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In early 1990's we proposed the idea of “top quark condensation,” i.e., the Brout-Englert-
Higgs (BEH) boson composed of top + anti-top quarks

e V. A. Miransky, M. Tanabashi and K. Yamawaki, Mod. Phys. Lett. A 4, 1043 (1989); ibid, Phys. Lett. B 221,
177-183 (1989)

e W. A. Bardeen, C. T. Hill and M. Lindner, Phys. Rev. D 41 (1990) 1647.

e \W. A. Bardeen and C. T. Hill, Adv. Ser. Direct. High Energy Phys. 10, 649 (1992); C. T. Hill, Mod. Phys. Lett. A,
5, 2675-2682 (1990).

Minimal model introduced a 4-fermion pointlike interaction, at large mass scale, M.
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We deployed the Nambu-Jona-Lasinio (NJL) model and introduced significant
renormalization group (RG) improvement.



RG Improved NJL-Model Based Top Condensation

li L) 1 L I L i LA R | I o T
[ I 800 |-
s N 00 -
I 1 m_
2zl ] = m:_
: ] ol
- ——
i . i 100
L e e S I °
A
A(GeV) 107 [ 10" [ 10
m; (GeV); Fermion Bubble® [ 144 | 165 | 200 | 277 | 380
my (GeV); Planar QCD® 245 | 262 | 288 | 349 | 432
m, (GeV); Full RGP 218 | 229 [ 248 | 293 | 360
mpy (GeV); Full RG* 239 | 256 | 285 | 354 | 455




Theory was "successful” in nontrivially tying together unrelated parameters of the SM,
Gtop: HpEm and A,

Large M, ~ 10" GeV predicted m; ~ 220 GeV and BEH boson mass, pppy ~ 260
GeV. However, this implied significant fine-tuning of g, near g, critical coupling:
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Resulting predictions were too heavy compared to subsequent experimental values, m; ~
175 GeV and pprpg ~ 125 GeV.

The top condensation theory was directly testable by experiment, but evidently failed.



There are fundamental physical limitations of the NJL model:

e The NJL model is an effective pointlike 4-fermion interaction associated with a
“large” mass scale Mj;

e The resulting bound states emerge as pointlike fields with mass p* < MZ;

e In the NJL model the binding mechanism is entirely driven by quantum loop effects,
while we see in nature that binding readily occurs semiclassically without quantum
loops, such as the Hydrogen atom.

e The NJL model lacks an internal wave-function, ¢(r), of the composite
boundstate.



The Dirac o-function potential in 1 4+ 1 dimensions:
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14 s0(x) +Vi(x)p(x) = E¢(x), where, V(z) = —ad().
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), eigenvalue £ = —a“m/2

o(x) = —y/amexp(—am|z

Bound state exists for any a > 0, with eigenvalue £ <

Critical coupling, (value of & at which £ =10), is a« =0

A near—critical bound state in a localized potential must always be an
extended object, even if the interaction has a very short distance scale.



A Natural Non-Pointlike UV completion of NJL: Coloron Model

e C. T. Hill, Phys. Lett. B 266, 419-424 (1991); ibid, Phys. Lett. B 345, 483-489 (1995).
e C. T. Hill and E. H. Simmons, Phys. Rept. 381, 235-402 (2003) [erratum: Phys. Rept. 390, 553-554 (2004)].

“Coloron” is a massive gluon — adjoint representation of SU(N,.), mass M,. Integrate out colorons
— bilocal current-current form.

' = —g5 f d'zd'y [0y ()7, T 0L ()] D" (x — y) [ r(y) 7T Yr(y)]

Propagator in Feynman gauge:
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Fierz rearrange to obtain coloron potential:

S'=g5 | W@ wr@)]Dr(x — v)[Pry)i(e)],
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Most attractive channel in leading large V..



Introduce a color-singlet Composite Bilocal Field

A “virtual-bound-state” + “free fermion pair:”

Pr(@)ir(y) = Dp(@)0ir(y) s + My—7=®(2,y).

e H. Yukawa, Phys. Rev. 77, 219-226 (1950); ibid, Phys. Rev. 80, 1047-1052 (1950); Phys. Rev. 91, 415 (1953); Yukawa
introduced an imaginary relative time; we abandon this in favor of relative time constraints.

e E. Schrodinger, Naturwiss. 14, 664-666 (1926) doi:10.1007/BF01507634
®(x,y) is semiclassical; mass dimension-1; analogous to the auxiliary field in NJL.
®(x,y) is “entangled” (i.e. not necessarily factorized in (x,y)!)

Lean heavily on NJL model for intuition. Extend to bilocal field theory.



Introduce a Composite Bilocal Field

U (@)ir(y) = ¥L(2)0r(Yy) f + Myj—=3"(x, y).

Substitute into the coloron potential:

S — qﬁ/ W (2)r(W)] Dr(x — y) [Yp(y)r(x)]y
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Introduce a Composite Bilocal Field

t,_L(I)t,J,H(y) — {,_L(I)jjf(yjf + ﬂﬁ i{ @D(:ﬁj ).

Substitute into the coloron potential:

S — % f Y (@)Vr(W)] Dr(z — y)[Vr(y)ve(2)];

Ty

+ 9oV NeM; / (@) Vr(W)]Dr(z — y) O°(x,y)+h.c.

Ty

+ goNeMy Lg ®"!(2,y) Dp(z —y) ®°(z,y)

Potential enhanced by factor of N. colors, analogue of N¢,..r (Cooper
pairs) enhancement of the Frolich interaction in BCS theory, arises by the
color singlet normalization of ®(x,y).



A Bilocal Action:

Sy = ﬂféf{ﬂ:}:(ﬁy (Z@x(bz + Z|0,®|* + gsN.Dp(z — y)|®(x, y)z)



A Bilocal Action:

Sk = M, / d*xdhy (Z@_,K(I)z + Z|0,®|* + gsN.Dp(z — y)|®(x, y)z)

Define “barycentric coodinates,”
—1

(X, p)
d(x,y)
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A Bilocal Action:

Sk = M, / d*xdhy (Z@x(bz + Z|0,®|* + gsN.Dp(z — y)|®(x, y)z)

Define “barycentric coodinates,”
~1

ah 4+ yt xh —yt 1 1, I(X,p) 4
Mmoo T _ —— — . _ _
XM = 5 . rt = 5 ) 0, = 2(8}( + 8?.), 8;,}, 2((9)( 3;) ‘ 8(1: y) =J 2
Barycentric Representation: (I)!(X, ’?") — @)(}( — T, X + ’T')

: 1. 1
Pd(x,y) + 020(z,y) =0 SORY(X,r) + SO (X,r) = 0



A Bilocal Action:

Sk = M, / d*xdhy (Zﬁ:ﬁ(bz + Z|0,®|* + gsN.Dp(z — y)|®(x, y)z)

Define “barycentric coodinates,”
~1

I x4+ yju i ah — y“ o 1 \ - 1 ‘ a(X p') _ a4
X = 5 rit = 5 Or = 5(8)( +0r), 0y = E(dX —0,) ‘ 9. 1) =J=2
Barycentric Representation: (X,r)=P(X —r, X +7)
N L. 1
20(x.y) + O 0(x.y) =0 =) RN, 1)+ 02 (X, 1) =0
factorized ansatz of ®'(X,r) : [T72 ' (X, r) = y(X)o(r)

= My d'Xd'r (Z|®(f')|2|3xx(X )+ ZIx(X)P[0,:6(r)* + 295 NeDrp (2r) | x (X )@(T')|2)



Canonical normalization of y(X) kinetic term
4 T4 0.0\ 2
1 =[ d'r ZMg|o(r)]

S =/ d* X |0xx(X)|* + 11-1’{"}1/ d* Xd*r |x(X)[? (Z|§,-f}5(?”)|2 + 2951\’1:9:?‘(2?')@(?')|E)



Important Two Body Kinematics!

Pair of massless particles:

]

P

(p1,p2);  Pi=p5=0; P=(p+p); Q= (p—p2);

bz, y) ~ exp(ipix + ipay) = exp(iPX + iQr); P,Q" = pi — p5 = 0;
Each particle carries its own clock.

P,Q" = 0 implies rest frame: P = (F,0) and @) = (0,¢) !

0

No relative time, 7’ in rest frame!



Canonical normalization of y(X) kinetic term
L=[d'r ZMj|o(r)?
S =[ d'X |oxx () + M [ d'Xa'r Ix(X)F(Z 10:6(r) [ + 2y£‘3’i\-'1-.ﬂp(2f')Ifﬁ('f’)|2)

Following the kinematics, we seek solutions where ¢(7") has no dependence upon 7.

Define normalization of ¢:

L= M [dr|p(7)]* then, M, [Zr*=1; Z=35(My")
My [ d'r [0,6(r)P = Mg [ dr |ors()P

Note: ¢(7) is then dimensionless. The action becomes,

S :/ ffdx(mﬁf;’{(xﬂz + [x(X) 2*"""1'[:}; d’r (|5F¢'5(T_'j|2 + /tifT'U 21931'\'2.4""f{1ﬂﬁ‘(2””“)|‘.’+"')(""_"J|2))



Integrate over V"
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The ¢ momentum integral yields the familiar Yukawa potential,
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The action becomes,

s—f ddX(WxX(X)F GO [ dr (—|a~mcr‘>| A

Note the ¢ action is nested within the y action.
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We can write things in the format:

S = /(f.IX((?XXF — XEJM?')

2 e~ 2Molnl -
M? u”/m .02 — 2NME— S 1P

Extremalizing in ¢ implies Schrodinger-Klein-Gordon (SKG) equation, eigenvalue, p?:

2 —.2'||Jr“r
_(i a> () — BNME——(r) = 126(r)

orz ' ror &1

X action in any frame is manifestly Lorentz invariant  (including a quartic term)

" 5
5 — M(m( I = Ix(X) |~',u~—§|~<(xw).

The Yukawa potential has a critical coupling, gy = go., where the eigenvalue is then
1= 0. For gy > go. then p? < 0, and we have spontaneous symmetry breaking.



The Induced Yukawa Interaction

S =g | [Wuaen)]Dr(r — ) Pav)r);

+@VNEMS [ @r(0)]De(x — ) ()

+ geN.e* M, / " (z,y) Dp(x —y) ®°(z,y)

Juary
The Yukawa interaction of the bound state with the free scattering fermions is induced from the

second term above. Consider the pointlike limit of the potential,

0'(r —y)
Mg

— (G V2N/D)(0) [ [0 (X)r(X)])s X(X) + hec
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Hence the induced Yukawa coupling is:

gy = gvo(0)  where, gy = g2A\2N,/J

This is a significant result and fundamentally different than the pointlike NJL
result !!!

gy depends crucially upon internal wave-function o< ¢(0).
Strong coupling, g3, can produce a small Yukawa coupling if ¢(0) << 1.

In the NJL model the induced Yukawa coupling runs to smaller values in the IR, but it
only logarythmically via the RG. Here the behavior of ¢(0) suppresses gy as a power-law
near the critical coupling.



The Schrodinger-Klein-Gordon (SKG) Equation

SKG equation in the coloron model:

AL |
3| r] o(r) = p°g(r)

Formally similar to non-relativisitic Schrodinger equation, but key physical differences:

€

—V20(r) — gEN(My)

e the potential has dimension (mass)g, rather than energy;
e the eigenvalue describes resonances for positive ji2;

e “tachyonic” mass occurs for negative 1%, which imples vacuum instability and spontaneous symmetry
breaking.

General Result: A scalar ground state of chiral fermions in the symmetric (unbroken) phase must either
be an unstable resonance (subcritical coupling and positive p?; decays rapidly to its constituents), or
tachyonic (supercritical coupling, negative 112) leading to a chiral instability of the vacuum.



Exact Criticality of the Yukawa Potential

L T

The nonrelativistic Schrodinger equation: —V* — 2m.a—1) = 2m E

r

Eigenvalue £ = 0 occurs for j1 = .. Numerical analysis yields, jt. = (1.19061...) x (am,).

— e.g. J. P. Edwards, et al., Progress of Theoretical and Experimental Physics, Volume 2017, Issue
8, August (2017), 083A01, (and references therein).

o r r ,—2My |7 ‘
SKG equation in the coloron model: —V2(r) — gﬁi\-'(,ﬂ,f”( = o(r) = p*o(r)
]

Obtain the critical coloron cc by comparing:

2Mex — ggf\"f.ﬂ-fn/&r fte — 2My hence, 2M;, = 1.19061(93&-’,.5&{”/16?]

21\':- 4
therefore. 90 — = ——— = 1.06940
872 | (1.19061)m
gﬁ'i\’v‘..l
By comparison, the loop level NJL cc is, 372 = 1.00
T N JLe

Hence, NJL cc is remarkably close to the coloron model cc !



Solvable Example: Rectangular Potential Well

~2Myr A\
‘ ¢ —Myf(1 — Myr) Match integrals over potentials: — A = 3/4

1r T

Let ¢(r) = u(r)/r

_E%“("' - %\jﬁlﬂ-ﬂﬁ(l — Myr)u(r) = ;;.2-1;.(7‘}

Match value and derivatives at Myr = 1. g lullr—4; 'J'g(j-,.f”-;-- — 1)

Critical coupling: || = 0; — cos(kMy ') =0 — k = FMy; A= B. and: s(kMy 1) = B |ul

i 2 ¥ 'Tf- 2 . :
. n - ) (—ﬂ-{“) _3NG e 2 g
The required critical cc for the square well is then u= = 0, 2 327

i 2 ;'T\"'- % - _'N'Y. % T
__‘M,) =392 2y Dele (3) —1.0472
Normalization of A is dominated by the tail of ¢(r) for small pu: 2 321 8 3
oo e 2lplr 27 A2
A A2 N3 € 2, &7 AWRL:
1~ 4 APMS [ —ridr = =4 (M)
1/2 398 9« /2 L Ty 2
A = i (;—;) = % (“_'r) q,-")((]) = ( Lo (h)) = Ak = ?;’1;“.-1'” = ( s )
;'nl-fr{} 27:'1":-{(] ﬁ,'f[) :Ur(] r 0 2 8 My

We see that ¢(0) is therefore suppressed as ~ {|;1.|fflfﬂ}lﬁ.



Low momentum fermions experience volume average of wave-function in the well,

fn_l( Asin(kr)

r

(0(0)) = 4r N1 ' r?dr where, AN = E’TM_” hence, {¢(0)) = 6v2 /e /M,
J - . 3™ o ' ez VI 0-

S0

Compute M, from input |p| and Yukawa coupling:

8n2 — o
1% gy = g2\/2N./J(6(0)) = (_) T \/3/8(6(0)) ~ 81867/ |ul /My,

Apply to top quark condensation [yt = 88 GeV: My = 5.9 TeV.

Significantly Reduced Fine Tuning Due to Dilution

q: My 1 . fz E]'? me ﬂlr{}

2 2 ¢ 2
q [ qy . .- _ Wl 8 | o
p? ~ @{:U]E (ﬂf{‘]? - q—gﬂf{f) ~ |U| (ﬂlﬁ — q—gﬂf{?) s r:_l M, ( Q’{}) . o _}M { @{ﬁ_EEM{]E]_.

few % level, due to dilution



Rectangular Potential Well My~ 5.9 TeV.

Skeletal Solution of the SKG Equation My~59 TeV.

Numerical Integration the SKG Equation My = 5.23 TeV.

Spline Variational Approximation My = 5.97 TeV.

20
18
k = goN./27 vs the bound state mass || =
141
k. = 6.82, hence goN,./87% = 1.082, . i;
linear relation of x and eignvalue p 2:
E

k= 6.8197 + 10.693 || / M, 2] M,

o .I'IJI.EII I I'DI_4I I Ilﬂl.ﬁ'l.l I'IJTEI I ]I.




Putting it all together:
A theory of a Composite Brout-Englert-Higgs Boson

Introduce a dynamical Bilocal BEH Field
27171 I 1 [ t
M3 (a.9) ~ Fnts (@), v ()
L
[...] color contracted, () isospin index; ¢ = 1. Factorize:

H'(X,r) = H'(z)p(r)

Low Energy Approximation: H(X) is a normal isodoublet BEH field and carries
SU(2)x U(1) EW charges; ¢(r) is complex and carries no EW charges (can be arranged
with internal Wilson lines?); ¢ normalized as before: [ Mg|o(r)|*d*r = 1.



Third generation experiences SU (3)opeotor X U(1)" interaction. The action becomes,

e~ 2Mp|r]

Sl

S =[d'x (DX (X))? + |H(X) :u[d?(oo( )+ gEN My o(r-’)?)

—g(HTH}2 — gy ([VL(X)tr(X)]H(X) + h"“'))

induced BEH-Yukawa and quartic couplings

Y, ———— N, M,
gy ~ 95\-5!2Nc/=] ¢(0) AR P (Qy - G}f)\ )‘2) In ( Py )
ol a1 2 o € 3 [ 3 2
The SKG equation M [ d'r| |Vio]” — ggNe Mo &7 o" | = M, [ d’r = H
: “ i r 2 2 A 4
We then obtain the SM “sombrero potential V (H) = —‘ ..*,‘ ‘H‘ -+ —‘H‘
/ >

The field H develops a VEV, v = |u|/V/A.



Quartic Coupling
We have the SM “sombrero potential”  V(H) = —|u|*|H|* + §|H|1
In the SM: Mmprpg ~ 125 GeV and Vipeak =~ 175 GEV, — A & 0.25.

: o L N, M .
Using only the gy contribution X\ ~ (g%,)%g In (ET) ~ 0.321 (cf., 0.25 experiment.);
. . . —1 o 2 J.\'r(_j inlf[} = .
Leading log approximation: A~ (gy —gyA =A%) — In )= 0.230 (cf., 0.25 experiment.);

N, M _ ,
Omit A\? term: )\ ~ (g — g2\ ) — 111( ”) ~ (0.243 (cf., 0.25 experiment.);

472 v

This is in very good agreement with experiment at one loop precision.

Significantly Reduced Fine Tuning Due to Dilution

few % level due to dilution



Conclusions

e The Nambu—Jona-Lasinio model (NJL) is a Lorentz invariant description of a scalar
bound state of relativistic chiral fermions in a 4-fermion short-distance potential:
LD R

e The solution of NJL model is a point-like effective field theory, ®(x), with renor-
malization group (RG) boundary conditions on its parameters at M.

e At critical coupling (cc), g> = 872/N,, the bound state mass p? — 0. The low
energy effective theory is then conformal. (RG parameters approach IR fixed points,
analogue to 2nd order phase transition at critical temperature).

e In quantum mechanics a short distance potential (e.g, ~ g?d(r)), with eigenvalue
near zero (cc) will always produce a 1/r large distance “halo” wave-function (con-
tinuity of the wave-function and scale symmetry outside the potential).

e Pointlike NJL has no such “halo”

e Extend the point-like field description of the bound state, ®(x) to a bilocal descrip-
tion (Yukawa) ®(z,y) ~ x(X)o(r) where X = (zx +y/2 and r = (z — y)/2.



e Extend the point-like field description of the bound state, ®(x) to a bilocal descrip-
tion (Yukawa) ®(z,y) ~ yv(X)o(r) where X = (r +y/2 and r = (z — y)/2.

e [he free bilocal fields must be normalized to have well defined currents and charges.
This is nontrivial, and removes “relative time" in rest frame (RF).

e The pointlike NJL interaction must be replaced by a suitable UV completion. Most
natural is the “coloron model” or “topcolor” (massive gluon and single particle
exchange potential). Yields in RF a Yukawa potential —g*N, M exp(—Mqyr)/r.
BCS-like enhancement o ...

e The internal wave-function of the bound state satisfies a semiclassical Schrodinger-
Klein-Gordon (SKG) equation with eigenvalue % in the RF:

o¢ 20 e 2Molm 2,
_(.E}ar~+_d_r) o(r )—gﬁ\rﬂf TEE o(r) = po(r)




e This yields ¢(7) and 2 is then the physical mass? of the bound state.
e The critial g2 = g* is numerically almost identical to the NJL cc!
e At cc, 112 = 0; at super-cc ;1* < 0 and implies spontaneous symmetry breaking.

e The Yukawa coupling of the bound state to free fermions is gy oc ¢(0). Due to halo

effect ¢(0) ~ /|p|/My, “dilution,” and gy is suppressed. A quartic coupling arises
from loops ~ N.gy In(M /) /472,

e In application to top quark condensation, the dilution effect suppresses gy and if we
input gy = grop = 1 we determine My ~ 6 TeV (semiclassical; first pass estimate).

e Fine tuning is suppressed, to order p/My ~ (100 GeV) /(6 TeV') ~ (few)%, Good
agreement with standard model. The coloron (massive gluon) may be accessible to
LHC. This may solve the naturalness problem of the Higgs boson in the Standard

Model!



Summary of Bilocal Higgs Model:

e Symmetric phase BEH mass p? = —(88)* (GeV)? is an input.

e T[he top-quark-BEH-Yukawa coupling gy ~ 1.0 is an input.

e QOur approximations of bound state solutions in the Yukawa potential imply My ~ 6 TeV.
e The fine—tuning near critical coupling is about ~ 1.4%, significantly aided by dilution.

e The theory “predicts” A =~ (.23 very close to experiment ~ (.25.

e The BEH mass ~ 125 GeV and weak scale v, = 175 GeV are then obtained a usual.

e The main prediction for the future is an octet of colorons, at a mass scale of order My ~ 6 TeV.















B Lorentz Invariance of ;> and Covariantization

We show that the resulting eigenvalue 1:? is Lorentz invariant, resulting from the original manifestly Lorentz
invariant factorized action of eq-,

5 = Mi[aixd'r (zm(r)%x(xﬁ +ZINCOPI0,0() + 2931\-;..Dp(2r>|x(x>¢(r)|ﬂ).

First, we see that x can be defined to have canonically normalized x(X) kinetic term by introducing a

Lagrange multiplier, as:
2
Sl =T (]_ — i"'rirl/\dd?" Z|Q(T)|2) .

and 45, /én, = 0. We define currents (these are discussed in Appendix B of ref.[?]):

T = il (X) 52X (X)), K, = 1161 (1) 5 ()]

and we can therefore define a timelike unit vector, 5‘-”#

0 = wuy/JpJ? —



We can formally implement the constraint that ¢(r) has no dependence upon 7° by adding to the action
a Lagrange multiplier, n, while preserving Lorentz invariance,

Sy = mp [d* X d'r MWK ,|?,

and 05, /61 = 0. The constraint implies that w”0d,¢(r) = 0 where w” o P is the timelike 4-momentum of the bound
state, hence ¢ has no r” dependence in the rest frame. Note that, in practice, we don't need this formality if we simply
assume that we are interested only in the solutions in which ¢(r) has no dependence upon r°

IThe bilocal currents are,

THXr) = iZ M () 52X (X6 (), T (Xor) =2 M1 (1) 224X (X)X (X)

These can be integrated to form,

T = iZM A (0 =2 x(X)] / d'r ' 6), T () = iZM (6T (r) = 6(r) / a*X X (XOx(X)

Normalizing

1 = ZM* /d4-;- |p(r)|? = M3 /di‘r|¢(-;-}|2 hence, Ju(X) = ixT(X}aiP Y(X).



Now consider the kinetic terms,
S = M*‘f(ﬂxrﬁ- (Z|(z';(-r-)|2|8xx(X)|2 - Z|x(X)|2|3r¢-('r]|2) .
Z can be interpreted as an operator of the form,

Z = §(Mow,r*),

which removes the relative time in the kinetic terms in the rest-frame:
§ A [xats (|¢('F)|2|3X,X(X)|2 - |x(X)|2|aF¢m|2),
and the prefactor is now M? (Note |9,6|* = |8%6|* — |87¢|* where 5 is the spatial derivative).

If we examine the constraint S; we see that,

2 2
S1=m (1 - ﬂ.ﬁ/ﬁ- Z|¢)('r)|3) —m (1 - ﬂ.fg/dﬂr |¢(-F)|3) ,

which enforces the rest frame normalization 1 = M?[d*r|¢(7)|?. The kinetic terms become:
S — [d'X 9xx(X)[ — M ] d* X d°r |x(X)[*|9r6(7)|*.

With the timelike unit vector we can define a tensor,

I}[;-”y = Wpldy — G,



hence,

('rﬂ)2 = (Wow + guu ) r?; 7= Wrtr?; o(r) = ¢( \/W), '[f’if’““('fiquﬁap(i) = —|3.;¢'?|2.

Using W#" all of the expressions in eq. can be made manifestly Lorentz invariant.

Hence, from eqs.dl 1) with r = /W, r#r”, we see that p? is given by the manifestly invariant form:

p? M f d*ré(Mow,r*)|o(r)|* = My / d'r (8(Mow,m#)|0,¢(r)|> + 295 N.MDp(2r")|¢(r) |2))

. —2Mg|7
= “,2 = ﬂfg\/{faf (—@*(F‘)‘?%@(F) —!}ghrcﬁﬂ’fﬂ c 8?‘r|f']

|¢<-FJ|2)

Once calculated in the rest frame it is the same in any frame.






Spline Variational Approximation

More precise treatment using Yukawa potential by a splined trial wave-function suitable
for a variational calculation.

1
o(r) = 4( Morg(1 — Myr) + fur e(unr—1)9(1—”;-)+f—‘e—ﬂ-“'9(ﬂ.f-—1))
or Mo

C! function with value and derivatives matched at Mr = 1 and pr = 1; eliminated IR
divergence and can use for any value of j. (We have experimented with several ansatze
and prefer simplicty of this form. This has a halo ~ 1/r and an IR cut-off ~ ¢7#"; using
~ e " [r as halo-with-cut-off leads to more cumbersome integrals).

Normalization A given by,

lru _ Ty |“—1 6_1 ’ |j.‘| : ~2ur,

/My and M, = 1:

(i)

This is dominated by the tail of the wave-function for small |ul:

A € \p\ v

Defining x = |u

—1/2




We then compute M? as ( k = g3N,/4r):

oMy e ?Mor
4»17_-113( [ _(|a,,<.-5|9 . 5 ot |<.5|2)
Jr T

- NS o dMor
92 o Mt 9 N kMg e v
— 4WA2ﬂ:f(f(/0 ﬂ{[fe 2Mor 7770 r2dr

MQ

2 r

e NP1 kM e 2Mor\ x [ N2/ . kMae 2Mor\
+ [!1 — | |5-— r’dr + uf:_‘” Pl — P
J My, Mr re 2 T Hpl=*\ M 2r

With My =1 and x = |u

/M obtain the result:

, , , , 1 1322 + 22 . .
2 _ 12 2 o 9.2 9\ _ E: o - _ 4 - —2(1+4x)/x
M= =7A (l e “(1—ux) f.(Z(.. (Ei(1,2) — Ei(1,2/x)) + 5 (l € ) + S (T +2) € ))

(the exponential integral is Ei(x) = J*_ (e'/t)dt).

Compute M?(k,x) = p* for given values of x with trial value of x = |u|/M; (where we

set My = 1).

The resulting eigenvalue ;> must self-consistently match the input value of the
tail, ;12 = —.’I.-'Zﬂ'ﬂfgg.

Fig.(2) shows M? with M, = 1 plotted for given values of  vs. input |u|/M,. Self-
consistent solutions occur where a x curve intersects the pu? curve (thick red curve).
Intersections implicily determine « for consistent value of |pu|.

Fig.(3) shows k vs. the corresponding consistent value of . Critical coupling is k. =
6.82, hence g2N,/87% = 1.082, slightly larger than NJL result, close to exact Yukawa
potential result gi N, /8% = 1.06940.



Figure 1: M? of eq. with eq. is plotted vs. u/Mj for My = 1, for values of kK = (6,7,8,9,10). The thick (red)
curve is the eigenvalue p?. Consistent solutions occur where the —|u|? curve intersects the 2 = M? curves for given value
of k. The critical coupling is the smallest value of x for which these curves do not intersect, =~ k = 6.8198. For smaller

values we have no solution with negative 2, and this is first order transition.



We now find a linear relation of x and eignvalue p as k = 6.8197 + 10.693|u

/Ji[()
@(0) is determined by A to an excellent approximation.

Kk = g2N./2m vs the bound state mass |y

/M

Figure 2: The value of the coupling k = g2 N./2m vs the bound state mass || which consistently matches the trial input
value of p/Mj to the eigenvalue pu? = M? (for negative u?). The result is fit by k = 6.8197 + 10.693 ||/ My. This implies
that the fine tuning of a hierarchy is dx /K ~ |u|/My.




Variational Calculation and ¢ — 1

A solution to the SKG equation for the eigenvalue can be approximated by an ansatz
for the field configuration. Must be a C' function, and use known properties for the
asymptotics.

M = €My, is mass scale parameter in ®(x,y); € is determined by variational calculation.
As in NJL model, view M, UV cut-off: hence require ¢ < 1.

Simple ansatz: assume Hydrogenic wave-function, ¢(r) = Ae~M" (no 1/r tail!)
Normalization of the ansatz is then:
1 = M* [_|m(;- )|* = an A% M) [” e 2 My gy 5 AT = Z
Jr N T

. . i * .
Hamiltonian M~ expectation value in ansatz:

. ] —2(14+€)Myr
] Ly ] : I : O I g9 _ 0 "l - IF"I{_J_{” E"-' J | P
=M =4 A° M [U (HM‘;(: 2eMor _ 20

2 I

T :}
Ke N.g;

— M e - —— where, Kk =
”( 2(1 1 rjﬂ) A
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The critical coupling p> = 0, for this ansatz is x = 8 (very crude).

. 2 AT
K GoeNe
27 872

= 1.27, o(0) = (since no 1/r tail)

-

compared to the NJL critical value 1.00. For any x < 8, find ¢ — 0 and pu? = 0. For
k > 8 we have negative 2 = M? and € — 1.

Henceforth we will assume € = 1






B.2 Numerical Integration the SKG Equation

Central to this theory is determining the mass M given the Yukawa coupling of the top
quark, gy = gi,p =~ 1 which, via the wave-function ¢(r), determines |u|/M,, where |y
is the symmetric phase BEH mass, |;| ~ 88 GeV. In preceding estimates we considered
the spherical well solution, or we took the short-distance (d—function) limit of the
potential, while allowing the wave-function spread as ¢(r) ~ e *//r. We then related
gy to ¢(0) x \/\,u, /M. However, we can obtain a complete numerical solution of the
extended wave-function to the SKG equation with the Yukawa potential, We can then
relate gy to ¢(r) integrated over the potential, without taking the d—function limit.

The SKG equation eq.(-2) with M = 1 takes the form in u(r) where u(r) = r¢(r):

:B_QTI’H,(T) = _Hz"’:‘f’(r)

It is easy to obtain reasonable approximate numerical solutions, following ref.|29]. We




use numerical inputs g2N,./87 = wf = 7 x 1.06940 ~ 3.36, where g*N,./87% = 1.06940
is the exact critical coupling of eq.(??7). The critical coupling corresponds to the solution
11| = 0, for which u(r) —(constant), as r — oco. We find numerically in the critical
case that u(r) — 0.3240 as » — oo. The numerical solutions are shown in Fig.. The
resulting numerical solutions can be approximately fit by the function w (),

r

upie(r) = 0.3240((1 — (1 — Rn)p )H(Rn — ) e IHlr=Ro) g — Rn))

where Ry = 1.8(M;) ! and . = 0 in the exact critical case. The best “visual fit" is
obtained for p = 4 as shown in in Fig.(4)), curve (b).
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Numerical solutions for for g3N./8m = ¢, where: (a) (blue) ¢ = 3.37 (b) (red) ¢ = 3.36;
(c) (black) ¢ = 3.35. We see that the curve (b) flattens, corresponding to || = 0 and

¢(r) ~ u(oo)/r critical coupling, with u(oo) = 0.3240.
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Figure 4: Convenient fit to the numerical solution by the function of eq.. where (a) p = 3; (b) p = 4; (c) p = 6. We use the best fit, with
p = 4 and with u(oc) = 0.3240.






In Topcolor SU(3) x U(1)" we naturally have SU(2). x SU(2)r x U(1) with common
M, for coloron and Z' masses; to have SU(2); x U(1) (only top condensate; no bb
condensate), require:

4
Ksriz) + Eﬁlﬂ{lj* > Kerif Kerit = Kz — EHUU)*;

This is easy to do without fine tuning.

With p° < 0 the solutions lead to spontaneous symmetry breaking (SSB). The SSB
phase is a configuration where H(X.r) = H(X )¢(r), and where {H} = (v, () develops
a VEV while ¢(r) remains the localized wave-function.

We then obtain the SM “sombrero potential”,
- . ¥ "}" 1
V(H) = —|p[7|H|" 4 §|H|

The field H develops a VEV, v = |u|/V/A.



In contrast, the renormalized Yukawa coupling in the NJL model diverges as a Landau
pole at the scale M), and then evolves logarithmically and slowly. which leads to the IR
fixed point.

In the present semiclassical case this logarithmic evolution is replaced by the more rapid

power-law evolution ¢(0) o< /|| /M.

For example, applying the NJL model in top condensation models then p? = —(88)?
GeV?, the Lagrangian BEH mass of the standard model. Here we would typically require
1] /My ~ 1071 — 1071 to get gy of order unity (gy never reaches unity and tends to
the IR fixed point value).

In the present scheme owing to the ¢(0) suppression one can acheive gy = 1 with
My ~ 6 TeV!



S B) = [t (@(a) iDuin(@)] + Bn(o) iln (o))

+/d4x d'y (gnDF(m —y) (B (z,y)[@r(y)wir(z)] + [©F (2)wr(y))Bi(z,y)) — B (x,y) Dr(z - y) Bi(z, :u)])-
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In top quark condensation the Brout-Englert-Higgs (BEH) boson is a ft bound state. With a UV
completion of a single coloron exchange interaction a recent semiclassical treatment, [I] 2], gave a
novel theory of the BEH boson as an extended object with composite scale Mo ~ 6 TeV. Presently
we obtain the semiclassical theory as an effective action using the source/Legendre transformation
techniques of Jackiw, et al., [3][], and fermion loop effects in the large-N. limit by deploying an
auxiliary field to implement the sum of leading fermion loop diagrams. The theory remains natural
at the loop level with fine tuning at the level of a few %, and the effective coupling of the 4-fermion
interaction, gﬁ. is significantly enhanced by quantum loops over the fundamental coloron coupling,
g2. Hence a relatively weaker “topcolor” theory can produce critical coupling in the effective BEH
bound state theory.

I. INTRODUCTION

Recently we revisited the idea of “top quark condensation,” i.e., that the Brout-Englert-Higgs (BEH) boson is
composed of top + anti-top quarks [11[2]. Our new approach describes a bound state, consisting of a pair of relativisitic
chiral fermions, arising from a single particle exchange of a perturbative massive gluon-like object with mass M, and
coupling go (dubbed a “coloron™). A semiclassical analysis, involving “bilocal fields,” leads to a low-mass composite
BEH boson with an extended internal wave-function, ¢(r) [I] 2]. ¢(r) satisfies a Schrodinger-Klein-Gordon (SKG)
equation in a Yukawa potential with coupling g2. Close to its critical coupling, g2 ~ g2 & 877 /Noyior the internal
wave-function spreads, thus diluting ¢(0). The BEH boson is then an extended object with a small eigenvalue, p2.
We identify u? = —(88)2 GeV?, the BEH mass in the symmetric phase of the standard model (SM). The composite
scale, the mass of the SU(3) octet colorons, is then found to be My ~ 6 TeV. Near critical coupling the low energy
theory is approximately scale invariant, in analogy to a second order phase transition in condensed matter physics.
This effective scale invariance leads to the spreading of the wave-function ¢(r), and is a universal phenomenon in
any bound state system near its critical coupling, where the eigenvalue of the Hamiltonian is small compared to the
internal parameters of the theory. Hence scale symmetry is realized dynamically as the custodial symmetry of the
small mass BEH bound state.

Remarkably, the static observables, such as the induced top—quark BEH-Yukawa coupling, gy, and quartic coupling,
A, depend upon ¢(0) ~ v/|i]/My and become concordant with experiment [I]. Moreover, due to a subtlety of the
dilution effect, the theory requires fine-tuning at the level of ~ |¢(0)|2 ~ |u|/My, rather than the usual |u|2/MZ.
Hence, identifying p? ~ —(88)? GeV? we require fine tuning only at the level of ~ few %. The colorons may be
accessible to the LHC, where they would be pair produced and decay to Tt pairs (also bb in extended topeolor models
[6]) in boosted jets. This is significantly different than old results obtained in the 1990's [7]—[II] which were
based upon the renormalization group (RG) improved Nambu Jona-Lasinio model (NJL, [12]), but did not contain
an internal wave-function ¢(r).

Presently we show how the semiclassical theory emerges from the underlying quantum field theory of the third
generation quarks with the single coloron exchange interaction. We utilize the formalism developed in the early
papers, mainly of Jackiw, ef al., [3][4], which yield the effective semiclassical action. We also introduce auxiliary fields
that facilitate the sum of the leading fermion loop diagrams of order (hgZN.)". The approach can be considered a
decomposition of a top quark field into semiclassical + quantum degrees of freedom, ~ ¢ + Fiw. Integrating out
the quantum fermionic fuctuations, w, in the presence of fermionic source fields, &, g, vields a semiclassical effective
“source” action. The action for the semiclassical fields, ¢y, g(x), and a composite bilocal Brout-Englert-Higgs field,
Hi(z,y), is then generated upon performing a Legendre transformation to remove the sources. The resulting effective
action then allows treatment of all semiclassical phenomena in terms of the c-number, chiral spinor fields, v, z(x), and
formation of the bound state H;(x.y), reproducing our earlier work (reference [I] should be considered a companion
to the present paper).

*Electronic address: [chill35@wisc.edu]

Mainly, we find that the sum of w-loops with coloron coupling, go, generates a renormalized coupling for the

4-fermion interaction, g2, where:
2a7 3 L
_ goNe
yﬁ=y§(1— - ) (1)
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Essentially, the fermion loops act as in the NJL model, which enhances the binding of the 07 channel ground state,
leading to a form of “critical amplification.” The underlying coloron production, scattering and decay amplitudes are
therefore governed by g2, while the binding, which forms the BEH boson, is governed by the enhanced g2 > g2. This
implies that the g2 can be supereritical, while the underlying coloron coupling g2 remains smaller and suberitical.
Therefore the effective potential coupling in the 0 channel, g2, can be super-eritical, to produce the low mass BEH
bound state and the spontaneous symmetry breaking, in a weaker underlying topcolor model.

The induced top-quark BEH-Yukawa coupling gy- g2 is also renormalized. Using the experimental value as an
input, gy &~ 1, we still obtain the composite scale (the coloron mass) My ~= 6 TeV. We also observe how the BEH
quartic coupling, A & 7§ x gy, is generated by the underlying w-loops. In our present scheme we find numerically
that this is remarkably close to the SM result A ~ 0.25, which represents a significant improvement over the old NJL
model based top condensation that yielded A ~ 1

This also resolves putative issues that arise in the treatment of ref.[I]. One might be tempted to, e.g., loop the
Yukawa interaction to argue that there is a problematic large correction to the BEH mass oc —g5 N.M§ /872, This
would be an additive correction to p? and one might conclude that the effective theory is therefore “unnatural”
This would, however, be inecorrect. This particular contribution is now already generated by integrating out the
underlying w-fields and it would be double counting to do a fermion loop calculation in the effective semiclassical
theory. Moreover, in the underlying theory this appears, not as a mass term, but as a multiplicative and enhancing
correction to the effective single coloron exchange interaction and the internal wave-function back-reacts to it. It is,
in fact, the source of the critical amplification of g3.

We find the Jackiw, et al., techniques to be powerful, and work particularly well with the auxiliary field fermion
loop sum technique introduced here.

II. EFFECTIVE SEMICLASSICAL ACTION
A. Sources and Legendre Transformation

We presently derive the effective top quark condensation action for a semiclassical chiral fermion fields 4y (z) and
tp(z), from the underlying quantum field theory, by integrating out third generation, color triplet, quark fields,

(wi(x),wrly)), where:!
1-4° 1 A8
-’-Ue.L=—( 27}(;), -'.u;a=—( 27 )t. (2)

where i is an electroweak SU(2) index. We will use the methods of Jackiw, [3] introducing chiral source fields, =3, and
=y, then performing a Legendre transformation to obtain the effective action for the semiclassical fields vy, g(z). We
then follow with the method of Cornwall, Jackiw and Tomboulis, (CJT []), in the semiclassical theory and introduce
the two-body bound state wave-function source Q*(x, y), together with semiclassical fields. A Legendre transformation
then yields the full theory with effective fields vz p and bilocal BEH boson H;(x, y). We will deploy a bilocal auxiliary
field, B(x,y), to expedite the sum of fermion loops in a large N, approximation.

Our starting point is the fundamental action at the quantum field theory level of the topcolor model with the single
coloron exchange interaction, suitably Fierz rearranged (as given in eq.(28) of ref.[1]):

S(w) =/d4:;:(

where [...] denotes color singlet contraction of indices. The coloron propagator in Feynman gauge is:

wL(2) i win(@)] + [@r(r) i wala)] + 93['1’4-’1" d'y (@ (2)wr(v)] De(x - ) [Tk (y)wis ()], (3)

. 1 ig(z—y d'q
iDpw (2 — y) = guDr(z — y); Dp(x—y) = —f We alz—y) @ (4)
0



The interaction can be factorized by introducing a bilocal, isodoublet, auxiliary field B(x,y) of mass dimension 3:
S(w, B) =/af“.r([w§_(a:) iDwp(x)] + [@g(z) iﬂwﬂ(r)J)
+/d z dy (ElnD.L (2 — ) (B (2, y)[@aly)w (2)] + 7L (@)way)] Bi(z.y)) — B (2, 9) Dz — y)Bl(x.y)]). (5)
The “equation of motion” of B; is then:

Bi(,y) = go[@r(y)wir(x)]; B (x,y) = gol@L(x)wr(y)]. (6)

Substituting the solution of eq. back into eq. vields eq . This is analogous to the treatment of the local NJL
model (e.g., as in eqgs.(4) and (6) in ref.[I]), but differs presently by the bilocal factor, arising from a bilocal coloron
exchange amplitude, of Dp(z—y). Unlike the NJL model, we do not treat B; as a composite field and we will integrate
it out to sum fermion loops.

We can define the fermion kinetic terms and B; interaction terms of eq. as a matrix K(x,y):

5(0.5) = [ 'y (RG] - (B () Dete ) B, ™
where,
_fw T= (o = ‘ Spt(x,y) Dy(x - y) B (z,y)
Q= (w:) N Q= (@, a). K(z,y) = (gan (; _1 yB(;,:,y) goDr ;" i z J) (®)

Here S;l( y) is the formal inverse of the Feynman propagator, Sp(x,y) = (i) )~'d%(z — y). Note that K is Dirac
Hermitian, K = fmhfqn =K.
We follow Jackiw [3] and add chiral source terms, Z(x), for the fermion fields,

sEep) = [dady ([ﬁ(r)h’(nym(yn B (2, ) D y)Bl(z,y)]) +f d%(é(r)n(z) + ﬁ(r)s(z:)‘

where: z= (55:1) o E=(g. ) )

(note that the sources have opposite chirality to their corresponding partners, ie., w; ¢+ &g and wy > €1). The
effective action, W, is defined by the path integral:

W = —ihln | DODT exp(%S(E‘Q,B)). (10)
To evaluate W we begin by shifting the integration variables to cancel cross-terms,
) 5 ) — [y KN @n)20s D) > Bo) — [y )K" p.), (1)
and the shifted action becomes:
sE0.8) = [daly ([ﬁ(:::)ff(:r:.ym(w] - Z(@)K @, 1)Z(y) - (B (2,9) D& y)B!(w,yn)- (12)
The path integral is now W = W(Q) + W(Z) + W(B) where,
W(Q) = —ihln| DQDO exp(%/rf:); dy ([ﬁ(z)[f(.z\ y)ﬂ(y)]),
wW(E= fd“.r dy Z(z) Kz y)ZE(y), W(B) = fddx dy ([BT z,y)Dp(x — y)Bi(x, y)]) (13)

where the quantum loops are contained in W(€2). We then define the effective semiclassical field, ¥:

¥ = (:;) ¥ = (7, 7a) (14)

where,
_ SW(= _
W) = S22 = - [ty S0 K ) LTS O L)
Hence, inverting these relations,
) = - ]d“y K(e,y)¥(y);  Z) = - ]d“y T(y) K (y.x). (16)

= should be regarded as a functional of ¥ by eqs. .
We then perform a Legendre transformation to obtain the effective action, S(¥, B) = W, swapping E for the
semiclassical field, v, retaining the auxiliary field B:

W (Z)

y =) + =)

S(W, B) = W(Q) + W(B) + W(=) — fd4 ( 514/};))

k)
= W)+ W(B) - [t aly Za) K o )Zl0) - f & (T2)Z(2) + Z@)0(x))
@)+ [ty (T ¥0) - (B Dre - B ): (1)
We obtain the normal-sign kinetic terms and chiralities for the semiclassical fields ¥ k. From eq.(§) we have:
(0,8) = W@ + [ [T @) 00(0) + Balo) i v(o))) — [ty (181 Dra = )it
+ f dta dy (gnDF(m — 9)(B' (a2, ) [Pr(w)pic (=) + Wl(-’r)'wﬂ(y)]&(%y)) . (18)

The “equation of motion” of B; is now:

S (Q)
sBYi(x,y)’

SW(Q)

B (2, y) = go[ W ()W g(y)] + 3B (x.y)

Bi(a,y) = go[Taly) Wir ()] + (19)
If we ignore the quantum W () terms, and insert B;(x,y) back into the new action, we recover the original classical
action of eq. ' but now given in terms of the semiclassical fields W:

s = [a (F Tl + [Tae) i) i)+ [ ' d'y [ e)0n) Deta = Falba (el (20)

The quantum loop effects are contained in W(£2), which we calculate in Section‘ ‘We have obtained the semiclassical
action for the c-number fields (1 (x), vr(y)).

B. Full Effective Action for Bilocal BEH boson via Cornwall-Jackiw-Tomboulis [4]

With the semiclassical theory we now include a source for a bilocal field which will lead to the semiclassical BEH
boson field, Hi(x,y). Note that, since we have already integrated out the nnderlying quantum fields, w, the bound
state H;(z,y) that we obtain presently is composed only of the semiclassical modes ;. . We can operate at the
semiclassical level, following the formalism of Cornwall, Jackiw, and Tomboulis, (CJT) [4]. This is distinct from the
NJL model, or the usual applications of CJT, where the bound state is composed in loops of a sum over all of the w
quantum fields.

We add an additional source term for a complex bilocal field, J;(x, y), that couples only to a subset of the semiclas-
sical (to-be-bound) modes, [ 5(2)L(y)]s, in eqs |.| while the factorization field, B;, couples to all fermion pairs,
including to-be-free fenmon pairs, (1 p ()L (y)] 5

(¥, B,Q) = W(9) + f ([@wm + [ il wn])

+f (7[3”0;,-3‘] + (go( B + QN Dp[dgtirls + go B D[] 5 +h,.c.)). (21)
Ty



where,
[ (Boion)+ Bnionl) = [ (Boinds+ Bnim vl + Bl + Bnionls ). (@2

(Here we abbreviate integrals as:

f :fd4w1..d41:, (23)

and we will suppress writing field arguments where obvious, e.g., Bt (z, y)Dp(z, ) B;(z, y) — B Dy B;, ete.).
‘We then have:

58(0, B, Q) 58(0, B, Q)
e e

where we anticipate the normalization of H;, [ p(z)ti(y)] = [@p(2)i(y)]; + MEVNH;(z,y), from ref. [1].2
‘We perform the Legendre transformation, where ) is now viewed as a functional of H by eq. \.I

=goDp [ER';-"):LJJJ = goy/ Ncﬂ‘-'ngFHa; =goDp ['.JL LJHIb = go N IMD Dp Hﬁ (24)

a8
S(¥, B, H) = S(¥,B.Q) —f (Q*W Q@). (26)
hence,
S0, B, H) = W(2) +/ ([EL'U-? )+ [Cg z‘L?-wH]) +/ (—[B”DFBL] + go(B DpC; +h.<:.))- (27)
@ Ty

where we define,
=V NMGH + Ry (e Ny (28)
If we ignore the quantum corrections (w-loops), the “equation of motion™ of B; becomes:
Bilz.y) = goCila.y),  B(z.y) = 900 (2.p). (29)
Substituting B; into eq. we thus obtain the semiclassical result,
S(w, H) =f([5b(x)£l?m(x)].s + [Ep() i er)]s + [ ()il ¥ (2)) + [Ep(2) iﬂ'wa(x)]f)
2 CAMAH . it
+gnf (I\,,AIDH (z.y)Dp(z — y)H(x,y) + N MG(HT (2. y) D2 — ) [ ()i (2)]f + hc)
zy
TR Dr o~ ) Fn(avial ). (30)

We have therefore obtained results identical to the starting point of our previous theory, eq.(54), in ref.[I]. Note
the BCS-like enhancement factor of N, in the HfDpH interaction term, where N, is the analogue of the number of
Jooper pairs in a BCS state [I3].

2 Only the color singlets bind, hence with color indices {a.b),

. & ag
(Wi () = D (®)Wir () + MG \/;v (25)

which yields the /N, factors in eq. Note that in [T] we used M? = F.\'Ig as an arbitrary normalizing mass scale for H, but we then
showed that € —+ 1 in the critical coupling limit. We are presently abbreviating the discussion and assume ¢ = 1 at the outset.

C. Kinetic Terms and Factorization Ansatz

The “to-be-bound” fermion kinetic terms remain in the action S*:
Skre :/‘([TL(T)EI? i ()]s + [ () i) ?J"H(I)Jb) ) (31)
x

These have to be replaced by the kinetic term of the bound state field H;(x,y). From eq.(24), in the free field limit

(small gg), the kinetic terms Syqp imply the equations of motion. Technically with H = Ht— these are best written
as commutators,

[D,.1D, Hiz.y)]| =0 [DL.[DL H(z,y)]] = 0. (32)

Omitting cnmplicatiom from the gange fields these follow from the square of the Dirac equation, e.g.
W)@, @, Yir(@)]]y = O2[ L (W)ir(2)]]s = 0, ete. A free field Lorentz invariant action yields the equations of
motion by variatinn

Skrh — Sk = M‘ff/r#.r dy (Z|DLH(:1:‘y)\2 +Z\DLH(1“y)\2)‘ (33)
where the covariant derivatives are as defined in the NJL model:

a T4 Y,
Dy =g —imWiA S —in W5 Dk =+ (34)
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where ‘[/er (['V;?) denotes the SU(2) U(1)y gauge fields and the weak hypercharges are ¥, = 1/3, Y,z = 4/3, (and
the presently unused K-,R = —2/3), and we will require Yy = —1 for the BEH boson of the SM; the electric charges
are as usual: @ = Iz + % Note that Dy, (DT ) acts at coordinate y (x), and Di acts on Tg, hence the sign flip in the
gauge field terms (the derivative D! acts in the forward direction as we have written the kinetic term eq.

We now pass to barycentric coordinates,”

(X, p)
Oz, y)

To work in the rest frame as in [I] we follow Yukawa, [I5], and for the ground state we consider a factorized ansatz
for H;(X,r):*

oyt oh -yt 1 1 . . _ _
XH = CI i = 3 . = 5(8); +d,), 8,= i(ax —d,) Jacobian: ‘ =J1=2"1 (35)

Hilz,y) = Hi(X +r, X —r) = Hi(X,r) hence, VT2 Hi(X.r) = Hi(X)p(r). (36)

We can introduce Wilson lines as an approzimation to “pull-back” the gauge couplings from (i, y) to the center X .
This is done by field redefinitions (as discussed in [I]):

Hi(,y) = WHOC 2)WL(X, y) V27T Hi(X)o(r), (37)

where H;(X) will have mass-dimension 1, and and ¢ will be dimensionless. Note that H;(X), is distinguished from
H,(x,y) by having dependence only upon X, and will become the effective BEH boson. The Wilson lines are not
necessary. In the pure gauge limit these are simply gauge transformations on the H; field. We introduce the Wilson
lines as a conceptual tool to consolidate the electroweak charges at X, though the gauge charges are effectively
consolidated at X in the low energy approximation. Moreover, the Wilson lines are renormalizable and act as sources
(charges) only at their end-points. However, they do radiate, acting as currents.

With the pull-back localization of the BEH electroweak charges, the W and Z masses are generated in the usual
way under spontaneous symmetry breaking.” We have the Lorentz invariant kinetic term action:

Swrn = fatxite 2l (1w ORI + \H(X)V\ar»:b(r)v). (38)

3 Note: the Jacobian was misquoted in the preprint version of but corrected in the published version.

4 Note that we have not specified that H(z, y) or Q(x,y) is factorized in (x,y), as ~ ¥ z(x)i1,(y), hence we are permitted to make the
ansatz H,(X)é(r). An (X, r) factorized form is a mixture of (x,y) factorized basis functions, e.g., H(X)¢(r) ~ Z a0 g (T (v),
i.e., the boundstate is an entangled combination of free scattering states.

% We have neglected the gluon Wilson line that extends from —7 to 7, but of course, produces no color charge of the BEH boson.
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