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Many-body system bound by strong interaction!
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Emergence of diverse phenomena 
(Limits of stability, nuclear decay modes, collective motion, …)
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What is ab initio nuclear structure?
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Quantum chromodynamics

Precise ab initio predictions:

• Neutrino Majorana nature
• Limits of stability for visible matter
• Saturation of the nuclear force
• Proton and deuteron radius puzzles

Precise calculations of nuclear observables provide critical clues for 
answering big science questions across 20 orders of magnitude.

[PrecisionNuclei]

Effective field theory:

• Precise LO-NLO-N2LO-N3LO
• Machine learning in EFT
• Renormalization
• Order-by-order analysis

Uncertainty quantification:

• Bayesian regression
• Error propagation to observables
• Mathematical optimization
• Systematic uncertainties

3

Need for breakthrough

WP1 WP2 WP3

The expected results from this project:

• Practically requires (intractable) 
solution using lattice QCD techniques

• Ideal scenario: solve for nuclear 
observables from QCD Lagrangian
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• Solve many-body problem in a 
systematically improvable way

• Effective field-theory description
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Evolution of ab initio nuclear structure
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Fig. 4 Progress in microscopic nuclear structure calcula-
tions over the past 25 years (see also Ref. [46]). Data taken
from Figure 1 in Ref. [18]. See also the main text for details.

energy couplings to experimental (or lattice) data, and
approximations applied in the computational frame-
work, e.g., to keep the numerical calculations tractable
(see also Section 4).

3 Ab initio nuclear structure calculations

Figure 4 summarizes the progress in microscopic nu-
clear structure calculations over the past 25 years. Un-
til about 2010, the (approximately) linear increase in
the highest mass number A reachable in those calcu-
lations was determined by Moore’s law and the expo-
nential scaling of exact many-body methods (orange
dots). Since 2010, approximate but systematically im-
provable many-body methods with polynomial scaling
in A (see Section 3) have pushed the frontier of state-of-
the-art microscopic calculations to significantly higher
mass numbers (blue dots) [18].

Why did it take so long for these polynomially scal-
ing methods to gain a foothold in nuclear many-body
theory? The primary reason is that prior to the intro-
duction of chiral EFT, phenomenological nuclear force
models were rather hard, utilizing ultraviolet cuto↵s or
resolution scales on the order of several GeV or higher.
Since these approximate many-body methods rely on
expanding various quantities (e.g., two-body matrix el-
ements of the NN potential) in a single-particle basis, it
is essential that basis expansions converge rapidly for
calculations to be tractable. For instance, the lowest
non-trivial truncations of CC and IMSRG scale roughly
as N6, where N is the number of included single-particle
orbitals. Demanding that the single-particle basis is suf-
ficiently extended in coordinate space to capture the
spatial extent of the nucleus, and su�ciently extended
in momentum space to capture relevant momentum modes
up to the resolution scale in the nuclear potentials, one

Fig. 5 Predictions for the ground-state energies of the
oxygen isotopes obtained using several many-body frame-
works (symbols). All calculations are based on the same low-
momentum NN and 3N interaction, apart from those obtained
in nuclear lattice EFT (NLEFT). For details see the discus-
sion of Figure 5 in Ref. [18], from which the data is taken.

can use semi-classical arguments to show that N scales
as ⇤3, with the resolution scale ⇤.

The bottom line is that even a modest reduction in
⇤, such as that in going from the hard phenomenolog-
ical nuclear force models to the softer chiral interac-
tions, can have a profound impact on the viability of
these approximate many-body methods. The impres-
sive progress shown in Figure 4 would not have been
possible without the computational simplifications af-
forded by soft (and even softer RG-evolved) chiral in-
teractions. That said, it is ironic that the softness that
has been so central to the many-body progress is a con-
sequence of inconsistencies in Weinberg power count-
ing that prevent one from taking the cuto↵ to larger
values—see the discussion in Ref. [47].

The advancement of ab initio theory well into the
medium-mass region is an impressive feat, but the physics
value lies in the fact that such calculations are becoming
increasingly precise. Figure 5 is one such illustration,
where a wide variety of many-body methods starting
from the same SRG-evolved chiral NN and 3N potential
are in good agreement with experiment and each other
for the oxygen isotopes. Note that “good agreement”
in the present context is somewhat ill-defined since the
calculations do not come with error bars reflecting the
uncertainties in the input chiral interactions and the
subsequent many-body approximations.

For the time being, we content ourselves with the
following comments. First, while the many-body trun-

‘Exact' methods

Before 2010
(Brute-force diagonalization)

Drischler, Bogner, Few-Body Systems (2021)

Explosion of ab initio simulations
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Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-
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Consistency in many-body systems 
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lations was determined by Moore’s law and the expo-
nential scaling of exact many-body methods (orange
dots). Since 2010, approximate but systematically im-
provable many-body methods with polynomial scaling
in A (see Section 3) have pushed the frontier of state-of-
the-art microscopic calculations to significantly higher
mass numbers (blue dots) [18].

Why did it take so long for these polynomially scal-
ing methods to gain a foothold in nuclear many-body
theory? The primary reason is that prior to the intro-
duction of chiral EFT, phenomenological nuclear force
models were rather hard, utilizing ultraviolet cuto↵s or
resolution scales on the order of several GeV or higher.
Since these approximate many-body methods rely on
expanding various quantities (e.g., two-body matrix el-
ements of the NN potential) in a single-particle basis, it
is essential that basis expansions converge rapidly for
calculations to be tractable. For instance, the lowest
non-trivial truncations of CC and IMSRG scale roughly
as N6, where N is the number of included single-particle
orbitals. Demanding that the single-particle basis is suf-
ficiently extended in coordinate space to capture the
spatial extent of the nucleus, and su�ciently extended
in momentum space to capture relevant momentum modes
up to the resolution scale in the nuclear potentials, one

Fig. 5 Predictions for the ground-state energies of the
oxygen isotopes obtained using several many-body frame-
works (symbols). All calculations are based on the same low-
momentum NN and 3N interaction, apart from those obtained
in nuclear lattice EFT (NLEFT). For details see the discus-
sion of Figure 5 in Ref. [18], from which the data is taken.

can use semi-classical arguments to show that N scales
as ⇤3, with the resolution scale ⇤.

The bottom line is that even a modest reduction in
⇤, such as that in going from the hard phenomenolog-
ical nuclear force models to the softer chiral interac-
tions, can have a profound impact on the viability of
these approximate many-body methods. The impres-
sive progress shown in Figure 4 would not have been
possible without the computational simplifications af-
forded by soft (and even softer RG-evolved) chiral in-
teractions. That said, it is ironic that the softness that
has been so central to the many-body progress is a con-
sequence of inconsistencies in Weinberg power count-
ing that prevent one from taking the cuto↵ to larger
values—see the discussion in Ref. [47].

The advancement of ab initio theory well into the
medium-mass region is an impressive feat, but the physics
value lies in the fact that such calculations are becoming
increasingly precise. Figure 5 is one such illustration,
where a wide variety of many-body methods starting
from the same SRG-evolved chiral NN and 3N potential
are in good agreement with experiment and each other
for the oxygen isotopes. Note that “good agreement”
in the present context is somewhat ill-defined since the
calculations do not come with error bars reflecting the
uncertainties in the input chiral interactions and the
subsequent many-body approximations.

For the time being, we content ourselves with the
following comments. First, while the many-body trun-
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(Brute-force diagonalization)

Drischler, Bogner, Few-Body Systems (2021)
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Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-
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Consistency in many-body systems 

Tichai et al., PLB (2018)

Explosion of ab initio simulations

tens of keV—well beyond current levels of precision—can
make the difference between an isotope being bound or
unbound. Therefore, an assessment of theoretical uncer-
tainty is mandatory for any meaningful drip line prediction.
Ab initio methods present an appealing framework for
uncertainty quantification: one begins with the most gen-
eral Lagrangian compatible with the applicable sym-
metries, organized by a systematically improvable power
counting, then solves the nuclear many-body problem
within a controlled and systematically improvable approxi-
mation scheme, propagating all uncertainties. Such a
prescription has not yet been achieved in practice, so for
the present we use a comparison with known data to
calibrate a physically motivated model for the error. Recent
work in a similar spirit has applied Bayesian machine
learning algorithms to global mass models [10,41,42]. The
main advantages of our current approach are (i) the
predictions should not be biased towards measured data,
because they were not fit to any data beyond helium and
(ii) the predictions can be benchmarked where the proton
and neutron drip lines are known experimentally (mass
models are typically applied to Z ≳ 8).
In the VS-IMSRG, a valence-space Hamiltonian of

tractable dimension is decoupled from the larger Hilbert
space via an approximate unitary transformation. We begin
in a harmonic-oscillator basis of 15 major shells (i.e.,
e ¼ 2nþ l ≤ emax ¼ 14) with an imposed cut of e1 þ e2 þ
e3 ≤ E3Max ¼ 16 for 3N matrix elements. The resulting
ground-state energies are converged to better than a few

hundred keV with respect to these truncations, and we
perform extrapolations in emax to obtain infrared conver-
gence [43,44]. Transforming to the Hartree-Fock basis, we
capture effects of 3N interactions between valence nucleons
via the ensemble normal ordering of Ref. [35]. We then use
the Magnus formulation of the IMSRG [29,45], truncating
all operators at the normal-ordered two-body level—the
IMSRG(2) approximation—to generate approximate
unitary transformations that decouple the core energy
and valence-space Hamiltonian for each nucleus to be
calculated.
By default, we employ a so-called 0ℏω valence space,

where valence nucleons occupy the appropriate single
major harmonic-oscillator shell (e.g., for 8 < NðZÞ < 20
the sd shell, 20 < NðZÞ < 40 the pf shell, etc.). At
NðZÞ ¼ 2, 8, 20, 40, we do not decouple a neutron (proton)
valence space, and no explicit neutron (proton) excitations
are allowed in the calculation. We discuss exceptions to this
below. Finally the resulting valence-space Hamiltonians are
diagonalized with the NuShellX@MSU shell-model code [46]
(with the exception of a few of the heaviest Ca, Sc, and Ti
isotopes, which were computed with the m-scheme code
Kshell [47]).
We thus calculate ground (and excited) states of all

nuclei from helium to iron, except those for which the shell-
model diagonalization is beyond our computational limits.
For the input NNþ 3N interaction, we use the potential
labeled 1.8=2.0 (EM) in Refs. [17,48], where the 3N
couplings were fit to the 3H binding energy and the 4He

FIG. 1. Calculated probabilities for given isotopes to be bound with respect to one- or two-neutron (proton) removal. The gray region
indicates nuclei that have been calculated, while the height of the boxes corresponds to the estimated probability that a given nucleus is
bound with respect to one- or two-neutron (proton) removal in the neutron-rich (deficient) region of the chart. The inset shows the
residuals with experimental ground-state energies.

PHYSICAL REVIEW LETTERS 126, 022501 (2021)
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Global ab initio predictions of 700 nuclei

Stroberg et al., PRL (2019)
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implausible LECs that yield model predictions too far from exper-
imental data. For this purpose, we use an implausibility measure 
(Methods) that links our model predictions and experimental 
observations as

z = M(θ) + ε

exp

+ ε

em

+ ε

method

+ ε

model

, (1)

relating the experimental observations z to emulated ab initio pre-
dictions M(θ) via the random variables ε

exp

, εem, εmethod and εmodel 
that represent experimental uncertainties, the emulator precision, 
method approximation errors and the model discrepancy due to the 
EFT truncation at next-to-next-to leading order, respectively. The 
parameter vector θ corresponds to the 17 LECs at this order. The 
method error represents, for example, model space truncations and 
other approximations in the employed ab initio many-body solv-
ers. The model discrepancy εmodel can be specified probabilistically 
since we assume to operate with an order-by-order improvable EFT 
description of the nuclear interaction (see Methods for details).

The final result of the five history-matching waves is a set of 34 
non-implausible samples in the 17-dimensional parameter space 
of the LECs. We then perform ab initio calculations for nuclear 
observables in 48Ca and 208Pb, as well as for properties of infinite 
nuclear matter.

Ab initio computations of 208Pb
We employ the coupled-cluster (CC)12,30,31, in-medium similarity 
renormalization group (IMSRG)32 and many-body perturbation 
theory (MBPT) methods to approximately solve the Schrödinger 
equation and obtain the ground-state energy and nucleon densities 
of 48Ca and 208Pb. We analyse the model space convergence and use 
the differences between the CC, IMSRG and MBPT results to esti-
mate the method approximation errors (Methods and Extended 
Data Figs. 3 and 4). The computational cost of these methods 
scales (only) polynomially with increasing numbers of nucleons 
and single-particle orbitals. The main challenge in computing 
208Pb is the vast number of matrix elements of the three-nucleon 
(3N) force which must be handled. We overcome this limita-
tion by using a recently introduced storage scheme in which we 
only store linear combinations of matrix elements directly enter-
ing the normal-ordered two-body approximation19 (see Methods  
for details).

Our ab initio predictions for finite nuclei are summarized in 
Fig. 2. The statistical approach that leads to these results is com-
posed of three stages. First, history matching identified a set of 
34 non-implausible interaction parameterizations. Second, model 
calibration is performed by weighting these parameterizations—
serving as prior samples—using a likelihood measure according to 
the principles of sampling/importance resampling33. This yields 34 
weighted samples from the LEC posterior probability density func-
tion (Extended Data Fig. 5). Specifically, we assume independent 
EFT and many-body method errors and construct a normally dis-
tributed data likelihood encompassing the ground-state energy per 
nucleon E/A and the point-proton radius Rp for 48Ca, and the energy 
E

2

+ of its first excited 2+ state. Our final predictions are therefore 
conditional on this calibration data.

We have tested the sensitivity of final results to the likelihood 
definition by repeating the calibration with a non-diagonal covari-
ance matrix or a Student t distribution with heavier tails, finding 
small (~1%) differences in the predicted credible regions. The EFT 
truncation errors are quantified by studying ab initio predictions at 
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Fig. 1 | Trend of realistic ab initio computations for the nuclear A-body 
problem. The bars highlight the years of the first realistic computations 
of doubly magic nuclei. The height of each bar corresponds to the mass 
number A divided by the logarithm of the total compute power RTOP500 (in 
flops!s−1) of the pertinent TOP500 list45. This ratio would be approximately 
constant if progress were solely due to exponentially increasing computing 
power. However, algorithms which instead scale polynomially in A have 
greatly increased the reach.
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Fig. 2 | Ab initio posterior predictive distributions for light to heavy nuclei. 
Model checking is indicated by green (blue) distributions, corresponding to 
observables used for history-matching (likelihood calibration), while pure 
predictions are shown as pink distributions. The nuclear observables shown 
are the quadrupole moment Q, point-proton radii Rp, ground-state energies 
E (or energy per nucleon E/A), 2+ excitation energy E

2

+ and electric dipole 
polarizabilities αD. See Extended Data Table 1 for the numerical specification 
of the experimental data (z), errors (σi), medians (white circle) and 68% 
credibility regions (thick bar). The prediction for Rskin(208Pb) in the bottom 
panel is shown on an absolute scale and compared with experimental 
results using electroweak5 (purple), hadronic34,35 (red), electromagnetic4 
(green) and gravitational wave36 (blue) probes (from top to bottom; see 
Extended Data Fig. 7b for details).
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Neutron skin in 208Pb

New-physics searches in Yb
Door et al., PRL (2024)

Charge distributions in Xe
Arthuis et al., PRL (2020)

Tichai et al., PLB (2024)
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Neutron dripline in Sn
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• Leading order must qualitatively capture the 
dominant correlations of the system!

• The unknown wave operator encapsulates all 
the complexity of the system
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nuclear mean-field 
(e.g. Hartree-Fock)
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• Ab initio theory allows for rigorous 
quantification of theory uncertainties

Tichai et al. MBPT for Finite Nuclei

FIGURE 14 | BMBPT systematics along O (left) and Ca (right) isotopic chains using the non-local chiral two- plus three-nucleon interactions at N3LO presented in

Hüther et al. [115]. Top panel: absolute binding energies. Bottom panel: two-neutron separation energies. Plot markers correspond to HFB (●), second-order BMBPT

(!), and third-order BMBPT ( !). All calculations are performed using 15 oscillator shells and an oscillator frequency of h̄ω = 20MeV. The single-particle orbital

angular-momentum quantum number was limited to l ≤ 10. Open and closed symbols correspond to different truncations E3max = 14, 16, respectively.

FIGURE 15 | BMBPT ground-state energies for oxygen and calcium isotopes at third order of the perturbative expansion using consistent non-local chiral two- plus

three-nucleon interactions at N2LO (blue) and N3LO (red). Open symbols show the corresponding HFB ground-state energies. The uncertainty bands represent both,

many-body and interaction uncertainties (see text). All calculations are performed using 15 oscillator shells and an oscillator frequency of h̄ω = 20MeV. The

single-particle orbital angular-momentum quantum number was limited to l ≤ 10.

that the new interactions are indeed less perturbative. One can
thus expect higher orders to contribute non-negligibly.

Focusing now on two-neutron separation energies, the end
results are very satisfactory and of similar or even greater quality
than with the “standard” Hamiltonian. Interestingly, HFB results
are further away in the present case, indicating that not only
absolute values but also the trend with neutron number is
different. Still, second and third order contributions consistently
compensate for this apparent, but in fact fictitious, degrading at

the HFB level. One eventually observes that results are still less
accurate near major shell closures, which is consistent with the
expectation that restoring particle-number symmetry through
PBMBPT [58] will have the largest impact near shell closures.

While the results in oxygen isotopes are virtually identical for
both E3max values, the truncation in E3max plays an increasingly
important role in neutron-rich calcium isotopes, i.e., ground-
state energies beyond A = 50 obtained for E3max = 14 and
16 start deviating more strongly, pointing to the importance

Frontiers in Physics | www.frontiersin.org 25 June 2020 | Volume 8 | Article 164

3rd-order EFT 
4th-order EFT 

Tichai et al., Frontiers in Physics (2020)

• Interaction uncertainties estimated 
from order-by-order calculations

• Many-body uncertainties still based 
on empirical ad-hoc models

2-3% of ground-state energy

4 T. Hüther et al. / Physics Letters B 808 (2020) 135651

Fig. 4. Ground-state energies (top panels) and point-proton rms radii (bottom panels) obtained in IM-SRG calculations for the NLO (solid gray diamonds), N2LO (blue circles), 
N3LO (red boxes), and N3LO’ (open green boxes) interactions with ! = 450 MeV (left), 500 MeV (center), and 550 MeV (right). The error bands for N2LO (blue) and N3LO
(red) are derived from the order-by-order behavior and include the many-body uncertainties (see text). Experimental data is indicated by black bars [5,37–39].

in a Bayesian framework along the lines of Refs. [43,44], will be 
the subject of future work.

The ground-states energies and point-proton radii of closed-
shell isotopes from oxygen to nickel obtained for the different 
cutoffs and different chiral orders with uncertainty bands indi-
cating the combined interaction and many-body uncertainties are 
presented in Fig. 4. The general picture is remarkable for a num-
ber of reasons: (i) the results at N2LO and N3LO agree extremely 
well, even without considering the uncertainties; (ii) consequently, 
the uncertainty bands are nested and generally shrink systemati-
cally; (iii) at N3LO the interaction and many-body uncertainties are 
comparable, while at N2LO the interaction uncertainties dominate; 
(iv) results are very stable across the different cutoffs and agree 
within uncertainties; (v) ground-state energies and point-proton 
radii agree with experiment within uncertainties for all isotopes 
considered here.

The agreement of energies and radii among the different orders 
and the different cutoffs, and the agreement with experiment, is 
far from trivial. As we discussed earlier, the majority of existing 
chiral interactions are not able to reproduce these systematics. As 
a further cross-check, Fig. 4 also shows the results with the mixed-
order N3LO’ interactions. They also agree with the consistent N2LO
and N3LO interactions within uncertainties, which highlights the 
robustness of this family of interactions.

8. Oxygen isotopes

As an example for applications to open-shell nuclei, we con-
sider the even oxygen isotopes from 14O to 26O as shown in Fig. 5. 
For these calculations we use the IM-NCSM with an Nref

max = 0 ref-
erence state and the same uncertainty quantification protocol as 
for the medium-mass isotopes including interaction and many-
body uncertainties. As before, the ground-state energies and radii 
at N2LO, N3LO, and N3LO’ agree very well with each other and 
with experiment. The dripline at 24O is clearly reproduced with 
all interactions starting from N2LO. We have included both, point-
proton and matter rms radii in order to compare to evaluations 
of the matter rms radii for the neutron-rich oxygen isotopes from 
Ref. [13]. Taking into account the difference between matter radii 
extracted from interaction cross-sections and proton scattering as 
well as the experimental and the theory uncertainties, we find 
good agreement with the available data.

Fig. 5. Ground-state energies, point-proton rms radii, and mass rms radii of even 
oxygen isotopes obtained in the IM-NCSM for the LO (open gray diamonds), NLO
(solid gray diamonds), N2LO (blue circles), N3LO (red boxes), and N3LO’ (open green 
boxes) interactions at ! = 500 MeV. Experimental data is indicated by black bars, 
where two sets of data with error bars are shown for the radii: For proton radii 
experimental data is taken from [38] (left-hand symbols) and [13] (right-hand sym-
bols), for mass radii data extracted from interaction cross-sections (left) and from 
proton scattering (right), discussed in Ref. [13], is shown.

9. Excitation spectra

Going beyond ground-state observables, Fig. 6 presents the ex-
citation spectra for selected p-shell nuclei obtained in NCSM. We 
use the order-by-order behavior of the excitation energies to assess 
the interaction uncertainties in the same scheme discussed before, 
the many-body uncertainties are estimated from the difference of 
results for the two largest values on Nmax. Generally the spectra 
agree very well with experiment within uncertainties. One notable 
exception is the 1

2
−

state in 9Be, which appears 1.5 MeV too high. 
It was shown in Ref. [45] that this state is strongly affected by con-
tinuum degrees of freedom, which are not included here. Another 
interesting case is the second 1+ state in 10B, which appears 1
MeV too high at N2LO and 1 MeV too low at N3LO, however, with 
a very large uncertainty. This state is obviously very sensitive to 
details of the interaction and shows that spectra and spectroscopy 
are the obvious next step for validating this new family of interac-
tions.
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N3LO (red boxes), and N3LO’ (open green boxes) interactions with ! = 450 MeV (left), 500 MeV (center), and 550 MeV (right). The error bands for N2LO (blue) and N3LO
(red) are derived from the order-by-order behavior and include the many-body uncertainties (see text). Experimental data is indicated by black bars [5,37–39].

in a Bayesian framework along the lines of Refs. [43,44], will be 
the subject of future work.

The ground-states energies and point-proton radii of closed-
shell isotopes from oxygen to nickel obtained for the different 
cutoffs and different chiral orders with uncertainty bands indi-
cating the combined interaction and many-body uncertainties are 
presented in Fig. 4. The general picture is remarkable for a num-
ber of reasons: (i) the results at N2LO and N3LO agree extremely 
well, even without considering the uncertainties; (ii) consequently, 
the uncertainty bands are nested and generally shrink systemati-
cally; (iii) at N3LO the interaction and many-body uncertainties are 
comparable, while at N2LO the interaction uncertainties dominate; 
(iv) results are very stable across the different cutoffs and agree 
within uncertainties; (v) ground-state energies and point-proton 
radii agree with experiment within uncertainties for all isotopes 
considered here.

The agreement of energies and radii among the different orders 
and the different cutoffs, and the agreement with experiment, is 
far from trivial. As we discussed earlier, the majority of existing 
chiral interactions are not able to reproduce these systematics. As 
a further cross-check, Fig. 4 also shows the results with the mixed-
order N3LO’ interactions. They also agree with the consistent N2LO
and N3LO interactions within uncertainties, which highlights the 
robustness of this family of interactions.

8. Oxygen isotopes

As an example for applications to open-shell nuclei, we con-
sider the even oxygen isotopes from 14O to 26O as shown in Fig. 5. 
For these calculations we use the IM-NCSM with an Nref

max = 0 ref-
erence state and the same uncertainty quantification protocol as 
for the medium-mass isotopes including interaction and many-
body uncertainties. As before, the ground-state energies and radii 
at N2LO, N3LO, and N3LO’ agree very well with each other and 
with experiment. The dripline at 24O is clearly reproduced with 
all interactions starting from N2LO. We have included both, point-
proton and matter rms radii in order to compare to evaluations 
of the matter rms radii for the neutron-rich oxygen isotopes from 
Ref. [13]. Taking into account the difference between matter radii 
extracted from interaction cross-sections and proton scattering as 
well as the experimental and the theory uncertainties, we find 
good agreement with the available data.

Fig. 5. Ground-state energies, point-proton rms radii, and mass rms radii of even 
oxygen isotopes obtained in the IM-NCSM for the LO (open gray diamonds), NLO
(solid gray diamonds), N2LO (blue circles), N3LO (red boxes), and N3LO’ (open green 
boxes) interactions at ! = 500 MeV. Experimental data is indicated by black bars, 
where two sets of data with error bars are shown for the radii: For proton radii 
experimental data is taken from [38] (left-hand symbols) and [13] (right-hand sym-
bols), for mass radii data extracted from interaction cross-sections (left) and from 
proton scattering (right), discussed in Ref. [13], is shown.

9. Excitation spectra

Going beyond ground-state observables, Fig. 6 presents the ex-
citation spectra for selected p-shell nuclei obtained in NCSM. We 
use the order-by-order behavior of the excitation energies to assess 
the interaction uncertainties in the same scheme discussed before, 
the many-body uncertainties are estimated from the difference of 
results for the two largest values on Nmax. Generally the spectra 
agree very well with experiment within uncertainties. One notable 
exception is the 1

2
−

state in 9Be, which appears 1.5 MeV too high. 
It was shown in Ref. [45] that this state is strongly affected by con-
tinuum degrees of freedom, which are not included here. Another 
interesting case is the second 1+ state in 10B, which appears 1
MeV too high at N2LO and 1 MeV too low at N3LO, however, with 
a very large uncertainty. This state is obviously very sensitive to 
details of the interaction and shows that spectra and spectroscopy 
are the obvious next step for validating this new family of interac-
tions.

Hüther et al., PLB (2020)

• Similar studies of theory uncertainties in 
nuclear-matter simulations

Drischler et al., PRL (2020)
Keller et al., PRL (2023)
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• Error model for truncated expansion

with I. Svensson, K. Hebeler, A. Schwenk
• Simple framework for ground states: 

many-body perturbation theory
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E0 = Eref + E(2) + E(3) + ...
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• Error model for truncated expansion

with I. Svensson, K. Hebeler, A. Schwenk
• Simple framework for ground states: 

many-body perturbation theory
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coefficient drawn from N(0,𝜸2)

• Learn coefficients of error model from 
MBPT results for given interaction

R < 1 indicates convergence!
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16O 24O 40Ca 48Ca 56Ni 78Ni 100Sn 132Sn 208Pb
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EM1.8/2.0EM1.8/2.0EM1.8/2.0

IMSRG

MBPT(2)

MBPT(3)

Preliminary

• Large uncertainties for second-
order MBPT calculations

• Significantly reduced uncertainty 
at third order for all nuclei

• ‘Interaction softness’: strong 
suppression of higher-order terms

Harder interactions: 
larger R

1- and 2-σ error bands for closed-shell nuclei

Replace ad hoc estimates 
with statistically sound 

predictions
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• Goal: decoupling of elementary particle-hole 
excitations from reference state

H(s) = U†(s)HU(s)
<latexit sha1_base64="6hjjLySVM5SBZHEf8gmNccBQ9eI="></latexit>

A-body rotation

Representing the Hamiltonian

• reference state: single Slater 
determinant

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, March 1, 2018
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• Goal: decoupling of elementary particle-hole 
excitations from reference state

H(s) = U†(s)HU(s)
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lim
s!�h�|H(s)|�i = E0

• Basic formulation: ground-state energy from H(s)

A-body rotation

makes it challenging to push calculations to heavier nuclei,
and it is clearly not feasible to store the entirety of the N3
interaction for a given emax , which would require

=E e3 .3 max max

Reference states for closed- and open-shell nuclei are
obtained by solving spherical HF and HFB equations,
respectively, using the code described in [149]. In this calc-
ulation step, N3 interactions can be included exactly (up to
emax and E3 max truncations). The HFB solutions are projected
on good proton and neutron numbers, yielding a correlated
state that must be treated in the multireference formalism.
Details on the calculation of the irreducible density matrices
of particle-number projected HFB states, referred to as PNP
reference states in the following, can be found in appendix B.

With the reference state and its density matrices at our
disposal, we normal-order the Hamiltonian using the techni-
ques discussed in section 3, discard the residual N3 interac-
tion, and eventually perform the IMSRG(2) or MR-IMSRG
(2) evolution.

5.2. Ground-state calculations

As a first example, we consider IMSRG(2) ground-state cal-
culations for the magic nucleus Ca40 , using the single-refer-
ence version of the Brillouin hB generator, equation (101),
and different chiral +NN N3 interactions (figure 6). Globally,
sizable amounts of correlation energy are re-shuffled into the
zero-body piece of the Hamiltonian. We note that the specific
size of these contributions changes significantly with the
resolution scale. For +NN N3 400( ) with l = -2.24 fm 1, we
gain about 130 MeV of binding. For the Hamiltonian with
the lower resolution l = -1.88 fm 1, the HF reference state is

already significantly lower in energy, so the energy gains
from many-body correlations are less pronounced. This
behavior is expected as interactions become increasingly soft,
and thereby more perturbative (see, e.g., [32]). Note that the
final ground-state energies for l = -2.24 fm 1 and -1.88 fm 1

are almost identical, namely-376.1 MeV and-378.0 MeV.
As discussed in section 2, in ideal implementations, all results
should be invariant under arbitrary changes of l, which
appears to be satisfied to a high degree here. However, we
caution that the +NN N3 400( ) is tuned to minimize induced

¼N4 , forces [55, 90], so we have to reconsider the uncer-
tainties due to these omitted terms for other interactions and
observables (see, e.g., [150]).

In the rightmost panel of figure 6, we show the result of a
calculation with NNLOsat, which is considerably different
from the +NN N3 400( ) Hamiltonian. For instance, the HF
ground-state energy of Ca40 is merely -96.4 MeV, and the
binding energy gain due to the IMSRG(2) evolution is about
200 MeV, which is a first indicator that its resolution scale is
higher than that of the other two interactions used in the
figure. The softened +NN N3 400( ) Hamiltonians over-
estimate the binding energy compared to the experimental
value of -342 MeV [108] (see section 6.2), and yield a
charge radius of 3.0 fm, which is about 15% smaller than the
experimental one [151]. In contrast, NNLOsat is underbound
at the IMSRG(2) level, and the charge radius is about 0.1 fm
too large. In CC calculations with NNLOsat, the binding
energy at the CCSD(T) level is -326 MeV, [25], and we
expect a comparable result from a similar approximate treat-
ment of the next-level IMSRG truncation, denoted IMSRG
(3). Work in this direction is in progress.

Figure 6. IMSRG(2) flow for Ca40 using different chiral +NN N3 interactions, obtained with the single-reference version of the Brillouin
generator, equation (101) ( = =e E14, 14,max 3 max optimal w). We show the flowing ground-state energy E(s), and the sum of E(s) and
perturbative energy corrections evaluated with the flowing Hamiltonian H s( ), to illustrate the re-shuffling of correlations into the
Hamiltonian (see text). The dashed lines indicate the final IMSRG(2) energies.
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respectively, using the code described in [149]. In this calc-
ulation step, N3 interactions can be included exactly (up to
emax and E3 max truncations). The HFB solutions are projected
on good proton and neutron numbers, yielding a correlated
state that must be treated in the multireference formalism.
Details on the calculation of the irreducible density matrices
of particle-number projected HFB states, referred to as PNP
reference states in the following, can be found in appendix B.
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• Particle-hole correlations are absorbed into the 
renormalized Hamiltonian
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• Goal: decoupling of elementary particle-hole 
excitations from reference state

H(s) = U†(s)HU(s)
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• Basic formulation: ground-state energy from H(s)

• Approximation: induced higher-body operators
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ulation step, N3 interactions can be included exactly (up to
emax and E3 max truncations). The HFB solutions are projected
on good proton and neutron numbers, yielding a correlated
state that must be treated in the multireference formalism.
Details on the calculation of the irreducible density matrices
of particle-number projected HFB states, referred to as PNP
reference states in the following, can be found in appendix B.
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ques discussed in section 3, discard the residual N3 interac-
tion, and eventually perform the IMSRG(2) or MR-IMSRG
(2) evolution.

5.2. Ground-state calculations

As a first example, we consider IMSRG(2) ground-state cal-
culations for the magic nucleus Ca40 , using the single-refer-
ence version of the Brillouin hB generator, equation (101),
and different chiral +NN N3 interactions (figure 6). Globally,
sizable amounts of correlation energy are re-shuffled into the
zero-body piece of the Hamiltonian. We note that the specific
size of these contributions changes significantly with the
resolution scale. For +NN N3 400( ) with l = -2.24 fm 1, we
gain about 130 MeV of binding. For the Hamiltonian with
the lower resolution l = -1.88 fm 1, the HF reference state is

already significantly lower in energy, so the energy gains
from many-body correlations are less pronounced. This
behavior is expected as interactions become increasingly soft,
and thereby more perturbative (see, e.g., [32]). Note that the
final ground-state energies for l = -2.24 fm 1 and -1.88 fm 1

are almost identical, namely-376.1 MeV and-378.0 MeV.
As discussed in section 2, in ideal implementations, all results
should be invariant under arbitrary changes of l, which
appears to be satisfied to a high degree here. However, we
caution that the +NN N3 400( ) is tuned to minimize induced

¼N4 , forces [55, 90], so we have to reconsider the uncer-
tainties due to these omitted terms for other interactions and
observables (see, e.g., [150]).

In the rightmost panel of figure 6, we show the result of a
calculation with NNLOsat, which is considerably different
from the +NN N3 400( ) Hamiltonian. For instance, the HF
ground-state energy of Ca40 is merely -96.4 MeV, and the
binding energy gain due to the IMSRG(2) evolution is about
200 MeV, which is a first indicator that its resolution scale is
higher than that of the other two interactions used in the
figure. The softened +NN N3 400( ) Hamiltonians over-
estimate the binding energy compared to the experimental
value of -342 MeV [108] (see section 6.2), and yield a
charge radius of 3.0 fm, which is about 15% smaller than the
experimental one [151]. In contrast, NNLOsat is underbound
at the IMSRG(2) level, and the charge radius is about 0.1 fm
too large. In CC calculations with NNLOsat, the binding
energy at the CCSD(T) level is -326 MeV, [25], and we
expect a comparable result from a similar approximate treat-
ment of the next-level IMSRG truncation, denoted IMSRG
(3). Work in this direction is in progress.

Figure 6. IMSRG(2) flow for Ca40 using different chiral +NN N3 interactions, obtained with the single-reference version of the Brillouin
generator, equation (101) ( = =e E14, 14,max 3 max optimal w). We show the flowing ground-state energy E(s), and the sum of E(s) and
perturbative energy corrections evaluated with the flowing Hamiltonian H s( ), to illustrate the re-shuffling of correlations into the
Hamiltonian (see text). The dashed lines indicate the final IMSRG(2) energies.
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from the +NN N3 400( ) Hamiltonian. For instance, the HF
ground-state energy of Ca40 is merely -96.4 MeV, and the
binding energy gain due to the IMSRG(2) evolution is about
200 MeV, which is a first indicator that its resolution scale is
higher than that of the other two interactions used in the
figure. The softened +NN N3 400( ) Hamiltonians over-
estimate the binding energy compared to the experimental
value of -342 MeV [108] (see section 6.2), and yield a
charge radius of 3.0 fm, which is about 15% smaller than the
experimental one [151]. In contrast, NNLOsat is underbound
at the IMSRG(2) level, and the charge radius is about 0.1 fm
too large. In CC calculations with NNLOsat, the binding
energy at the CCSD(T) level is -326 MeV, [25], and we
expect a comparable result from a similar approximate treat-
ment of the next-level IMSRG truncation, denoted IMSRG
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• Freezing of nucleons in an inert core
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In the language of the renormalization group, He↵ is a fixed point of the RG flow.

One choice for ⌘(s), which is used in the calculations we will describe here is the White

generator (145, 169)

⌘Wh(s) ⌘ Hod(s)
�(s)

. (17)

For present and future use, we have introduced a convenient superoperator notation

(cf. (170)), in which we indicate division of the operator O by a suitably defined energy

denominator � is defined as

h�i|
O
�
|�ji ⌘

h�i|O|�ji
✏i � ✏j

(18)

which can be thought of as element-wise division. Here ✏i, ✏j are energies associated with

the basis states �i, �j . The quantity O
�

itself is an operator whose Fock-space expression is

O
�

=
X

ij

Oij

✏i � ✏j
a†
iaj +

1
4

X

ijkl

Oijkl

✏i + ✏j � ✏k � ✏l
a†
ia

†
jalak + . . . (19)

Returning to the flow equation, it is clear that if Hod ! 0, then ⌘ ! 0 and by Eq. (11)

we see that dH(s)
ds ! 0, so He↵ is indeed a fixed point of the flow. One potential issue

with the generator (17) is that a vanishing energy denominator will cause ⌘ to diverge. An

alternative, also suggested by White (169) (see also (171)), is

⌘atan(s) ⌘ 1
2
atan

✓
2Hod(s)

�(s)

◆
. (20)

The arctangent—motivated by the solution of a 2⇥2 system via Jacobi rotations—regulates

the divergent behavior of Eq. (17) in the presence of small denominators. The arctangent

and division by the energy denominator in Eq. (20) should be interpreted as operating

element-wise, as described above.
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Figure 2: A schematic representing of how the IMSRG approach obtains the e↵ective in-

teraction He↵ by progressively suppressing the o↵-diagonal terms of H. (a)s = 0, (b)s = 5,

(c)s = 30

The IMSRG is formulated in terms of Fock-space operators, and so its computational

cost scales polynomially with the basis size N , but not explicitly with the number of particles

being treated. In practical applications, we truncate all operators at a consistent particle

rank to close the system of flow equations arising from Eq. (11) (see Appendix A). We

also set up the decoupling conditions to be minimally invasive to avoid an uncontrolled

12 Stroberg, Hergert, Bogner, and Holt

modified 
valence-space  

decoupling

Stroberg et al.,  Ann. Rev. Nucl. Part. Sci (2019)
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• Valence-space IMSRG: modified decoupling 
yields ab initio shell-model interactions

• Freezing of nucleons in an inert core
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• Valence-space IMSRG: modified decoupling 
yields ab initio shell-model interactions

• Freezing of nucleons in an inert core

• Solve large-scale eigenvalue problem within 
an active space of limited size

• Example: spectroscopy of 48Ca with 40Ca core 
and neutron pf orbits as active space (green)
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Bohr-Mottelson shell ordering
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No-core: 48 particles in 2000 states

With core: 8 particles in 20 states
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• Qualitative reproduction of 
experimental spectra in 48Ca

Heinz, …, Tichai, arXiv:2411.16014
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FIG. 7. Low-lying excitation spectra of positive-parity states of 44Ca (left), 48Ca (center), and 52Ca (right). VS-IMSRG(2)
results are compared with VS-IMSRG(3)-N7 predictions using the truncations emax,3b = 6, E3max = 18 and experiment [69]. In
52Ca we show all states as most states do not yet have a spin and parity assignment.

comes from high-order effects [13]. Additionally, CC
calculations typically estimate the effect of triples for
charge radii to be on the order of 1% [26, 63]. These
uncertainty estimates are rough, but generally applicable
owing to the fact that coupled-cluster is a size-extensive
method. As the IMSRG is also size extensive, the insights
we provide here will be more broadly applicable, but
should still be considered a rough rule of thumb that can
be refined by actually performing a VS-IMSRG(3)-N7

calculation.

Table I lists IMSRG and VS-IMSRG results for sev-
eral quantities computed with the (VS-)IMSRG(2) and
(VS-)IMSRG(3)-N7 in 40Ca, 44Ca, 48Ca, and 52Ca. Our
IMSRG(3)-N7 corrections are always computed using our
largest model-space truncation, emax,3b = 6, E3max = 18.
For IMSRG(2) correlation energies Ecorr = EIMSRG(2) �

EHF, we find small corrections from the IMSRG(3)-N7

of around 2 MeV, which correspond to 1–2 % corrections
to the correlation energy. Recall that our remaining
model-space uncertainty is estimated to be 1.5 MeV,
meaning that this percentage is likely in the range 2–
3% for fully converged calculations. We note that the
VS-IMSRG(3)-N7 corrections are generally smaller than
the IMSRG(3)-N7 corrections. We understand this to be
a result of the exact treatment of part of the many-body
problem in the valence-space diagonalization. In 48Ca,
the valence-space diagonalization accounts for around
�78 MeV of the binding energy of the system. At the
same time, the valence-space decoupling is more com-

plicated than the single-reference decoupling, leading to
larger missing induced three-body interactions, which
the VS-IMSRG(3)-N7 partially resolves. This situation
seems to balance out such that IMSRG(3)-N7 corrections
to the correlation energy are smaller in valence-space
calculations than in single-reference calculations. Our
estimate for the general VS-IMSRG(2) uncertainty on
the correlation energy is thus 1–2%.

Charge radii are quantitatively well described at the
mean-field level, with only small corrections from the
IMSRG(2). The IMSRG(3)-N7 corrections are also small
(although not fully converged at emax,3b = 6, E3max = 18).
We see that on the total charge radius, the IMSRG(3)-N7

and VS-IMSRG(3)-N7 provide corrections of around
0.5 % at our truncations. Accounting for a similar further
increase from reaching full model-space convergence, we
estimate the IMSRG(2) and VS-IMSRG(2) uncertainty
for charge radii to be 1–1.5%. For the neutron skin, we
find larger relative corrections, which is to be expected
as Rskin is a differential quantity that is relatively small.
We already benefit from significant cancellations between
correlated changes to the point-proton and point-neutron
radii to give a smaller (VS-)IMSRG(3)-N7 correction to
Rskin than for instance Rch. It is likely based on Fig. 1
that our (VS-)IMSRG(3)-N7 predictions for neutron skins
are nearly fully converged at emax,3b = 6, E3max = 18, so
we conservatively estimate a (VS-)IMSRG(2) uncertainty
of 5–7.5 % on neutron skins.

Our work establishes that the VS-IMSRG(3)-N7 brings
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FIG. 7. Low-lying excitation spectra of positive-parity states of 44Ca (left), 48Ca (center), and 52Ca (right). VS-IMSRG(2)
results are compared with VS-IMSRG(3)-N7 predictions using the truncations emax,3b = 6, E3max = 18 and experiment [69]. In
52Ca we show all states as most states do not yet have a spin and parity assignment.

comes from high-order effects [13]. Additionally, CC
calculations typically estimate the effect of triples for
charge radii to be on the order of 1% [26, 63]. These
uncertainty estimates are rough, but generally applicable
owing to the fact that coupled-cluster is a size-extensive
method. As the IMSRG is also size extensive, the insights
we provide here will be more broadly applicable, but
should still be considered a rough rule of thumb that can
be refined by actually performing a VS-IMSRG(3)-N7

calculation.

Table I lists IMSRG and VS-IMSRG results for sev-
eral quantities computed with the (VS-)IMSRG(2) and
(VS-)IMSRG(3)-N7 in 40Ca, 44Ca, 48Ca, and 52Ca. Our
IMSRG(3)-N7 corrections are always computed using our
largest model-space truncation, emax,3b = 6, E3max = 18.
For IMSRG(2) correlation energies Ecorr = EIMSRG(2) �

EHF, we find small corrections from the IMSRG(3)-N7

of around 2 MeV, which correspond to 1–2 % corrections
to the correlation energy. Recall that our remaining
model-space uncertainty is estimated to be 1.5 MeV,
meaning that this percentage is likely in the range 2–
3% for fully converged calculations. We note that the
VS-IMSRG(3)-N7 corrections are generally smaller than
the IMSRG(3)-N7 corrections. We understand this to be
a result of the exact treatment of part of the many-body
problem in the valence-space diagonalization. In 48Ca,
the valence-space diagonalization accounts for around
�78 MeV of the binding energy of the system. At the
same time, the valence-space decoupling is more com-

plicated than the single-reference decoupling, leading to
larger missing induced three-body interactions, which
the VS-IMSRG(3)-N7 partially resolves. This situation
seems to balance out such that IMSRG(3)-N7 corrections
to the correlation energy are smaller in valence-space
calculations than in single-reference calculations. Our
estimate for the general VS-IMSRG(2) uncertainty on
the correlation energy is thus 1–2%.

Charge radii are quantitatively well described at the
mean-field level, with only small corrections from the
IMSRG(2). The IMSRG(3)-N7 corrections are also small
(although not fully converged at emax,3b = 6, E3max = 18).
We see that on the total charge radius, the IMSRG(3)-N7

and VS-IMSRG(3)-N7 provide corrections of around
0.5 % at our truncations. Accounting for a similar further
increase from reaching full model-space convergence, we
estimate the IMSRG(2) and VS-IMSRG(2) uncertainty
for charge radii to be 1–1.5%. For the neutron skin, we
find larger relative corrections, which is to be expected
as Rskin is a differential quantity that is relatively small.
We already benefit from significant cancellations between
correlated changes to the point-proton and point-neutron
radii to give a smaller (VS-)IMSRG(3)-N7 correction to
Rskin than for instance Rch. It is likely based on Fig. 1
that our (VS-)IMSRG(3)-N7 predictions for neutron skins
are nearly fully converged at emax,3b = 6, E3max = 18, so
we conservatively estimate a (VS-)IMSRG(2) uncertainty
of 5–7.5 % on neutron skins.

Our work establishes that the VS-IMSRG(3)-N7 brings

• Inclusion of triples contributions 
from IMSRG(3) improve energies

• Shell closure at 48Ca from large 
excitation energy of first 2+ state

• Keep in mind: residual interaction 
uncertainty is not accounted for

But even the reduced 
active space can be too large!
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Low-rank interactions
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• Application to partial-wave-decomposed 
three-body matrix elements
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Low-rank patterns:
Employed data representations

 is redundant.

Singular spectrum of three-body interaction

Tichai et al., PRR (2024)
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• Very few SVD components needed

~100 out of 15.000
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NN applications:  
Tichai et al., PRC (2019), EPJA(2019), PLB (2022), PRC(2023) 

Zhu et al., PRC (2022); Frosini et al. (2024)

• Reminder: chiral EFT is built from 
only ~20 parameters (LECs)
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Medium-mass nuclei
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• Matrix elements from transformation 
of low-rank 3N interactions

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., PRR (2025)
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Medium-mass nuclei
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• Matrix elements from transformation 
of low-rank 3N interactions

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., PRR (2025)

Chiral interaction have low-rank 
structures … what about the wave 

function?
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Nuclear tensor networks

• Factorized ansatz of the many-body 
function: matrix-product state (MPS)

19

• Novel many-body solver will solve for the 
factors themselves (       ) mean field 
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1  M <� exact

• Density matrix renormalization group: 
variational optimization of MPS

White, PRL (1992)
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Nuclear tensor networks

• Factorized ansatz of the many-body 
function: matrix-product state (MPS)

19

• Novel many-body solver will solve for the 
factors themselves (       )

• Systematically improvable by increasing 
the bond dimension M

mean field 
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1  M <� exact

• Density matrix renormalization group: 
variational optimization of MPS

White, PRL (1992)
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78Ni: Why DMRG?
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Energies vs. dimension of Hilbert space

• DMRG: economic representation 
of the many-body wave function

• Tensor networks select the 
important part of Hilbert space

• Robust convergence of DMRG 
energies at large bond dimension
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Tichai et al., PLB (2023)

• CI extrapolation: 2+ state exhibits 
linear convergence pattern

7p7h
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5p5h
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Quantifying entanglement 
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• Kink at 78Ni hints at neutron shell closure

see also Taniuchi et al., Nature (2019)
Tichai et al., PLB (2023)

• Entanglement through information science
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s� = �[n� logn� + n̄� log n̄�]

• Total entropy quantifies entanglement
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FIG. 4. Mutual information, ln Ii j, for 24O, 26Ne, and 28Mg obtained from VS-DMRG calculations in the sd-shell valence space.

1.8/2.0 NN+3N Hamiltonian, and the di↵erence is attributed
to truncated three-body operators in the VS-IMSRG [66, 71].
Finally, we note that the convergence with increasing bond di-
mension M is significantly slower in 78Ni, which is consistent
with the importance of higher particle-hole correlations in the
ground and excited states (see also Fig. 1).

Shell structure in sd-shell nuclei.– Following 78Ni, we ex-
plore shell structure in the sd shell based on the total entropies
obtained from VS-DMRG calculations using the VS-IMSRG
decoupled Hamiltonian from the same 1.8/2.0 NN+3N inter-
actions. Figure 3 shows the total neutron and proton entropies
for the oxygen isotopes and the N = 16 isotones 26Ne (Z = 10)
and 28Mg (Z = 12). Since an sd-shell valence space is em-
ployed, the proton entropy for the oxygen isotopes is identi-
cally zero in all cases. For the even-mass oxygen isotopes one
observes a pronounced kink in the single-orbital entropy at
N = 16, indicating the strong shell closure for 24O. A comple-
mentary analysis of the CI coe�cients reveals that the ground
state is dominated by the reference state (⇡ 92%) with ad-
mixtures from 2p2h-excitations (⇡ 7%), thus confirming the
weakly correlated nature of the many-body state. A less pro-
nounced kink is observed in 22O where the d5/2 shell is closed.
For odd-mass nuclei the entropy is lower compared to their
neighbors with an additional neutron due to the presence of
an unpaired nucleon. Note that the entropy of odd-mass nu-
clei depends on the particular value of the magnetic quantum
number MJ in the ground-state multiplet [72]. Here we con-
sistently show the entropy values for MJ = 1/2, but di↵er-
ences for di↵erent MJ are small, �Itot ⇡ 0.1, and thus do
not a↵ect our general conclusions. Finally, we note that the
neutron entropy for 27,28O vanishes due to the single Slater-
determinant ground state in the sd shell.

The correlations of 26Ne and 28Mg both reveal an enhance-
ment of the neutron total entropy induced by the presence of
valence protons (Fig. 3, right panel). Both nuclei admit for
more collective many-body states with enhanced mixing from
3p3h excitations (10%, 17% in 26Ne, 28Mg, respectively) and
4p4h excitations (12%, 15%). Deformation e↵ects present in

neon and magnesium isotopes cannot be captured within a sd-
shell valence space but require the inclusion for several major
shells [35, 73]. However, this poses challenges in the VS-
IMSRG decoupling which is beyond the scope of the present
paper and left for future studies [74].

A refined understanding of the individual correlation e↵ects
is obtained from the mutual information (MI). Figure 4 shows
the MI of the sd-shell orbitals for 24O, 26Ne, and 28Mg. In
the case of even-mass nuclei with J⇡ = 0+ ground states, the
MI for the di↵erent mj orbital substates are degenerate. The
large diagonal entries (black regions) in the proton-proton and
neutron-neutron subblock reflect pairing correlations between
time-reversed single-particle states [47]. In 24O, the homo-
geneous strength in the neutron-neutron blocks d5/2-d3/2 and
s1/2-d3/2, as well as the uniform MI background in the d3/2-
d3/2 blocks can be understood in terms of nucleon pair fluc-
tuations in generalized seniority-like states [61]. The proton-
proton block of the MI in 26Ne can be similarly understood,
and is very similar to the neutron-neutron-block in 18O (not
shown). The emerging structures in the proton-neutron blocks
in 26Ne and 28Mg share common features, e.g., the formation
of neutron-proton pairs built from mj = ±5/2 states. More-
over, both nuclei admit for enhanced couplings between neu-
tron d3/2 and proton d5/2 states. Similar trends have been re-
cently observed in no-core applications in 4,6He [62].

In this Letter we performed the first ab initio DRMG cal-
culations of medium-mass nuclei based on chiral NN+3N in-
teractions. Combining the DMRG with the VS-IMSRG leads
to a powerful hybrid many-body approach, the VS-DMRG,
that e�ciently accounts for static and dynamic correlation ef-
fects. The use of an MPS parametrization of the many-body
state is computationally superior to conventional CI expan-
sions, and enables convergence in large-scale valence-space
applications. As shown for 78Ni and in the sd shell, the VS-
DMRG through its entropy-based entanglement measures also
provides new insights to shell structure and correlations in nu-
clei. Moreover, the VS-DMRG is ideally suited for exploring
systems that are not captured starting from a single-reference
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1.8/2.0 NN+3N Hamiltonian, and the di↵erence is attributed
to truncated three-body operators in the VS-IMSRG [66, 71].
Finally, we note that the convergence with increasing bond di-
mension M is significantly slower in 78Ni, which is consistent
with the importance of higher particle-hole correlations in the
ground and excited states (see also Fig. 1).

Shell structure in sd-shell nuclei.– Following 78Ni, we ex-
plore shell structure in the sd shell based on the total entropies
obtained from VS-DMRG calculations using the VS-IMSRG
decoupled Hamiltonian from the same 1.8/2.0 NN+3N inter-
actions. Figure 3 shows the total neutron and proton entropies
for the oxygen isotopes and the N = 16 isotones 26Ne (Z = 10)
and 28Mg (Z = 12). Since an sd-shell valence space is em-
ployed, the proton entropy for the oxygen isotopes is identi-
cally zero in all cases. For the even-mass oxygen isotopes one
observes a pronounced kink in the single-orbital entropy at
N = 16, indicating the strong shell closure for 24O. A comple-
mentary analysis of the CI coe�cients reveals that the ground
state is dominated by the reference state (⇡ 92%) with ad-
mixtures from 2p2h-excitations (⇡ 7%), thus confirming the
weakly correlated nature of the many-body state. A less pro-
nounced kink is observed in 22O where the d5/2 shell is closed.
For odd-mass nuclei the entropy is lower compared to their
neighbors with an additional neutron due to the presence of
an unpaired nucleon. Note that the entropy of odd-mass nu-
clei depends on the particular value of the magnetic quantum
number MJ in the ground-state multiplet [72]. Here we con-
sistently show the entropy values for MJ = 1/2, but di↵er-
ences for di↵erent MJ are small, �Itot ⇡ 0.1, and thus do
not a↵ect our general conclusions. Finally, we note that the
neutron entropy for 27,28O vanishes due to the single Slater-
determinant ground state in the sd shell.

The correlations of 26Ne and 28Mg both reveal an enhance-
ment of the neutron total entropy induced by the presence of
valence protons (Fig. 3, right panel). Both nuclei admit for
more collective many-body states with enhanced mixing from
3p3h excitations (10%, 17% in 26Ne, 28Mg, respectively) and
4p4h excitations (12%, 15%). Deformation e↵ects present in

neon and magnesium isotopes cannot be captured within a sd-
shell valence space but require the inclusion for several major
shells [35, 73]. However, this poses challenges in the VS-
IMSRG decoupling which is beyond the scope of the present
paper and left for future studies [74].

A refined understanding of the individual correlation e↵ects
is obtained from the mutual information (MI). Figure 4 shows
the MI of the sd-shell orbitals for 24O, 26Ne, and 28Mg. In
the case of even-mass nuclei with J⇡ = 0+ ground states, the
MI for the di↵erent mj orbital substates are degenerate. The
large diagonal entries (black regions) in the proton-proton and
neutron-neutron subblock reflect pairing correlations between
time-reversed single-particle states [47]. In 24O, the homo-
geneous strength in the neutron-neutron blocks d5/2-d3/2 and
s1/2-d3/2, as well as the uniform MI background in the d3/2-
d3/2 blocks can be understood in terms of nucleon pair fluc-
tuations in generalized seniority-like states [61]. The proton-
proton block of the MI in 26Ne can be similarly understood,
and is very similar to the neutron-neutron-block in 18O (not
shown). The emerging structures in the proton-neutron blocks
in 26Ne and 28Mg share common features, e.g., the formation
of neutron-proton pairs built from mj = ±5/2 states. More-
over, both nuclei admit for enhanced couplings between neu-
tron d3/2 and proton d5/2 states. Similar trends have been re-
cently observed in no-core applications in 4,6He [62].

In this Letter we performed the first ab initio DRMG cal-
culations of medium-mass nuclei based on chiral NN+3N in-
teractions. Combining the DMRG with the VS-IMSRG leads
to a powerful hybrid many-body approach, the VS-DMRG,
that e�ciently accounts for static and dynamic correlation ef-
fects. The use of an MPS parametrization of the many-body
state is computationally superior to conventional CI expan-
sions, and enables convergence in large-scale valence-space
applications. As shown for 78Ni and in the sd shell, the VS-
DMRG through its entropy-based entanglement measures also
provides new insights to shell structure and correlations in nu-
clei. Moreover, the VS-DMRG is ideally suited for exploring
systems that are not captured starting from a single-reference
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1.8/2.0 NN+3N Hamiltonian, and the di↵erence is attributed
to truncated three-body operators in the VS-IMSRG [66, 71].
Finally, we note that the convergence with increasing bond di-
mension M is significantly slower in 78Ni, which is consistent
with the importance of higher particle-hole correlations in the
ground and excited states (see also Fig. 1).

Shell structure in sd-shell nuclei.– Following 78Ni, we ex-
plore shell structure in the sd shell based on the total entropies
obtained from VS-DMRG calculations using the VS-IMSRG
decoupled Hamiltonian from the same 1.8/2.0 NN+3N inter-
actions. Figure 3 shows the total neutron and proton entropies
for the oxygen isotopes and the N = 16 isotones 26Ne (Z = 10)
and 28Mg (Z = 12). Since an sd-shell valence space is em-
ployed, the proton entropy for the oxygen isotopes is identi-
cally zero in all cases. For the even-mass oxygen isotopes one
observes a pronounced kink in the single-orbital entropy at
N = 16, indicating the strong shell closure for 24O. A comple-
mentary analysis of the CI coe�cients reveals that the ground
state is dominated by the reference state (⇡ 92%) with ad-
mixtures from 2p2h-excitations (⇡ 7%), thus confirming the
weakly correlated nature of the many-body state. A less pro-
nounced kink is observed in 22O where the d5/2 shell is closed.
For odd-mass nuclei the entropy is lower compared to their
neighbors with an additional neutron due to the presence of
an unpaired nucleon. Note that the entropy of odd-mass nu-
clei depends on the particular value of the magnetic quantum
number MJ in the ground-state multiplet [72]. Here we con-
sistently show the entropy values for MJ = 1/2, but di↵er-
ences for di↵erent MJ are small, �Itot ⇡ 0.1, and thus do
not a↵ect our general conclusions. Finally, we note that the
neutron entropy for 27,28O vanishes due to the single Slater-
determinant ground state in the sd shell.

The correlations of 26Ne and 28Mg both reveal an enhance-
ment of the neutron total entropy induced by the presence of
valence protons (Fig. 3, right panel). Both nuclei admit for
more collective many-body states with enhanced mixing from
3p3h excitations (10%, 17% in 26Ne, 28Mg, respectively) and
4p4h excitations (12%, 15%). Deformation e↵ects present in

neon and magnesium isotopes cannot be captured within a sd-
shell valence space but require the inclusion for several major
shells [35, 73]. However, this poses challenges in the VS-
IMSRG decoupling which is beyond the scope of the present
paper and left for future studies [74].

A refined understanding of the individual correlation e↵ects
is obtained from the mutual information (MI). Figure 4 shows
the MI of the sd-shell orbitals for 24O, 26Ne, and 28Mg. In
the case of even-mass nuclei with J⇡ = 0+ ground states, the
MI for the di↵erent mj orbital substates are degenerate. The
large diagonal entries (black regions) in the proton-proton and
neutron-neutron subblock reflect pairing correlations between
time-reversed single-particle states [47]. In 24O, the homo-
geneous strength in the neutron-neutron blocks d5/2-d3/2 and
s1/2-d3/2, as well as the uniform MI background in the d3/2-
d3/2 blocks can be understood in terms of nucleon pair fluc-
tuations in generalized seniority-like states [61]. The proton-
proton block of the MI in 26Ne can be similarly understood,
and is very similar to the neutron-neutron-block in 18O (not
shown). The emerging structures in the proton-neutron blocks
in 26Ne and 28Mg share common features, e.g., the formation
of neutron-proton pairs built from mj = ±5/2 states. More-
over, both nuclei admit for enhanced couplings between neu-
tron d3/2 and proton d5/2 states. Similar trends have been re-
cently observed in no-core applications in 4,6He [62].

In this Letter we performed the first ab initio DRMG cal-
culations of medium-mass nuclei based on chiral NN+3N in-
teractions. Combining the DMRG with the VS-IMSRG leads
to a powerful hybrid many-body approach, the VS-DMRG,
that e�ciently accounts for static and dynamic correlation ef-
fects. The use of an MPS parametrization of the many-body
state is computationally superior to conventional CI expan-
sions, and enables convergence in large-scale valence-space
applications. As shown for 78Ni and in the sd shell, the VS-
DMRG through its entropy-based entanglement measures also
provides new insights to shell structure and correlations in nu-
clei. Moreover, the VS-DMRG is ideally suited for exploring
systems that are not captured starting from a single-reference

• Mutual information: pairwise 
correlations among orbitals
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• Superfluidity: clear signals of BCS-
type n-n and p-p correlations

• Suppression of n-p correlations 

Time-reversed pairs
<latexit sha1_base64="03QWTooa6Q0hYVNN/3A7/Nmxf7s="></latexit>

|n�jmti $ |n�j(�m)ti

Tichai et al., PLB (2023)

proton neutron
Two-body density matrix



A. Tichai Heavy Ion Coffee Seminar

Intermezzo: Nuclear deformation

23

• Closed-shell nuclei with N/Z = 8, 20, 
28, 50,… have spherical shapes

Spherical

β = 0



A. Tichai Heavy Ion Coffee Seminar

Intermezzo: Nuclear deformation

23

• Open-shell nuclei away from shell 
closures have deformed shapes

• Closed-shell nuclei with N/Z = 8, 20, 
28, 50,… have spherical shapes

Spherical

β = 0

Axial deformation

β < 0 β > 0

• Mass-independent deformation parameter

(difference in semi axis of ellipsoid)

<latexit sha1_base64="bX/cSw6qq4UHRsYhuE9VQDZtkUk="></latexit>r�
rz
= 1 + �

<latexit sha1_base64="RiIG+CYfV/hPLoqlueQVUO3b2pQ=">AAACK3icbZDLTgIxFIY7eEO8oS7dNBITV2SGEHSJceMSjFwSBkmnnIGGTmfSdkjIZF7Dt/AN3OoLuNK41PewXBYC/kmTv/85J6f9vIgzpW37w8psbG5t72R3c3v7B4dH+eOTpgpjSaFBQx7KtkcUcCagoZnm0I4kkMDj0PJGt9N6awxSsVA86EkE3YAMBPMZJdpEvbzteqAJdhULsOtLQhOXEzHggOu9pGSn2JXza5rcP5bwTdrLF+yiPRNeN87CFNBCtV7+2+2HNA5AaMqJUh3HjnQ3IVIzyiHNubGCiNARGUDHWEECUN1k9rMUX5ikj/1QmiM0nqV/JxISKDUJPNMZED1Uq7Vp+F+tE2v/upswEcUaBJ0v8mOOdYinmHCfSaCaT4whVDLzVkyHxPDRBubyFgnjNGewOKsQ1k2zVHQqxXK9XKhWFoCy6Aydo0vkoCtURXeohhqIoif0gl7Rm/VsvVuf1te8NWMtZk7RkqyfX9Mxpy8=</latexit>

� ⇠
hQ20i
R2A



A. Tichai Heavy Ion Coffee Seminar

Intermezzo: Nuclear deformation

23

• Open-shell nuclei away from shell 
closures have deformed shapes

• Closed-shell nuclei with N/Z = 8, 20, 
28, 50,… have spherical shapes

Spherical

• Characteristic energy patterns in 
rotational bands of deformed nuclei

<latexit sha1_base64="ZM1JmvD7MJixrURZEOsaHVuxODs=">AAACCnicbVDLSgMxFM3UV62Pjrp0EyxCRSgzItVlQQTpqoJ9QDsMmTTThiaZIckUytA/8A/c6g+4E7f+hHs/xLSdhW09cOFwzr2cywliRpV2nG8rt7G5tb2T3y3s7R8cFu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehu5rfHRCoaiSc9iYnH0UDQkGKkjeTbxXu/DnuKclgv1y/dC98uORVnDrhO3IyUQIaGb//0+hFOOBEaM6RU13Vi7aVIaooZmRZ6iSIxwiM0IF1DBeJEeen88Sk8N0ofhpE0IzScq38vUsSVmvDAbHKkh2rVm4n/ed1Eh7deSkWcaCLwIihMGNQRnLUA+1QSrNnEEIQlNb9CPEQSYW26Wk6RZDwtmFrc1RLWSeuq4lYr1cfrUq2aFZQHp+AMlIELbkANPIAGaAIMEvACXsGb9Wy9Wx/W52I1Z2U3J2AJ1tcv5neY5Q==</latexit>

EJ ⇠ J(J + 1)

β = 0

Axial deformation

β < 0 β > 0

0+
2+

4+

6+

rotational band (‘yrast’)

• Mass-independent deformation parameter

(difference in semi axis of ellipsoid)

<latexit sha1_base64="bX/cSw6qq4UHRsYhuE9VQDZtkUk="></latexit>r�
rz
= 1 + �

<latexit sha1_base64="RiIG+CYfV/hPLoqlueQVUO3b2pQ=">AAACK3icbZDLTgIxFIY7eEO8oS7dNBITV2SGEHSJceMSjFwSBkmnnIGGTmfSdkjIZF7Dt/AN3OoLuNK41PewXBYC/kmTv/85J6f9vIgzpW37w8psbG5t72R3c3v7B4dH+eOTpgpjSaFBQx7KtkcUcCagoZnm0I4kkMDj0PJGt9N6awxSsVA86EkE3YAMBPMZJdpEvbzteqAJdhULsOtLQhOXEzHggOu9pGSn2JXza5rcP5bwTdrLF+yiPRNeN87CFNBCtV7+2+2HNA5AaMqJUh3HjnQ3IVIzyiHNubGCiNARGUDHWEECUN1k9rMUX5ikj/1QmiM0nqV/JxISKDUJPNMZED1Uq7Vp+F+tE2v/upswEcUaBJ0v8mOOdYinmHCfSaCaT4whVDLzVkyHxPDRBubyFgnjNGewOKsQ1k2zVHQqxXK9XKhWFoCy6Aydo0vkoCtURXeohhqIoif0gl7Rm/VsvVuf1te8NWMtZk7RkqyfX9Mxpy8=</latexit>

� ⇠
hQ20i
R2A



A. Tichai Heavy Ion Coffee Seminar

Intermezzo: Nuclear deformation

23

• Open-shell nuclei away from shell 
closures have deformed shapes

• Closed-shell nuclei with N/Z = 8, 20, 
28, 50,… have spherical shapes

Spherical

• Increased electromagnetic transitions 
within rotational band: B(E2) strengths

• Characteristic energy patterns in 
rotational bands of deformed nuclei

<latexit sha1_base64="ZM1JmvD7MJixrURZEOsaHVuxODs=">AAACCnicbVDLSgMxFM3UV62Pjrp0EyxCRSgzItVlQQTpqoJ9QDsMmTTThiaZIckUytA/8A/c6g+4E7f+hHs/xLSdhW09cOFwzr2cywliRpV2nG8rt7G5tb2T3y3s7R8cFu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehu5rfHRCoaiSc9iYnH0UDQkGKkjeTbxXu/DnuKclgv1y/dC98uORVnDrhO3IyUQIaGb//0+hFOOBEaM6RU13Vi7aVIaooZmRZ6iSIxwiM0IF1DBeJEeen88Sk8N0ofhpE0IzScq38vUsSVmvDAbHKkh2rVm4n/ed1Eh7deSkWcaCLwIihMGNQRnLUA+1QSrNnEEIQlNb9CPEQSYW26Wk6RZDwtmFrc1RLWSeuq4lYr1cfrUq2aFZQHp+AMlIELbkANPIAGaAIMEvACXsGb9Wy9Wx/W52I1Z2U3J2AJ1tcv5neY5Q==</latexit>

EJ ⇠ J(J + 1)

β = 0

Axial deformation

β < 0 β > 0

0+
2+

4+

6+

rotational band (‘yrast’)

• Mass-independent deformation parameter

(difference in semi axis of ellipsoid)

<latexit sha1_base64="bX/cSw6qq4UHRsYhuE9VQDZtkUk="></latexit>r�
rz
= 1 + �

<latexit sha1_base64="RiIG+CYfV/hPLoqlueQVUO3b2pQ=">AAACK3icbZDLTgIxFIY7eEO8oS7dNBITV2SGEHSJceMSjFwSBkmnnIGGTmfSdkjIZF7Dt/AN3OoLuNK41PewXBYC/kmTv/85J6f9vIgzpW37w8psbG5t72R3c3v7B4dH+eOTpgpjSaFBQx7KtkcUcCagoZnm0I4kkMDj0PJGt9N6awxSsVA86EkE3YAMBPMZJdpEvbzteqAJdhULsOtLQhOXEzHggOu9pGSn2JXza5rcP5bwTdrLF+yiPRNeN87CFNBCtV7+2+2HNA5AaMqJUh3HjnQ3IVIzyiHNubGCiNARGUDHWEECUN1k9rMUX5ikj/1QmiM0nqV/JxISKDUJPNMZED1Uq7Vp+F+tE2v/upswEcUaBJ0v8mOOdYinmHCfSaCaT4whVDLzVkyHxPDRBubyFgnjNGewOKsQ1k2zVHQqxXK9XKhWFoCy6Aydo0vkoCtURXeohhqIoif0gl7Rm/VsvVuf1te8NWMtZk7RkqyfX9Mxpy8=</latexit>

� ⇠
hQ20i
R2A



A. Tichai Heavy Ion Coffee Seminar

Transitional nuclei at N=50

24

• Onset of nuclear deformation

<latexit sha1_base64="sMUIQNV8pBlg0m3fR5RMSmIyk28="></latexit>

E?rot ⇠ J(J + 1)

• Rapid transition between single-
particle-like and collective excitations

• Qualitative agreement with previous 
shell-model calculations

Spectroscopy of N=50 isotones

0 1 2 3 4 5
0

1

2

3

4

E
ı 4+
/E

ı 2+

harmonic (2.0)

rotational (3.3)

VS-DMRG
Nowacki et al. (2016)
VS-DMRG
Nowacki et al. (2016)

0 1 2 3 4 5

0

1

2

3

4

E
ı

[M
eV

]

EM 1.8/2.0
VS-DMRG (M=10240)

0+

2+

3.5

2.5

0+

2+

32

77

0+

2+

117

184184

0+

2+

47

177177

0+

2+

40

11

0+

2+

87

47

2+

4+

2+

4+

2+

4+

2+

4+

2+

4+

2+

4+

70Ca 72Ti 74Cr 76Fe 78Ni 80Zn

|c
0|2

Tichai et al., PLB (2024)

• Spectroscopy: DMRG extended to 
electromagnetic transitions

Nowacki et al., PRL (2016)
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(absent in ab initio simulations)

now the 0p-0h components amount to 33%. The distortion
of the spectrum is due to the mixing of the spherical and the
deformed 0þ’s. Thus, the doublet of 0þ states in 76Fe
signals the rapid transition from the doubly magic ground
state of 78Ni to the fully rotational case of 74Cr, where the
collective behavior is well established, and the neutron
4p-4h intruder becomes dominant in the yrast band, with a
2þ at 0.27 MeV and Eð4þÞ=Eð2þÞ ¼ 3 (see Fig. 3).
Collectivity persists to a lesser extent in 72Ti, whose 2þ

is at 0.41 MeV. There is no experimental information for
these nuclei yet. Table II shows the calculated BðE2Þ values
and spectroscopic quadrupole moments, which correspond,
in the well-deformed case of 74Cr, to βmass ∼ 0.32 and
βcharge ∼ 0.35 in very nice agreement with the results of the
CHF PES. In Table III, we display the occupation numbers
of the neutron and proton orbits above the N ¼ 50, Z ¼ 28
doubly magic closure. It is seen that in the neutron side,
they evolve from 2.7 neutrons excited in 78Ni to a
maximum of 4.9 neutrons in 74Cr, and down to 3.3 neutrons
in 70Ca. Importantly, we verify that in all the cases, all the
excited orbits have non-negligible occupations, as expected
in a pseudo-SU(3) regime, which, however, is only fully
dominant in 74Cr. In the proton sector, the p3=2 orbit is
preferentially populated, as should happen in the quasi-
SU(3) limit, except in 78Ni, where the proton collectivity is
rather of pseudo-SU(3) type. 70Ca is the most neutron-rich

nuclei in our palette and the one for which our predictions
are less dependable because of the far-off extrapolation of
the neutron ESPEs. It has a curious structure, more vibra-
tional than superfluid, with its ground state wave function
evenly split ð24=24=21=16Þ% between the ð0=2=4=6Þp-h
configurations, and a first excited 0þ state at about 500 keV
of doubly magic, N ¼ 50, Z ¼ 20, character.
Finally, we gather in Fig. 4, the evolution of the 2þ

excitation energies for the nickel and chromium chains. The
present calculations are complemented towards N ¼ 40,
with the results obtained using the LNPS interaction and
valence space [13]. It is seen that the magic peaks in the
nickels, at N ¼ 40 and N ¼ 50, disappear completely in
the chromiums: the fingerprint of the onset of deformation
and of the entrance in the IOIs. The same is indeed true
for the iron chain. The agreement of the SM CI
description with experiment may soon extend to full chains
of isotopes from the proton to the neutron drip lines, for
instance, from 48Ni and 44Cr (N ¼ 20) in the pf shell
with the KB3G interaction, to 80Ni and 76Cr (N ¼ 52)
using PFSDG-U.
In conclusion, it looks as if nature would like to replicate

the N ¼ 40 physics at N ¼ 50. Shape coexistence in
doubly magic 78Ni turns out to be the portal to a new
IOI at N ¼ 50, which merges with the well established one
at N ¼ 40 for the isotopes with Z ≤ 26. With this new
addition, the archipelago of IOIs in the neutron rich shores
of the nuclear chart counts now five members: N ¼ 8, 20,
28, 40, and 50.

This work is partly supported byMINECO (Spain) Grant
No. FPA2014-57196 and Programme “Centros de
Excelencia Severo Ochoa” SEV-2012-0249, and by an
USIAS Fellowship of the Université de Strasbourg.

Note added.—A paper describing the heaviest nickel
isotopes with “ab initio” methods has appeared in [30]
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FIG. 3. Theoretical spectra of the N ¼ 50 isotones with the
PFSDG-U interaction. In red the deformed intruder band of 78Ni.

TABLE III. Average number of p-h excitations and occupancies
of the neutron and proton orbits above N ¼ 50 and Z ¼ 28 for
several intruder states.

nνp−h nπp−h dν5=2 sν1=2 gν7=2 dν3=2 pπ
3=2 fπ5=2 pπ

1=2

78Ni 0þ2 2.7 2.3 1.1 0.8 0.4 0.4 0.9 1.0 0.4
76Fe 2þ1 3.0 1.4 1.2 0.8 0.6 0.4 0.8 0.4 0.2
74Cr 0þ1 4.9 1.6 1.8 1.1 1.2 0.8 1.1 0.3 0.2
72Ti 0þ1 4.8 0.9 2.2 0.7 0.6 1.3 0.7 0.1 0.1
70Ca 0þ1 3.5 0.0 1.9 0.3 0.2 1.1 0.0 0.0 0.0
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FIG. 4. 2þ energy systematics in the nickel and chromium
isotopic chains. Experimental data compared with calculations
using the LNPS [13] and PFSDG-U interactions.
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• Potential energy surface (PES) from 
Hartree-Fock-Bogoliubov calculation

• PES: energy as function of deformation

• Coexisting minimum for prolate shape
~1.7 MeV

Chiral interactions admit 
for deformed shapes!

~2.2 MeV
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H � � · (Q20 � hQ20i)

• HFB ground state breaks rotational 
symmetry and particle number

<latexit sha1_base64="zkkBX7WsNLwZ2srU2QOzpWPNLCg=">AAACDXicbVBNSwJRFH1jX2ZfUy7bDElgG5kJqZZSFC4NMgUVefO8ow/ffPDeHUkGf0M/oW39gHbRtt/Quj/SU2eR2oELh3Pu5VyOGwmu0La/jcza+sbmVnY7t7O7t39gHh49qjCWDOosFKFsulSB4AHUkaOAZiSB+q6Ahju8mfqNEUjFw+ABxxF0fNoPuMcZRS11zfxtt43whEn17npSbLuA9KxrFuySPYO1SpyUFEiKWtf8afdCFvsQIBNUqZZjR9hJqETOBExy7VhBRNmQ9qGlaUB9UJ1k9vzEOtVKz/JCqSdAa6b+vUior9TYd/WmT3Gglr2p+J/XitG76iQ8iGKEgM2DvFhYGFrTJqwel8BQjDWhTHL9q8UGVFKGuq/FFAmjiW7FWe5glTyel5yLUvm+XKiU036y5JickCJxyCWpkCqpkTphZExeyCt5M56Nd+PD+JyvZoz0Jk8WYHz9AmlNm7s=</latexit>

EHFB(�)
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EM 1.8/2.0

spherical IMSRGspherical IMSRG

• Improvement of bulk properties: 
ground-state energy

Particle-hole correlations
(generates ~200 MeV binding)

Exp: 642.5 MeV

• IMSRG destroys all intrinsic 
structure of the wave function

Rotational band is gone!

• Current IMSRG formulations:

• Next generation of IMSRG:

<latexit sha1_base64="pQSvAv9TAZwRxU4NBeLVhPDROCs="></latexit>

HIMSRG = ƒ (Hnucl, , , , ...)

<latexit sha1_base64="miK6nJuu6+dbOYCiCpNES/HAzzk=">AAACKnicbVDLSgNBEJz1GeMr6tHLYBAUJOyKRC9CwIN6EHxFhSSE2UmvGZydXWd6xbDsb/gVfoJX/QBv4lE/xElcwVdBN0VVNz1TfiyFQdd9cYaGR0bHxgsTxcmp6ZnZ0tz8mYkSzaHOIxnpC58ZkEJBHQVKuIg1sNCXcO5f7fT98xvQRkTqFHsxtEJ2qUQgOEMrtUvuXruJcIvp/sHJ8W5W3KbBCv3SVMJltkab1wnr5H21XSq7FXcA+pd4OSmTHIft0luzE/EkBIVcMmManhtjK2UaBZeQFZuJgZjxK3YJDUsVC8G00sHPMrpslQ4NIm1LIR2o3zdSFhrTC307GTLsmt9eX/zPayQYbLVSoeIEQfHPQ0EiKUa0HxPtCA0cZc8SxrWwb6W8yzTjaMP8eUXDTWZT8X5n8JecrVe8aqV6tFGuVfN8CmSRLJEV4pFNUiN75JDUCSd35IE8kifn3nl2XpzXz9EhJ99ZID/gvH8AS8Kmlw==</latexit>

HIMSRG = ƒ (Hnucl, )
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EM 1.8/2.0

spherical IMSRGspherical IMSRG

• Improvement of bulk properties: 
ground-state energy

Particle-hole correlations
(generates ~200 MeV binding)

Exp: 642.5 MeV

• IMSRG destroys all intrinsic 
structure of the wave function

Rotational band is gone!

• Current IMSRG formulations:

• Next generation of IMSRG:

We MUST inform the IMSRG 
about the internal structure (shapes)!

<latexit sha1_base64="pQSvAv9TAZwRxU4NBeLVhPDROCs="></latexit>

HIMSRG = ƒ (Hnucl, , , , ...)

<latexit sha1_base64="miK6nJuu6+dbOYCiCpNES/HAzzk=">AAACKnicbVDLSgNBEJz1GeMr6tHLYBAUJOyKRC9CwIN6EHxFhSSE2UmvGZydXWd6xbDsb/gVfoJX/QBv4lE/xElcwVdBN0VVNz1TfiyFQdd9cYaGR0bHxgsTxcmp6ZnZ0tz8mYkSzaHOIxnpC58ZkEJBHQVKuIg1sNCXcO5f7fT98xvQRkTqFHsxtEJ2qUQgOEMrtUvuXruJcIvp/sHJ8W5W3KbBCv3SVMJltkab1wnr5H21XSq7FXcA+pd4OSmTHIft0luzE/EkBIVcMmManhtjK2UaBZeQFZuJgZjxK3YJDUsVC8G00sHPMrpslQ4NIm1LIR2o3zdSFhrTC307GTLsmt9eX/zPayQYbLVSoeIEQfHPQ0EiKUa0HxPtCA0cZc8SxrWwb6W8yzTjaMP8eUXDTWZT8X5n8JecrVe8aqV6tFGuVfN8CmSRLJEV4pFNUiN75JDUCSd35IE8kifn3nl2XpzXz9EhJ99ZID/gvH8AS8Kmlw==</latexit>

HIMSRG = ƒ (Hnucl, )
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• Modern interactions via effective field theory: rooted in QCD

First-principles description of atomic nuclei

• Quantification of theory uncertainties: interaction + many-body

Major goal: controlled descriptions of structurally complex systems

Novel frameworks in nuclear many-body theory
• Low-rank properties present in chiral interactions

Science opportunity: link nuclear theory to heavy-ion collisions 

• Progress in many-body theory enables heavier and exotic systems

• Tensor networks leverage factorized form of wave function

• Importance of nuclear deformation in open-shell nuclei


