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Aim:

We compare the critical phenomena (e.g. phase
transitions, crossover) in proton-proton, proton-nucleus

scattering and in lepton-proton deep inelastic scattering
(DIS).
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Collective phenomena in proton-proton scattering and in
deep-inelastic (DIS) lepton-proton scattering have been
extensively studied, and both similarities but also
differences have been noticed between the two cases.

Significant differences related to the fact that while in
hadronic collisions two similar extended particles (hadrons
or nuclei) interact, in DIS the probe is a point-like particle (a
lepton radiating a photon).

One substantial difference: hadronic collisions are studied
in the c.m. (or lab.) system, but the DIS formalism
intrinsically connected to the infinite momentum frame.
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In both cases, creation of a new state of matter
formed by a soup of quarks and gluons, with
saturation and transition from uncorrelated collisions
of individual particles to collective phenomena.

We analyze the physics of these collective
phenomena in pp, pA (small systems), AA (large
systems), and in ep, eA (tiny systems) scattering at
high energies and high virtualities of the probe, in the
frame of the van der Waals (vdW) approach that may
serve as a clear and well defined bridge between the
two scenarios.
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The van der Waals equation of state describes the

pressure function in equilibrium systems of particles with
both repulsive and attractive interactions.

It predicts a first-order liquid-gas phase transition and the
corresponding critical point.
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In the canonical ensemble (CE) the vdW equation of state
has the following form:

| NT N* nT 5
p(T,n) = N 2 E g,

where ¢« > (O and |, ~ () are the vdW parameters
describing attractive and repulsive interactions,

respectively,and n = N/V is the particle number
density.
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Hadronic Scattering

Models employing a self-consistent mean field approach
are used to describe the properties of nuclear matter.

The presence of the liquid-gas phase transition in nuclear
matter has been experimentally detected.

Direct measurements of the nuclear caloric curve are
available.
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The vdW obtained pressure isotherms in (T, v) and (T, n) coordinates (v ~
1/“) obtained are shown in Flg 1 (results and figure from V. Vovchenko et al., Phys. Rev. Lett. 118

(2017) 18, 182301, e-Print: 1609.03975 [nucl.-th], doi: https://doi.org/10.1103/PhysRevLett.118.182301).

Predictions for finite temperature behavior
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Figure 1: Pressure isotherm in (a) (p, v) and (b) (p, n), calculated in the quantum van der
Waals equation of state. The full circle on the T=Tc isotherm corresponds to the critical
point. Shaded grey area in (b) accounts for the mixed phase region.
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The critical temperature is found to be T. ~ 19.7 MeV,
close to the experimental estimates.

At T<T.two phases appear: the gas and liquid phases
separated by a first-order phase transition, the mixed
phase region being shown by horizontal lines in Fig. 1.a
and by shaded grey area in Fig. 1.b.

Thus, the vdW equation with Fermi statistics applied to a
system of interacting nucleons predicts a first-order
liquid-gas phase transition with a critical endpoint.
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Statistical Models of DIS Structure Functions

We assume that in DIS, or exclusive deeply virtual
Compton scattering, the interior of a nucleon (or a
nuclei) is seen as a thermodynamic system that, as in
the case of nuclear and heavy-ion collisions, bears
collective properties governed by a EoS.

In the treatment of DIS structure functions (SF) by
means of statistical mechanics, the choice of the
appropriate coordinate system and the corresponding
variables are points that remain still unclear.
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We focus on the small-x singlet (gluon) component of
the SF, the extension to low-x and/or the non-singlet

(valence quark) contributions being straightforward:

XﬂIb

z-G(z,Q7) ~ exp [(z — Xo)/z] + 17 (2)

where x is the Bjorken (light-cone) variable, Xo is the
chemical potential, that for the gluon component can be

set to zero, and x is interpreted as the temperature
inside the proton.
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The dimensional energy E (or momentum k) variable has
been used in the statistical model of the SF, instead of x.

This is not a trivial kinematical problem, since
thermodynamics implies the presence of the
dimensional temperature in the statistical distribution
like k/T (be it of the Fermi-Dirac, Bose-Einstein, or
Boltzmann type), while the appearance of x as in needs
some extra modification.

This can be circumvent by using a dimensionless
temperature x=2T/m, where m is the proton mass, which
is a consequence of the transition from the rest frame to
the infinite-momentum frame.
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Accordingly:

Glz) ~ {?}{p(—ﬂ]

T

The Boltzmann factor in the denominator of eq. (2) can
mimic the large-x:(1-x)" factor in the SF, although it
should be reconciled also with the quark counting rules
appearing to the power n.
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One last point is also connected with the EoS expected
from the statistical distribution, since for an ideal gas of
particles:

P(T) = A " kdkexp(=k/T)

that due to radial symmetry can be rewritten as:
Ax E3dkexp(—k/T) .

and by making the change of variable y=k/T one trivially
arrives at the Stefan-Boltzmann EoS:

P{T} ~ T-l—I'J
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This has a physical interpretation: the large-x
component of the SF corresponds to a dilute perfect gas
of partons.

The low-x factor will affect the ideal Stefan-Boltzmann
EoS only when written as

instead of xP.

Carlos Merino at New Trends in High Energy Physics 2025 (NTHEP 2025)

Physics Department, Batumi Shota Rustavely University, Batumi (Georgia)

September 16th, 2025



aaaaaaaaaaaaaa

EXCELENCIA Sept. 1519
MARIA 2025
DE MAEZTU

As a consequence, the ideal Stefan-Boltzmann EoS will
be modified to:

P(T," N T-l—l'l
The relative contribution of this correction is negligible

at small x, but it increases with Q2 and decreasing x,
resulting in a gas-liquid phase transition.
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Usually the Q? dependence is neglected, either for
simplicity, or conceptually, by assuming that the
statistical approach applies to the SF for some fixed
input value of Q? from which it evolves according to the
DGLAP equation.
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We do not exclude high Q2 evolution of the SF, however
with the following caveats:

a) the SF show strong Q? dependence, already at low x,
below the perturbative DGLAP domain.

b) at large Q?, instead of the monotonic DGLAP
evolution, and due to the proliferation of partons, the
inverse process of parton recombination is manifest,
this process being essential in our interpretation of
the saturation as a gas-liquid phase transition.
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Thus we prefer to keep explicit Q2 dependence for all x
and Q<.

This dependence is mild in the gaseous region of point-
like partons (at large x), but it becomes significant
towards the saturation region (depending on both x and
Q?), where the point-like partons are replaced by finite-
size droplets of the partonic fluid.

We will treat this transition by using the classical van de
Waals equation.
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Gas-Fluid Phase Transition in the VdW EoS

We proceed to write an EoS describing the transition
from a parton gas to the partonic liquid, via a mixed
foggy phase, bv usina the van der Waals equation:

(P+Na/V3)(V - Nb)=NT,

where a and b are parameters depending on the
properties of the system, N is the number of particles,
and V is the volume of the container:

V(s)=7R"s), R(s)w ns

R(s) being the nucleus radius.
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For point-like particles (perfect gas), a=b=0:
pV =NT |
and, since N/V ~ T3, we get in this approximation:
T

to be compared with p ~ T4*0,
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On the other way, we can also write:

(P+a/V*)(V-b)=AT,
or, equivalently,

RT «a

v

The parameter b is responsible for the finite dimensions
of the constituents, related to 1/Q in our case, and the
term a/V? is connected to the (long-range) forces
between the constituents.
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From this cubic equation one finds the following critical
values in terms of the parameters a and b:

Ve=3b, p.=af(2TF ) T, = 8a/(27Rb)

The number of particles N(s) can be calculated as:

1
N(s) = fﬁ deFy(z,0?) .

where F,(x,Q?) is given by Eq. (1).
By reminding the kinematics:

=01 -1)/r+m’

which at small x reduces to s ~ Q%/x. The radius of the
constituent as seen in DIS is r; ~ 1/Q, hence its two-
dimensional volume is ~ Q=2.
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By introducing the reduced volume, pressure and
temperature:

P=PIE, V=] p. T=T/T.

the vdW equation can be rewritten as:

(P+3/V')(V-1/3) =83 (20)

This equation contains only numerical constants, and
therefore it is universal.

States of various substances with the same values of P,

Vand T are called corresponding states, so eq. (20) is

known as the vdW equation for corresponding states.
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The universality of the liquid-gas phase transition and
the corresponding principle are typical for any system
with short-range repulsive and long-range attractive
forces.

This property is shared both by ordinary liquids and by
nuclear matter.
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Two examples of EoS

i) one based on the Skyrme effective interaction and
finite-temperature Hartree-Fock theory

By using the EoS P = pkT — app* + a5(1 + a)p**7 |
where p=N/V is the density and a,, a; and ¢ are
parameters, 0=1 accounting for the usual Skyrme

interaction.

According to the law of the corresponding states this
equation is universal for scaled (reduced) variables.
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For these scaled variables the equation becomes:
P=3TIV-3V +1)V°,

This equation to be compared with
ii) the vdW EoS  P=8T/(3V-1)-3))*.

If we now write the vdW EoS in the form
o (OFy NT Ny T

PNV = ~(p)n =7 —F) =10

with n = N/V the particle number density, a the strength
of the mean-field attraction, and b governing the short-

range repulsion, we identify the particle number density
with the SF F,(x,Q?).

2
—an-
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In Fig. 2 we show the pressure-density dependence
calculated with a =5 GeV-2 and b=0.2 GeV-3:

P
30 /"/ i
20 o

10 e

-10

~20

Figure 2: The pressure-to-density dependence calculated, in arbitrary units, from Eq.(24).
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Notice that while this equation is sensitive to b (short-
range repulsion), it is less so to a (long-range attraction).

Representative isotherms in this figure:

i) the dark blue line (second from the top) being the
critical one, T.=8a/27Db.

i) Above this temperature (top line, in pale blue), the
pressure rises uniformly with density, corresponding to
a single thermodynamic state for each P and T.

iii) For subcritical temperatures, 0<T<T,_ (red lines), on
the contrary, the function P(n) presents a maximum
followed by a minimum.

The coexistence phase can be determined by a Maxwell
construction.
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Mapping the Saturation Region in DIS onto the
spinodal region in vdW EoS

To make the correspondence between the EoS with its

variables P, T, v, etc. to the experimental observables,
depending on the reaction kinematics, is the most
delicate and complicated point in the thermodynamic

description of any high-energy collisions, in particular of
DIS.
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Attempts to link two different approaches, based on the
S matrix (scattering amplitude, cross sections) and on
their collective properties (statistical mechanics,
thermodynamics, equation of state), to hadron dynamics
already exist (e.g.L L. Jenkovszky et al., Int. J. Mod. Phys. A25 (2010), 5667, contribution to
CPOD 2010, e-Print: 1009.1632[hep-ph], doi: https://doi.org/10.1142/S0217751X10051104).
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-The description of critical phenomena (phase
transitions) in hadronic processes and DIS is presented.

-The formalism and most characteristic features in both
cases are exposed and compared by stressing the main
similarities and differences.

-To get the mapping of the saturation region in DIS onto
the spinodal region in the vdW EoS further detailed
studies and advanced numerical calculations are
needed.
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