from the beam.

2. Induce higher intensity beams.

Large dynamic aperture approaches highly recommended in
recent recommendations for the field [1, 2, 3].

MOGFFDAE 3/31



Dynamic Aperture IVW"
&

Dynamic Aperture (DA): region in phase space in which
particles remain stable under perturbations.

1. Decrease loss of particles from the beam.

2. Induce higher intensity beams.

Large dynamic aperture approaches highly recommended in
recent recommendations for the field [1, 2, 3].

Our method: Finding a stable symplectic map close to the
original lattice map.
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Stable Symplectic Maps IVW"
&

All physical machines have a corresponding one-turn map, for
which there exists a corresponding generating function of the
form [4]:

Oo = Uquad + Ok (1)

Introduce a “stabilization function”

Invariant Surface

2
Boundary Value @)

A new stable generating function is then found by:
Os = Uquad + 2Oy (3)
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Invariant Ellipses IVW"
&

All accelerators have invariant ellipses determined by linear
map elements [5]:

@@ . I (0) D— (1 D)}

T osin(y "Tsin() P sin()! (4)

The resulting Courant-Snyder invariants are then found as

(= DD2+2 p00p + [DE;
1= DD2+2 pdOp + DD%:
Since all accelerators share this property, we will use the

linear combination of these two invariant ellipses as our
invariant surface.
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Generating Functions



Maps to Generating Functions IVW"
&

Let M be a symplectic map. For every point 0 9 neighborhood
such that the map can be represented by the function O [6]:
LI | LI |
T M M

ril = ; 5
1 2 (5)

1

where is 000 conformal symplectic map and 1 is the identity
map. Conversely,
@) o T11 o o T11 ]
Mm=@' @' Aa @2 @ T AA . |
| |

Since 9 infinitely many conformal symplectic maps, infinitely
many generating functions may be found for a given map.
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Equivalence Classes of Generating Functions IVW"
&

Letting 0 = 07, every generating type belongs to an equivalence

class [0] associated with [6]
|

0o i I
el )= g = g+mmo ' e m 7)

where [ is the linear part of the symplectic map M.
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Equivalence Classes of Generating Functions IVW"
&

Letting 0 = 07, every generating type belongs to an equivalence
class [0] associated with [6]

OO g’ I
el )= g = g+mmo ' e m 7)

where [ is the linear part of the symplectic map M.

There exist two main types of generating functions to consider:

1. Goldstein-type generating functions

2. Poincareé type generating functions
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Extended Poincaré Generating Functions IVW"
&

Require restoration of exact symplecticity for order O truncated

map. Can be shown this is achieved with 0 =0 [6]:
' '

0 O m ' oo

()= o L= o g ®)

Defined as “Extended Poincaré Generating Function”, or O00O0.
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Extended Poincaré Generating Functions IVW"
&

Require restoration of exact symplecticity for order O truncated

map. Can be shown this is achieved with 0 =0 [6]:
' '

0 0O o' o
Jac( ) = oo - 1ig° 1:: (8)

Defined as “Extended Poincaré Generating Function”, or O00O0.

Note: Standard Poincaré generating function has 0 ' =1
1 1

JaC( ) = 0 = .
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Domain of Definition

Need to verify is generating function is well-defined inside
region of interest.
det(Jac(0)) =0 (9)

establishes 00000 00000 [7].
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Domain of Definition

Need to verify is generating function is well-defined inside
region of interest.
det(Jac(0)) =0 (9)

establishes 00000 00000 [7].

1. Desire largest domain of definition to determine best
generating function type.
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Domain of Definition

Need to verify is generating function is well-defined inside
region of interest.
det(Jac(0)) =0 (9)

establishes 00000 00000 [7].

1. Desire largest domain of definition to determine best
generating function type.

2. If particles cross the domain of definition contours, we
cannot trust the results of the tracking.
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General Procedure IVW"
&

1. Start with known truncated lattice map M at order 0.

2. Calculate generating function from map:
s 1y
T M M

o=
T 2

1

3. Use stabilizing function ( =1 (0=0)) to calculate new
generating function: Oyew = Oquad + 0o

. Find domain of definition.

(S~

. Calculate stable map from the new generating function.

6. Track electrons for 10,000 turns to estimate dynamic
aperture for new map.
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Simulation Results



Integrable Optics Test Accelerator (I0TA)

MOGFFDAE

[ | Nonlinear insertions

Bending magnets
Quadrupoles
Sextupole correctors
RF cavity

Combined dipole and skew-quad correctors

Horizontal correctors
Vertical correctors

Horizontal kicker

Vertical kicker
Electrostatic BPMs (position, turn-by-turn)

Sync. light monitors (position and shape)




Simulation Parameters I'W"
iy

Circumference 39.9831m
Beam Energy 150 MeV
Maximum ( o; o) (8.5 m, 4 m)
Emittance ( g; p) (0.04 m, 0.04 m)
Tune ( o; o) (0.3,0.3)
Beam size ( g; p) (0.0005831 m, 0.0004 m)
Nonlinear insert length 1.7 m
O-parameter 0.03
I-parameter 0.223, 0.4

Table 1: IOTA Electron Simulation Parameters in COSY Infinity [8].
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Lattice Configurations Considered IVW"
&

1. Purely Linear Elements (Dipoles, Quadrupoles, and Drifts)
Linear Elements + Sextupoles

Linear Elements + Octupole Channel

Linear Elements + Sextupoles & Octupoles

Linear Elements + Nonlinear Insert

Linear Elements + Nonlinear Insert & Sextupoles

Linear Elements + Nonlinear Insert & Octupoles

©® N O U H W N

Linear Elements + Nonlinear Insert & Sextupoles &
Octupoles

MOGFFDAE 13/ 31



Final Parameters For Simulations

In COSY Infinity [9]:

- Original map truncated to order 5.

- Original GF calculated to order 6.
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Final Parameters For Simulations

In COSY Infinity [9]:

- Original map truncated to order 5.
- Original GF calculated to order 6.
- From Eq. (3), stable GF calculated to order 10.

- Stable map calculated to order 9.
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Final Parameters For Simulations

In COSY Infinity [9]:

- Original map truncated to order 5.

- Original GF calculated to order 6.

- From Eq. (3), stable GF calculated to order 10.
- Stable map calculated to order 9.

- Invariant surface evaluated at different values of : 25 ,
5,75 ,10 ,and 25 .
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Final Parameters For Simulations

In COSY Infinity [9]:

- Original map truncated to order 5.

- Original GF calculated to order 6.

- From Eq. (3), stable GF calculated to order 10.
- Stable map calculated to order 9.

- Invariant surface evaluated at different values of : 25 ,
5,75 ,10 ,and 25 .

- DA tracking consists of 8,100 evenly spaced particles
between 0 and 10 (no initial transverse momentum) in
the first quadrant.
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Domain of Definition: Comparison 1(5 Invariant Surface)
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(a) Poincaré
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(b) Golstein Type 1
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Domain of Definition: Comparison 2

P=1, x1(50): DNS (t=0.223) Domain P=2, x1(50): DNS (t=0.223) Domain
400, 300, 200, 100, 0 100, 200, 300, 400, 400, 300, 200, 100, 0 100, 200, 300, 400,
T T T T T T T T T T T T T T T T T
600, |- {600, 600, |- 600,
450, - {450, 450, 450,
300, - 300, 300, 300,
150, - 150, 150, 150,
oF Ho of o
150, - <150, 150, <150,
300, |- 300, 300, 300,
450, 450, 450, -450,
600, |- {600, 600, |- 600,
40‘::K ao‘a, zn‘a, 10‘47, 6 10‘::K zo‘a, aa‘a, 40‘:7, 40‘0, 30‘:7, za‘a‘ m‘a, 6 10‘0, zo‘a, 30‘:1, 40‘17,

(a) Goldstein Type 1 (b) Golstein Type 2
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Domain of Definition: Comparison 3

P=1, x1(50): DNS (t=0.223) Domain P=3, x1(50): DNS (t=0.223) Domain
400, 300, 200, 100, 0 100, 200, 300, 400, 400, 300, 200, 100, 0 100, 200, 300, 400,
T T T T T T T T T T T T T T T T T
600, |- {600, 600, |- 600,
450, - {450, 450, 450,
300, - 300, 300, 300,
150, - 150, 150, 150,
oF Ho of o
150, - <150, 150, <150,
300, |- 300, 300, 300,
450, 450, 450, -450,
600, |- {600, 600, |- 600,
40‘::K ao‘a, zn‘a, 10‘47, 6 10‘::K zo‘a, aa‘a, 40‘:7, 40‘0, 30‘:7, za‘a‘ m‘a, 6 10‘0, zo‘a, 30‘:1, 40‘17,

(a) Goldstein Type 1 (b) Golstein Type 3
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Domain of Definition: Comparison 4

P=1, x1(50): DNS (t=0.223) Domain P=4, x1(50): DNS (t=0.223) Domain
400, 300, 200, 100, 0 100, 200, 300, 400, 400, 300, 200, 100, 0 100, 200, 300, 400,
T T T T T T T T T T T T T T T T T
600, |- {600, 600, |- 600,
450, - {450, 450, 450,
300, - 300, 300, 300,
150, - 150, 150, 150,
oF Ho of o
150, - <150, 150, <150,
300, |- 300, 300, 300,
450, 450, 450, -450,
600, |- {600, 600, |- 600,
40‘::K ao‘a, zn‘a, 10‘47, 6 10‘::K zo‘a, aa‘a, 40‘:7, 40‘0, 30‘:7, za‘a‘ m‘a, 6 10‘0, zo‘a, 30‘:1, 40‘17,

(a) Goldstein Type 1 (b) Golstein Type 4
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Domain of Definition: Comparison 5

P=1, x1(50): DNS (t=0.223) Domain P=5, x1(50): DNS (t=0.223) Domain
400, 300, 200, 100, 0 100, 200, 300, 400, 400, 300, 200, 100, 0 100, 200, 300, 400,
T T T T T T T T T T T T T T T T
600, |- {600, 600, |- 600,
450, - {450, 450, 450,
300, - 300, 300, 300,
150, - 150, 150, 150,
oF Ho of 0
150, - <150, 150, 150,
300, |- 300, 300, 300,
450, - 450, 450, 450,
600, |- {600, 600, |- 600,
40‘::K ao‘a, zn‘a, 10‘47, 6 10‘::K zo‘a, aa‘a, 40‘:7, 40‘0, 30‘:7, za‘a‘ m‘a, 6 10‘0, zo‘a, 30‘:1, 40‘17,

(a) Goldstein Type 1 (b) EXPO
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Contour Plots: (0; 0;) Phase Space (5 Invariant Surface)

DNS (1=0.223) Fy (Px.X) 06 DNS (=0.223) F(x(50) (Px.X) 010
S0, 250, 0 250, Sa. 150, 750, S0, 250, O 250, 50, 15

(@) =1 % (b) Original GF (c) Stabilized GF

Figure 7: Zero-Contours of the stabilization function (a), original
lattice generating function (b), and the stabilized generating function

().
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Stable Symplectic Maps: An Example IVW"
&

02 02
/’7
SOk
/ i
0252 0.2 0252 0.2
TIP-05568 TIP-05569
(a) (b)

Figure 8: From [4], the (0; O5) phase space plots are shown for a FODO
cell with fringe fields: (a) before stabilization, (b) after stabilization.
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Maps to Generating Functions: Definitions IVW"

All maps have associated generating functions of different
types [6]. Define:

1. let =( 1 ) and "= " 27 peadiffeomorphism.
2. Letthe 40 40 Jacobian matrix of be splitinto 20 20
blocks: 1
o 0O
ac( )= : 13
ac( )= (13)
3. Amap s 0000000100 000000000 if it satisfies
(Jac( ))'lolac( ) = g (14)
Note:
| | L|
Op [g O [ loo O
o = v lp= ;o Twp =

MOGFFDAE



By The Numbers: Total Number Of Stable Particles I'Wq
&

E [ 5601 |
0 EE
LSO 1201 | 1755
DN (t=0.223)
DNS (t=0.223) | 3876 | 5801 [[7330
DNO (t=0.223) | 3581 | | 2202 [
DNSO (t=0.223) | | 2982 |
DN (1=0.4) 8100 |
DNS (t=0.4) \ 5424
DNO (t=0.4)

DNSO (t=0.4)
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Domain of Definition: Comparison (5 Invariant Surface)

(a) Poincaré (b) Goldstein Type 1 (c) Goldstein Type 2

(d) Goldstein Type 3 (e) Goldstein Type 4 (f) EXPO
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