1.) Introduction and Basic Ideas

s < in the end and after all it should be a kind of circular machine“
-2 need transverse deflecting force

Lorentz force F= q *X"' VxB )

typical velocity in high energy machines: v=c=~3*10° n

Example:

B=I1T — F-= q*3*108’:*1—2

m technical limit for el. field:
M
F =¢%300 —V MV
m E<l—
— m

equivalent el. field ... E




old greek dictum of wisdom:

if you are clever, you use magnetic fields in an accelerator wherever

it is possible.

The ideal circular orbit

condition for circular orbit:

Lorent; force F, L=ev B
m, v*
centrifugal force F,,, L™
P
ym, v\

S
circular coordinate system

=Bp

Q|

B p = "beam rigidity"

The Magnetic Guide Field

Example LHC:
B=83T
p=70002Y
c
p=253km —— 2np=17.6km
=66%
rule of thumb: ~03 B [T]

1
; i plGeV/cl

Magn. Induktion B(T)

Toorcs A%
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field map of a storage ring dipole magnet

convenient units:

2] ]

c

swhormalised bending strength“




& Example LHC:

. Nm‘!n

7000 GeV Proton storage ring
dipole magnets N = 1232

delleB=2np/e

[=15m
q=+le g
B 27000 107V _oop
1232 15m 310°™
S

2.) Quadrupole Magnets:

required:  focusing forces to keep trajectories in vicinity of the ideal orbit
linear increasing Lorentz force

linear increasing magnetic field B =gx B =gy

normalised quadrupole field:

gradient of a _ 2uynl
quadrupole magnet: 8 = @
- k=%
ple

N . g (T /m) LHC main quadrupole magnet

simple rule: =03 "7/
v p(GeV1c) g~25..220 T/m

what about the vertical plane: VxB ZX‘_ %l:{ -0 - 0B, _ B,

.. Maxwell 0x ay




3.) The Equation of Motion:

Bx) _1 + kx + — x2+l x>+ ...
ple P 2! 3

only terms linear in x, y taken into account dipole fields

quadrupole fields

‘ Separate Function Machines:

r % : .
i i AL - N R Split the magnets and optimise

g I{; s __f‘" fﬁﬁ I el them according to their job:
[ o — N N ,;',i, ;
} ™ & N & J bending, focusing etc
’J b * ": \ .
I AR
- = e Example:

heavy ion storage ring TSR

man sieht nur

dipole und quads > linear

The Equation of Motion:

d*p  (doY
general radial acceleration a4, =———p| —
dt dt

general trajectory: p >p +Xx

2
F=md—2(x+p)— my
dt X+p

2

oB,
=eByv By=BO+X7
" 1
X +x(—2—k)=0
P
%

Equation for the vertical motion:

5 no dipoles ... in general ...
1

k < -k quadrupole field changes sign

y'+ky=0




4.) Solution of Trajectory Equations

Define ... hor. plane: K = 1/,02 -k

”n
X +Kx=0
...vert. Plane: K =k

Differential Equation of harmonic oscillator ... with spring constant K

Ansatz: x(s) =a, -cos(ws) +a, -sin(ws)

general solution: linear combination of two independent solutions

X'(s) = —a,w sin(w s) + a,w cos(ws)

x"(s) = —a,0” cos(ws) - a,w” sin(ws) = —w*x(s) — w=VK

general solution:

x(s)=aq, cos(vKs)+ a, sin(\/fs)

determine a, , a, by boundary conditions:

x(0)=x, , a =x
s=0 B —— { xé

X0 =x, . a,=

=)

Hor. Focusing Quadrupole K> 0:
1
x(s) = x - cos(4 l‘K‘s) + x; ~fsin(1 /‘K‘s)
N
xX'(s) = —xo "+ /‘K‘ - sin(4 /‘K‘s) + X, - cos(4 /‘K‘s)

For convenience expressed in matrix formalism: s=s
0

X X
=M, *
(xl)sl r (x,)sﬂ

1
cos(4/|K|s) sin(,/|K|s
N
—JK]sin([[K]s)  cos(|[[K]s) X

anc=




hor. defocusing quadrupole: e |_
x'-Kx=0

Remember from school:

f(s)=cosh(s) , f'(s)=sinh(s)

Ansatz: x(s) = a, -cosh(ws) + a, *sinh(ws)

1
coshJ‘K‘l sith‘K‘l
VIK|
JIK|sinh K1 cosh [K]/

def oc=

drift space: L/
K=0 Mdriff=(0 1

! with the assumptions made, the motion in the horizontal and vertical planes are
independent , ... the particle motion in x & y is uncoupled“

Transformation through a system of lattice elements
combine the single element solutions by multiplication of the matrices

focusing lens

M, =M,*M,*M,,* M *M ‘ : K
total OF D oD Bend D*..... s : 2\, ,}/ dipole magnet
o . defocusing lens
([ x [ x)
o= Mis,s)t |
| f 2 \ X/ court. K. Wille

in each accelerator element the particle trajectory corresponds to the movement of a

harmonic oscillator ,,

X(s) Talenannannen una Envalosse

typical values
in a strong

foc. machine:
x=mm,x < mrad|




Question: what will happen, if the particle performs a second turn ?

... or a third one or ... 10" turns

Teilchenbohnen und Enveloppe

0| .-
£
S
Astronomer Hill:

differential equation for motions with periodic focusing properties
»Hill‘s equation

Example: particle motion with
periodic coefficient

equation of motion:

x"(s)=k(s)x(s)=0

restoring force # const, we expect a kind of quasi harmonic
k(s) = depending on the position s

oscillation: amplitude & phase will depend
k(s+L) = k(s), periodic function on the position s in the ring.




5.) The Beta Function

General solution of Hill’s equation:
M x(s)=eJB(s) cos () +9)

&, @ = integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice — quadrupoles

B(s+L)=p(s)

Inserting (i) into the equation of motion ...
s ds

() = [

{ B(s)

Y(s) =,,phase advance“ of the oscillation between point ,,0“ and ,,s“ in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune“

1 ds
% =255

The Beta Function

Amplitude of a particle trajectory:

-
X(5) =g "4/ f(5) * cos(yn(s) + ¢)

Maximum size of a particle amplitude

i(s) =eB(s)

p determines the beam size
(... the envelope of all particle
trajectories at a given position
“s” in the storage ring.

It reflects the periodicity of the
magnet structure.




6.) Beam Emittance and Phase Space Ellipse

general solution of M x(s)=e VB (s) cos@(s) +¢)

Hill equation \/7
2  x(s)= —ﬁ fe(s) cos@p (s) + ) +sin@p (s) + )}
from (1) we get

-1
a(s)= 2L p(s)
cos@p(s) + ) =2 2

Ve \[B(s) o) 1+a(s)

. . B(s)
Insert into (2) and solve for ¢

£ =7(5) x°(s) +2a(s)x(s)X'(s) + B(s) x"*(s)

* & is a constant of the motion ... it is independent of ,,s“
* parametric representation of an ellipse in the x x‘ space
* shape and orientation of ellipse are given by a, 5, y

Beam Emittance and Phase Space Ellipse

£ =7(8) X*(s) + 2a(s)x(s)x'(s) + B (5) x"* (s)

Liouville: in reasonable storage rings
area in phase space is constant.

A = m*e=const

Jor
/,/

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely speaking: area covered in transverse x, x” phase space ... and it is constant !!!




Phase Space Ellipse

£ =7(5) x°(s) + 2a(s)x(5)x'(s) + B(5) x”(s)

2
x
+2axx' + 8- x"

—o-xxqef - X’

B

... solve forx” x|, =

als) =‘71ﬁ’<s>

1+oc(s)2

B(s)

y(s)=

Jor
/

shape and orientation of the phase space ellipse
depend on the Twiss parameters f a y

Particle Tracking in a Storage Ring

Calculate x, x° for each linear accelerator
element according to matrix formalism

plot x, x’as a function of ,s"

Xt 0 -

-10

=10

10



... and now the ellipse: A beam of 4 particles
each having a slightly different emittance:

note for each turn x, x“at a given position ,s;" and plot in the
phase space diagram

0.04 - .

&
?

oy

+
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Fa ot
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+
+F

-0.04 - -

1 1 1
-0.1 0 0.1

Xn,1-%n,2-%n,3-%n,4

Emittance of the Particle Ensemble:

x(s) = Ve +[B(s) -cos(¥(s) +¢) £(s) =Je+[B(s)

2 gX:

Gauf px) = e
Particle Distribution: 270,

particle at distance 1 ¢ from centre
— 68.3 % of all beam particles

single particle trajectories, N = 10 ! per bunch

LHC:  f=180m

e=5*10"mrad

O =4Je*B =510 m*180m = 0.3 mm

2 T T T T T T T

aperture requirements: r ,= 12 * ¢

02 013 01 -00s ) 005 o1 015 02
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The FoDo-Lattice

A magnet structure consisting of focusing and defocusing quadrupole lenses in
alternating order with nothing in between.

(Nothing = elements that can be neglected on first sight: drift, bending magnets,
RF structures ... and especially experiments...)

pret . alzz W02 3, Lumi-Upgrode version lI—4 ) Gav /37.5 Gev, Stordord Datik

Starting point for the calculation: in the middle of a focusing quadrupole
Phase advance per cell p = 45°,
- calculate the twiss parameters for a periodic solution

7.) Liouville during Acceleration

£ =y(s) X*(5) + 20(8)x(5)x'(s) + B(s) X" (5) x

Jer .

Beam Emittance corresponds to the area covered in the /

X, x " Phase Space Ellipse

Liouwville: Area in phase space is constant.

But so sorry ... &# const!

Classical Mechanics:

Pphase space = diagram of the two canonical variables
position & momentum

X Py

oL

p;= % ; L=T-V =kin. Energy— pot. Energy
j

12



According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

q = position =x i
P = momentum = ymy = mcyf}, o Bo= ;
Liouvilles Theorem: fp dq = const
for convenience (i.e. because we are lazy bones) we use in accelerator theory:
dx dx dt
x’=7=77=& where .=v. ./ c
ds dtds f
[ pdg=me[yp.dx
f pdq=mcyp f x'dx , 1 the beam emittance
—— = &= [xdxx E shrinks during
e acceleration ¢~1/y

Magnet—ar

Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980

emittance ¢ (40GeV) =1.2*107
£(920GeV)=5.1*10"°

Magnet—qr

Anzahl Sigma 7

7 6 beam envelope at E = 40 GeV

° ...and at E = 920 GeV

Anzahl Sigma 7
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B (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y - in both planes.

o« eh

2.) At lowest energy the machine will have the major aperture problems,
> here we have to minimise B

5000. LHC Error Analysis _ MAD-X 3.00.03 03/12/08 10.32.07

4500. 4 B B
3.) we n.ee'd different beam' optics adopted to the energy: |
A Mini Beta concept will only be adequate at flat top. 350 ]
3000. A
2500. 4
2000. 4
00, e 1500, 1
550.
S500. 1000. 4
450. 500.
400.
350, 0.0 " . y
300, 0.0 8.01 16.02 24.03

250. Momentum offset = 0.00 %
200. 4
150.
100.
50.
0.0

s(m) [*10%* 3)]

LHC mini beta
optics at 7000 GeV

0.0 81 162 243 LHC injection
Momentum offser = 0.00 % ) [10%( 3 optics at 450 GeV

8.) Problem: panta rhei... RF Acceleration
(Heraklit: 540-480 v. Chr.)

The , Ap / p # 0" Problem

Energy Gain per ,Gap":

W =qU,sinwg.t

Bunch length of
Electrons = Icm

t - -
£, = SO0MH: A= 60 em
c=Af
A=60cm
sin(90°) =1
) G0°) AU 60 10°
sin(84”) = 0.994
; 8 10107
typical momentum spread of an electron bunch: i

14



9.) Dispersion:

x”_,_x(i_k):Aip.i
2
o) p P

general solution: x,(s)+K(s) x,(s)=0
x(s) = x,(s)
)+ K(5) () = -2
p p

Normalise with respect to Ap/p:

x;(s)

Ay
p

D(s) =

Dispersion function D(s)
* is that special orbit, an would have for Ap/p =1
* the orbit of any particle is the sum of the well known x;, and the dispersion

* as D(s) is just another orbit it will be subject to the focusing properties of the lattice

Dispersion

Example: homogeneous dipole field =y | e~/
%; 8 g & :ﬂ % ; />0
& S P it for Ap/p >

x(s)=xp(s)+ D(s)-A—p
p

920 Cet, 199, aat. st 0w 8. Ao Naman

Amplitude of Orbit Oscillation Example b

contribution due to Dispersion ‘ M
= beam size Xp =1..2mm

->Dispersion must vanish at D(s)=1..2m

the collision point

Af/z1-10'3
P

15



Dispersion is visible

HERA Standard Orbit

Ay gy |Il.l,mlln_

e 0 W
-

o Menchne - HERAY Prownen L
o Conms  Cme Vit FasSaw | Enuge | B2 Mg [ 538
[Gomdone =] [t =] | Xiwee| D0 [ 539 | Swem 04
Oy Ziwa [t [ SeeN TR g i
MBENEAN  UOBEDZ  ap awmml [ G fpeeie bpn
s vt
[Chomeiorta iy te ] mattosen [Buweh | save oot

HERA Dispersion Orbit

dedicated energy change of the stored beam
2 closed orbit is moved to a B —
dispersions trajectory

I Py
| / 5 "- - ' i | Fmm .

A
x,=D(s )P e — 7
p : : : :
/ﬁ il "'Il'l';I['lIllll"‘III"""”"'"I'" e
Attention: at the Interaction Points o Covm e L
. , Gowodoon =] [smobt =] | Xihou [ 205% [2372 | Smm 4T || Sis [wiong
we require D=D = () o 727 =l VO N (P
Feb 08230916 2006 20060208 230715 dp  ave | [1402 | [geladen] hpHOn Relosse | " E
11.) Luminosity
Pp2-Bunch

10 1 particles
pIl-Bunch

10 1 particles

Example: Luminosity run at LHC

By =055m fo=11.245kH?

e, =5+10" rad m n, = 2808 . 11

o, =17 um — S *%_ P17 p2
4me” f,n, O©,0,

1,=584md

L=1.0%10" %mzs

16



Mini-g Insertions: Betafunctions

A mini- insertion is always a kind of special symmetrid\drift space.

—greetings from Liouville W
a =0
y* _ 1+a2 _ I I D Y __ “ %

at a symmetry point f is just the ratio of beam dimension and beam divergence.

So00. LIIC Error Analssts— MADX 300,03 00105 103207

4500,
4000,
3500.
3000.
2500,
2000
1500.
1000.
500.

0.0
0.0 8.01

(m) [*10°% 3)]

2 f*=55cm, c*=16um

17



APPENDIX: The equation of motion:

Linear approximation:

* ideal particle > design orbit

* any other particle 2 coordinates x, y small quantities
5y <<p

2 magnetic guide field: only linear terms in x & y of B
have to be taken into account

Taylor Expansion of the B field:

dB, 1d’B
By(x) =By0 + » + E e

normalise to momentum
de:; +... p/e:Bp

B(x) _ B,

2%x . i eg’ _,_l eg’”’
ple B,p ple 2! p/e 3! ple
Equation of Motion:
Consider local segment of a particle trajectory
... and remember the old days:
(Goldstein page 27)
radial acceleration:
2 2 d
a, = dif -p @ Ideal orbit: p = const, an _ 0
dt dt dt
2
Force: F=mp|— | =mpw
o) =
2
F=mv/p
general trajectory: p 2> p +x
d’ my®
F=m—(x+p)- =eB v
dt X+p

18



2 2
m

d v
F=m—(x+p0)- =eB v
dtz( 2 X+p Y

O @

d’ d’
@ W(X+P)=Fx ... as p = const

@ remember: x Xmm ,p=m ... > develop for small x

1 B l a ﬁ) Taylor Expansion
xtp pop S0 = £+ X0 f’(xn)+(x_27’f°)z I+
2 2
md .zx_mv (1—£)=eByv
dt )
guide field in linear approx.
9B, m@x_m g x g PB
By=BO+x o~ dr 0 0 0 Ix :m
d’x ﬁ(l i)_evB0 evxg
ar p P m m
independent variable: t — s
dx _dx ds
drt ds dt
d’x d (dxds\ d (dxds\ds
dt* dt\ds dt) ds\ds dt)drt
N
5 x' v
d”“x . d
=X VT v
dt 'S
2
x,,z_v_(l_x)=evBo+evxg s 2
P m m

19



x"+x(iz—k)=0
0

<%  Equation for the vertical motion:
1 . .
—=0 no dipoles ... in general ...
P o=—d,
k < -k quadrupole field changes sign o=+b,
y'+ky=0
Bibliography:

1.) P. Bryant, K. Johnsen: The Principles of Circular Accelerators and Storage Rings
Cambridge Univ. Press

2.) Klaus Wille: Physics of Particle Accelerators and Synchrotron
Radiation Facilicties, Teubner, Stuttgart 1992

3.) Peter Schmiiser: Basic Course on Accelerator Optics, CERN Acc.
School: 5™ general acc. phys. course CERN 94-01

4.) Bernhard Holzer: Lattice Design, CERN Acc. School: Interm.Acc.phys course,
http://cas.web.cern.ch/cas/ZEUTHEN/lectures-zeuthen. htm
cern report: CERN-2006-002

5.) A.Chao, M.Tigner: Handbook of Accelerator Physics and Engineering,
Singapore : World Scientific, 1999.

6.) Martin Reiser: Theory and Design of Chargged Particle Beams
Wiley-VCH, 2008

7.) Frank Hinterberger: Physik der Teilchenbeschleuniger, Springer Verlag 1997
8.) Mathew Sands: The Physics of e+ e- Storage Rings, SLAC report 121, 1970

9.) D. Edwards, M. Syphers : An Introduction to the Physics of Particle
Accelerators, SSC Lab 1990

20



