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What Are (Q-balls?
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(Q-balls are a classical collection of Q scalar
particles with some attractive interaction and
conserved U(1) charge.

U(1) forbids particle annihilation.

Q-balls are the field configurations with
minimum mass (energy) for given charge.
Stable against fission into smaller Q-balls.
Stable against “evaporation” via emission of
individual particles.

[Coleman, 1985]



‘Mathematical Formulation of a -Ball

We start with the complex scalar field Lagrangian

= |0,91" = U (1¢])

We start with the Q-ball ansatz:

d(x,t) = %f(?“)@i“t, x| o p

Equation of motion takes the following form

d 1
V=0 V() x jw’ ~U(9)

2
With this ansatz we get rid of the time dependence and reduce to one
dimensional problem.

f(p) + f()



‘Analogy to One-Dimensional Mechanics Problem

Equation of motion:

d s
F'(0) 4|28 o)+ 47V (1) =0 p— time
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P . .
f — spatial coordinate

Effective Potential:
1
V(9) o 5w2¢% = U(9) l
V A .

[Coleman, 1985]
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Boundary
conditions
f(0) =0
f(0)=0
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Polynomial Potential

[2<p<q}

U(lol) = mglgl® — Blol" +€lo|*

Physical potential:

Effective potential:
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» Bigger kx means taller peak
* Kk « 1 leads to the thin-wall limit

[Heeck, Rajaraman, Riley, Verhaaren, 2021,
“Understanding Q-Balls Beyond the Thin-Wall Limit” ]
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« Larger p or ¢ means sharper hill
* p is more significant
[Heeck, Sokhashvili, Phys. Rev. D 107 (2023)]



‘Coleman’s Thin-Wall Limit (k < 1)

2 d

Equation of motion: (p)+ = p) + @V(f)

k=0

Energy conservation: % P+ V(s ) ,.—g =0

: : o 1
Profile solution: p(f) =R — df —
2/3 —2V(f)

k=0

Equidistant exponents: p=24n, q=2+2n

Original potential:

U(lgl) = mglgl* — Blol + &lg|

fp) = [1 - (Er - 1) e”(p_R)] B

2n
(2 4+ n)K?

[Heeck, Sokhashvili, Phys. Rev. D 107 (2023)]
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Coleman approximated with a step-function

Initial

[Coleman, 1985]
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Important Integrals
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‘General Exponents

Find corresponding n for arbitrary p and g: T T T T
R 10 — p=3,g=8,n=15 -
p i — p=4,9=8,n=23
> ﬁ Tl(p,C]) 08__ — p=8,g=10,n=51 |
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q_ 3 06} :
04f ]
Effective potential: 09 ;
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‘General Exponents Data
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Still excellent
agreement for k < 0.8.

Still works better for
larger exponents.

Naturally, works
better somewhat
equidistant
exponents.

Still holds for
completely non-
equidistant ones.
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UV Completion

Original potential : [/ (|¢|) = m qzs|gb|2 —[5|¢|p +& |gb|q}—[N0n—renormalizable terms]
UV potential: Ulp,v] = mg|o]* + 5miv® +blo|* + clo|*y +d|o[*y? + e® + ay*
U(1) particle == ¢(x,t) = iwt% (|z|) Q=i / d*z (¢70°¢ — ¢0°¢") = <m§ Tbig‘})m / T dppi s
Mediator == 9(x,1) = toh(|x|) M=wQ - _m; - [dpr G2+ w%(lfﬂ xtra term)
[ Massive medlator]
Equations of motion: 0,,0"¢ + e =0
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UV Completion Example (p =4 & q = 6)
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'Friedberg-Lee-Sirlin Model (FLS)

FLS Lagrangian is
1
= [Upu S0uX0 X — s X
9,01 + 50,00 x — U (9], v)
where
1
U(I8],x) = *Xx7|¢* + 297 (X" = Cac)]

Similar to Q-balls ansatz
d(x,t) = poe” f(|x|) x(x,t) = xoh(|x|)

The equations of motion read
1% 2 ov

f"(p) + —f( )+ =+ =0 h'(p) + =h'(p) + 0

af p

[Friedberg, Lee, and Sirlin, 1976, “Class of scalar-field soliton solutions in three space dimensions” ]
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Friedberg-Lee-Sirlin Model (FLS)

Equations of motion:

!/ 2/ aV_
f (p)+;f(p)+a—f—0

/1 g/ 8_V_
h (p)+ph(p)+ah =

0

Assuming k < 1
2

h=1 — f'+Zf +fk*=0,
p

2
h=0 — f”—|—;f’+fﬁ:2—f:0

Boundary conditions:
© F0)=0 + f(e)=0

* fis smooth

[Work—Friction calculationJ [Rh — : ]




FLS Soliton Profiles
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[J. Heeck and M. Sokhashvili, Eur. Phys. J. C 83 (2023)]




‘Radii and Integrals
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Charge and Energy

Small k, Large n Small x, small n is qualitatively similar.

Q=L R (1+i+ 12 +O(R; ))

2
2d Rp Rh Different from Q-balls
v — 27/47T771/4m¢ Q3/4 ( 3nt/4 O(Q‘%)
= +  For Q-balls both @ and E simpl
3\/3 29/ 4 \/an/ 4 sc?;le wi’?h ih: solitoaril Voluiln;.p Y

Large x, Small n

127 0.584 1.82 1 /1827 _
Q) = 72 2 1 — B (R_> + O(Rh4) Different from Q-balls
h h
d4Q2
M= myQ [1 ~ 264705812 + O(Q4)] Similar to Q-balls

[J. Heeck and M. Sokhashvili, Eur. Phys. J. C 83 (2023)]






‘Traditional Approach by Sidney Coleman

Analogy to one-dimensional mechanics problem

(

|4

4

A

[Coleman, 1985]
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‘Tunneling Potential Approach

0.30

: Instead of using the field ¢ as a variable we rewrite everything
0.25 in terms of the “total energy™:
0.20
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| = ¢4V
. &+ V(9)
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2 d
¢"(r) + —¢'(r) + d)V(qﬁ) =0 EOM > 38(¢) = 2V'(9)] E'(9) = 4[E() — V(9)|E"(9)
iR % J2E = V)
Q= 0 / drr?¢? | |U(1) Charge » |Q[€] = 167w / P*deo
(mqb wy )/ - 4] 0 (5’)2

%0 _ 3/2
M =w@ + iy /dr’r ¢ Mass > M[E] = w@ + 16—7T/ 2 - V) do
0

3ﬁ/m¢ — wp 3 (8,)2




Estimates of The Energy
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Linear >

Quadratic >

Cubic >

(3 — V') E = 4(E — V)E"

Instead of solving this differential equation

we will minimize M for given Q.

Quartic >

6
81 — -
(6) = Vo
£,(6) = £1(6) + % (200V] — 3V3) (6 — d0)
2¢

£3(9) = £2(0) + 557 (9Vo — 3V0) (¢ — o)
£4(9) = &5(0) + aad”(& — o)

First three levels of approximation emerge by
demanding boundary conditions at the origin and ¢,.
One can leave a4 to be a free parameter and minimize
the Q-ball mass with respect to both a4 and ¢,.
Alternatively, a, in the Quartic approximation can be
determined by demanding that €(¢) satisfies EOM at
some intermediate point.



‘Example 1: Polynomial Potentials
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: « Dashed red line is an analytic approximation in the thin-
e wall (k « 1) limit. [Heeck, Sokhashvili, Phys. Rev. D 107 (2023)]
104} o 1 « “Energy” estimates describe both the field and the energy
~ 1000; : g ; integral with increasing accuracy.
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‘Example 2: Flat Potential
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Dashed red line is an analytic approximation in the
large Q-ball (k « 1) limit.

Here we used a, as a free parameter and minimized Q-ball
energy with respect to both ¢, and a,.

Varying a,:
« Takes longer than basic tunneling approach

- Still takes orders of magnitude less time than the
classical numerical approach

« Improves the accuracy over the one-parameter
tunneling approach

M « Q3/* just like in the FLS for large solitons.



Summary

» Introduced the mechanical analogy solution to Q-balls by Coleman.

* Generalized the case of p = 4 and g = 6 to arbitrary exponents.

« Compared Q-balls to FLS solitons.

» Introduced the alternative approach via minimizing the “total energy” of a particle from that analogy.

« Demonstrated the effectiveness of this approach in two examples distinct examples.

This talk is based on following papers:

« J. Heeck and M. Sokhashvili, “Q -balls in Polynomial Potentials”,
Phys. Rev. D 107 (2023)

« J. Heeck and M. Sokhashvili, “Revisiting the Friedberg—Lee—Sirlin Soliton Model”,
Eur. Phys. J. C 83 (2023)

« J.R. Espinosa, J. Heeck and M. Sokhashvili, “Revisiting the Friedberg—Lee—Sirlin Soliton Model”,
Phys. Rev. D 108 (2023)
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