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Some of the strongest bounds come from NS cooling

Axions get produced in NSs and supernovae

Iwamoto ’84, Raffelt 2008, Buschmann et. al. 2021 
<latexit sha1_base64="jNzOfTmNWK/yWC2bD24yvV+CvHE="></latexit>
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Axions and Neutron Star Cooling, typically

Leads to additional energy loss channel, i.e. faster cooling
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Some of the strongest bounds come from NS cooling

Axions get produced in NSs and supernovae

Iwamoto ’84, Raffelt 2008, Buschmann et. al. 2021 
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L → gan
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Axions and Neutron Star Cooling, typically

Leads to additional energy loss channel, i.e. faster cooling

Springmann, Stadlbauer, Stelzl, Weiler ‘24

Also: couplings are density dependent

0.0 0.5 1.0 1.5 2.0
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
0.1



1

Some of the strongest bounds come from NS cooling

Axions get produced in NSs and supernovae and lead to faster cooling
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Iwamoto ’84, Raffelt 2008, Buschmann et. al. 2021 

https://github.com/cajohare/AxionLimits?tab=readme-ov-file

Axions and Neutron Star Cooling, typically
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Rely on the existence of a heat-blanketing envelope: Raffelt ’08, Buschmann et. al. ’21 

Neutron Star Cooling

NS cores are roughly isothermal due to large conductivity:
<latexit sha1_base64="qMQBjAQ3QFnQ3xvUCNyXbubo/Y8=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRKJl0MYyQr4gCWFvM0mW7O2du3NiONL4V2wsFLH1Z9j5b9wkV2jig4HHezPMzPMjKQy67reTWVldW9/Ibua2tnd29/L7B3UTxppDjYcy1E2fGZBCQQ0FSmhGGljgS2j4o5up33gAbUSoqjiOoBOwgRJ9wRlaqZs/qnZ524gA7mkb4RETHiqDk2I3X3CL7gx0mXgpKZAUlW7+q90LeRyAQi6ZMS3PjbCTMI2CS5jk2rGBiPERG0DLUsUCMJ1k9sCEnlqlR/uhtqWQztTfEwkLjBkHvu0MGA7NojcV//NaMfavOolQUYyg+HxRP5YUQzpNg/aEBo5ybAnjWthbKR8yzTjazHI2BG/x5WVSPy96pWLp7qJQvk7jyJJjckLOiEcuSZnckgqpEU4m5Jm8kjfnyXlx3p2PeWvGSWcOyR84nz8QmZa7</latexit>

Tc ' const.

temperature decreases
In low-density envelope                                                   , typical size                 , 

<latexit sha1_base64="kh7TqWOTG5wkHHUFVxtUi8Vr0mM=">AAACGHicbVC7TsMwFHV4U14FRhaLCokBSsJ7QUKwMBaJAlJTKse9oVYdJ7VvEFWUz2DhV1gYQIiVjb/BfQy8jmTp6JxzdX1PkEhh0HU/nZHRsfGJyanpwszs3PxCcXHp0sSp5lDlsYz1dcAMSKGgigIlXCcaWBRIuArapz3/6g60EbG6wG4C9YjdKhEKztBKjeKW8iV0qOfeZJt7uWq4G34nZU1q2ZFb9vb9DR/hHrMwym1iJ28US27Z7YP+Jd6QlMgQlUbxw2/GPI1AIZfMmJrnJljPmEbBJeQFPzWQMN5mt1CzVLEITD3rH5bTNas0aRhr+xTSvvp9ImORMd0osMmIYcv89nrif14txfCwngmVpAiKDxaFqaQY015LtCk0cJRdSxjXwv6V8hbTjKPtsmBL8H6f/Jdcbtv+yvvnu6Xjk2EdU2SFrJJ14pEDckzOSIVUCScP5Im8kFfn0Xl23pz3QXTEGc4skx9wPr4Al3GeSg==</latexit>

n  10�5n0, n0 = 0.16 fm�3 <latexit sha1_base64="HW287bKQ2YOZPrvprDqNa4zMo8Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkItVl0Y07K9gHNKFMptN26OTBzI1YQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfd4keAKLOvbKCwtr6yuFddLG5tb2zvm7l5LhbGkrElDEcqORxQTPGBN4CBYJ5KM+J5gbW98lfnteyYVD4M7mETM9ckw4ANOCWipZx44PoERJSK5SSu2ZTnAHiDx05OeWbaq1hR4kdg5KaMcjZ755fRDGvssACqIUl3bisBNiAROBUtLTqxYROiYDFlX04D4TLnJ9IMUH2uljweh1BUAnqq/JxLiKzXxPd2Z3avmvUz8z+vGMLhwEx5EMbCAzhYNYoEhxFkcuM8loyAmmhAqub4V0xGRhIIOraRDsOdfXiSt06pdq9Zuz8r1yzyOIjpER6iCbHSO6ugaNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QPii5aL</latexit>

O(100m)



2

Rely on the existence of a heat-blanketing envelope:

NS cores are roughly isothermal due to large conductivity:

Raffelt ’08, Buschmann et. al. ’21 

<latexit sha1_base64="qMQBjAQ3QFnQ3xvUCNyXbubo/Y8=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRKJl0MYyQr4gCWFvM0mW7O2du3NiONL4V2wsFLH1Z9j5b9wkV2jig4HHezPMzPMjKQy67reTWVldW9/Ibua2tnd29/L7B3UTxppDjYcy1E2fGZBCQQ0FSmhGGljgS2j4o5up33gAbUSoqjiOoBOwgRJ9wRlaqZs/qnZ524gA7mkb4RETHiqDk2I3X3CL7gx0mXgpKZAUlW7+q90LeRyAQi6ZMS3PjbCTMI2CS5jk2rGBiPERG0DLUsUCMJ1k9sCEnlqlR/uhtqWQztTfEwkLjBkHvu0MGA7NojcV//NaMfavOolQUYyg+HxRP5YUQzpNg/aEBo5ybAnjWthbKR8yzTjazHI2BG/x5WVSPy96pWLp7qJQvk7jyJJjckLOiEcuSZnckgqpEU4m5Jm8kjfnyXlx3p2PeWvGSWcOyR84nz8QmZa7</latexit>

Tc ' const.

• Hydrostatic equilibrium:

• Energy flux: (constant gravity, no energy sources/sinks)

Neutron Star Cooling

<latexit sha1_base64="NeqQ/xap1LeEYVyNkaC7P1gykrM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlhEN5YZKdVNoSiI4KZCX9COQyZN29AkMyQZoQwFf8WNC0Xc+h3u/BvTdhbaeuDC4Zx7ufeeIGJUacf5tjJLyyura9n13Mbm1vaOvbvXUGEsManjkIWyFSBFGBWkrqlmpBVJgnjASDMYXk/85iORioaipkcR8TjqC9qjGGkj+fbBjU/KZ3e1k3JH0T5HsOarh6Jv552CMwVcJG5K8iBF1be/Ot0Qx5wIjRlSqu06kfYSJDXFjIxznViRCOEh6pO2oQJxorxkev4YHhulC3uhNCU0nKq/JxLElRrxwHRypAdq3puI/3ntWPcuvYSKKNZE4NmiXsygDuEkC9ilkmDNRoYgLKm5FeIBkghrk1jOhODOv7xIGucFt1Qo3Rfzlas0jiw4BEfgFLjgAlTALaiCOsAgAc/gFbxZT9aL9W59zFozVjqzD/7A+vwBBqWURA==</latexit>

Fe = ! KT ! = ! T4
s

temperature decreases
<latexit sha1_base64="mP2cxHk98SXllTQD0iNVRovsIxs=">AAAB/nicbVBNS8NAEJ34WetXVDx5CRbBU0mKVI9FD3oRKtgPaGLZbDft0s0m7m4KJQT8K148KOLV3+HNf+O2zUFbHww83pthZp4fMyqVbX8bS8srq2vrhY3i5tb2zq65t9+UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8mvitERGSRvxejWPihajPaUAxUlrqmod9lzwmdOQGAuH0+jZLxUMl65olu2xPYS0SJyclyFHvml9uL8JJSLjCDEnZcexYeSkSimJGsqKbSBIjPER90tGUo5BIL52en1knWulZQSR0cWVN1d8TKQqlHIe+7gyRGsh5byL+53USFVx4KeVxogjHs0VBwiwVWZMsrB4VBCs21gRhQfWtFh4gHYTSiRV1CM78y4ukWSk71XL17qxUu8zjKMARHMMpOHAONbiBOjQAQwrP8ApvxpPxYrwbH7PWJSOfOYA/MD5/AKf/lfM=</latexit>

g !
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r 2

<latexit sha1_base64="SW0pTl4G4gcyITfEUBzqlWj7hvc=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0FIFXZVomXQRrCJkBdk13B3MpsMmX04MxsIS37Bxl+xsVDE1s7Ov3GSbKGJBy4czrmXe+/xYs6ksqxvI7eyura+kd8sbG3v7O6Z+wdNGSWC0AaJeCTaHkjKWUgbiilO27GgEHictrzh9dRvjaiQLArrahxTN4B+yHxGQGmpa5ZuHfqQsJHjCyCpXXEk6weA6/dnk/TMGUIcA3bEIJp0zaJVtmbAy8TOSBFlqHXNL6cXkSSgoSIcpOzYVqzcFIRihNNJwUkkjYEMoU87moYQUOmms48m+EQrPexHQleo8Ez9PZFCIOU48HRnAGogF72p+J/XSZR/6aYsjBNFQzJf5CccqwhP48E9JihRfKwJEMH0rZgMQGejdIgFHYK9+PIyaZ6W7Uq5cnderF5lceTRETpGJWSjC1RFN6iGGoigR/SMXtGb8WS8GO/Gx7w1Z2Qzh+gPjM8fIYmdOQ==</latexit>

K !
16! T3

3"#
Thermal conductivity

<latexit sha1_base64="n6m7Oxf66ELcdLLGSqWs+mPTk3c=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa2LalCr1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJm+jyo=</latexit>!Mean opacity

In low-density envelope                                                   , typical size                 , 
<latexit sha1_base64="kh7TqWOTG5wkHHUFVxtUi8Vr0mM=">AAACGHicbVC7TsMwFHV4U14FRhaLCokBSsJ7QUKwMBaJAlJTKse9oVYdJ7VvEFWUz2DhV1gYQIiVjb/BfQy8jmTp6JxzdX1PkEhh0HU/nZHRsfGJyanpwszs3PxCcXHp0sSp5lDlsYz1dcAMSKGgigIlXCcaWBRIuArapz3/6g60EbG6wG4C9YjdKhEKztBKjeKW8iV0qOfeZJt7uWq4G34nZU1q2ZFb9vb9DR/hHrMwym1iJ28US27Z7YP+Jd6QlMgQlUbxw2/GPI1AIZfMmJrnJljPmEbBJeQFPzWQMN5mt1CzVLEITD3rH5bTNas0aRhr+xTSvvp9ImORMd0osMmIYcv89nrif14txfCwngmVpAiKDxaFqaQY015LtCk0cJRdSxjXwv6V8hbTjKPtsmBL8H6f/Jdcbtv+yvvnu6Xjk2EdU2SFrJJ14pEDckzOSIVUCScP5Im8kFfn0Xl23pz3QXTEGc4skx9wPr4Al3GeSg==</latexit>

n  10�5n0, n0 = 0.16 fm�3 <latexit sha1_base64="HW287bKQ2YOZPrvprDqNa4zMo8Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkItVl0Y07K9gHNKFMptN26OTBzI1YQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfd4keAKLOvbKCwtr6yuFddLG5tb2zvm7l5LhbGkrElDEcqORxQTPGBN4CBYJ5KM+J5gbW98lfnteyYVD4M7mETM9ckw4ANOCWipZx44PoERJSK5SSu2ZTnAHiDx05OeWbaq1hR4kdg5KaMcjZ755fRDGvssACqIUl3bisBNiAROBUtLTqxYROiYDFlX04D4TLnJ9IMUH2uljweh1BUAnqq/JxLiKzXxPd2Z3avmvUz8z+vGMLhwEx5EMbCAzhYNYoEhxFkcuM8loyAmmhAqub4V0xGRhIIOraRDsOdfXiSt06pdq9Zuz8r1yzyOIjpER6iCbHSO6ugaNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QPii5aL</latexit>
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Rely on the existence of a heat-blanketing envelope: Raffelt ’08, Buschmann et. al. ’21 

• Hydrostatic equilibrium:

• Energy flux: (constant gravity, no energy sources/sinks)

Neutron Star Cooling

Can be integrated for typical opacities, weak dependence on boundary conditions
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NS cores are roughly isothermal due to large conductivity:
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Tc ' const.

temperature decreases
In low-density envelope                                                   , typical size                 , 
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Rely on the existence of a heat-blanketing envelope: Raffelt ’08, Buschmann et. al. ’21 

<latexit sha1_base64="gxjrnut2LsKzs+znhc0Bh3VhMw8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWaG2hDWGz3bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzXiLJTLRnZAaLoXiLRQoeSfVnMah5O1wdDfz209cG5GoJo5T7sd0oEQkGEUrtZsBu2gGJihX3Ko7B1klXk4qkKMRlL96/YRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UzjG78iVBphlyxxaIokwQTMvud9IXmDOXYEsq0sLcSNqSaMrQJlWwI3vLLq+TxsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AIGI3iGV3hzUufFeXc+Fq0FJ585hj9wPn8Av66PNA==</latexit>

Tc ! Ts relation

Gudmundsson, Pethick, Epstein ‘82

<latexit sha1_base64="yozenySZeJ+oOvbsPP70ae4ENwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VW1toQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSybZpKgH9Gh5CFn1Fjpodln/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Sh4vql6tWru/rNRv8jiKcAKncA4eXEEd7qABLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMkMo25</latexit>

Tc

<latexit sha1_base64="32dATRiHwaszKm3cWwbXm0uz7c0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VW1toQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSybZpKgH9Gh5CFn1FjpodnX/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Sh4vql6tWru/rNRv8jiKcAKncA4eXEEd7qABLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM8co3J</latexit>

Ts

<latexit sha1_base64="wUIZ+DhbWJ7qhfFLAtLJAS2Boa8=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhqEXZFomXQRrCJkBdklzA7uYmDsw9n7ophyT/Y+Cs2ForY2tj5N04ehSYeGDiccy537gkSKTQ6zrc1N7+wuLScW8mvrq1vbNpb23Udp4pDjccyVs2AaZAighoKlNBMFLAwkNAIbi+GfuMelBZxVMV+An7IepHoCs7QSG37yEN4wKwKYQKKYaqADqgn495B9dC7S1mnNQ5cDfy2XXCKzgh0lrgTUiATVNr2l9eJeRpChFwyrVuuk6CfMYWCSxjkvVRDwvgt60HL0IiFoP1sdNOA7hulQ7uxMi9COlJ/T2Qs1LofBiYZMrzR095Q/M9rpdg98zMRJSlCxMeLuqmkGNNhQbQjFHCUfUMYV8L8lfIbphhHU2PelOBOnzxL6sdFt1QsXZ8UyueTOnJkl+yRA+KSU1Iml6RCaoSTR/JMXsmb9WS9WO/Wxzg6Z01mdsgfWJ8/peGepw==</latexit> Te
m

p
er

at
ur

e
lo

g(
T

)
[K

]

<latexit sha1_base64="ZLynzq0Frhv7P3yO01yjzM2HDWc=">AAACIXicbZDLSgMxFIYz3q23qks3wSLowjKjoi5FXbhUsCp0xpJJT9tgJhmTM2IZ5lXc+CpuXCjiTnwZ08vC24HAx/+fw8n541QKi77/4Y2Mjo1PTE5Nl2Zm5+YXyotLF1ZnhkONa6nNVcwsSKGghgIlXKUGWBJLuIxvjnr+5R0YK7Q6x24KUcLaSrQEZ+ikRnk/RLjH/BiUFdilBQ2lbq+HpqM3wtuMNesDv02LAfCkuM43t4uoUa74Vb9f9C8EQ6iQYZ02yu9hU/MsAYVcMmvrgZ9ilDODgksoSmFmIWX8hrWh7lCxBGyU9y8s6JpTmrSljXsKaV/9PpGzxNpuErvOhGHH/vZ64n9ePcPWfpQLlWYIig8WtTJJUdNeXLQpDHCUXQeMG+H+SnmHGcbRhVpyIQS/T/4LF1vVYLe6e7ZTOTgcxjFFVsgqWScB2SMH5ISckhrh5IE8kRfy6j16z96b9z5oHfGGM8vkR3mfXwqDpLE=</latexit>

Density log(! ) [g cm! 3]

Neutron Star Cooling



4

Raffelt ’08, Buschmann et. al. ’21 

<latexit sha1_base64="gxjrnut2LsKzs+znhc0Bh3VhMw8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWaG2hDWGz3bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzXiLJTLRnZAaLoXiLRQoeSfVnMah5O1wdDfz209cG5GoJo5T7sd0oEQkGEUrtZsBu2gGJihX3Ko7B1klXk4qkKMRlL96/YRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UzjG78iVBphlyxxaIokwQTMvud9IXmDOXYEsq0sLcSNqSaMrQJlWwI3vLLq+TxsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AIGI3iGV3hzUufFeXc+Fq0FJ585hj9wPn8Av66PNA==</latexit>

Tc ! Ts relation

Gudmundsson, Pethick, Epstein ‘82

Neutron Star Cooling
Cooling then is dictated by energy balance equation



4

Cooling then is dictated by energy balance equation

Neutron Star Cooling

“Magnificent 7”
Old isolated NSs

Raffelt ’08, Buschmann et. al. ’21 

<latexit sha1_base64="gxjrnut2LsKzs+znhc0Bh3VhMw8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWaG2hDWGz3bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzXiLJTLRnZAaLoXiLRQoeSfVnMah5O1wdDfz209cG5GoJo5T7sd0oEQkGEUrtZsBu2gGJihX3Ko7B1klXk4qkKMRlL96/YRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UzjG78iVBphlyxxaIokwQTMvud9IXmDOXYEsq0sLcSNqSaMrQJlWwI3vLLq+TxsurVqrWHq0r9No+jCCdwCufgwTXU4R4a0AIGI3iGV3hzUufFeXc+Fq0FJ585hj9wPn8Av66PNA==</latexit>

Tc ! Ts relation

Gudmundsson, Pethick, Epstein ‘82



Light QCD Axions can prevent the existence of 
heat-blanekting envelopes!



5

Light QCD Axion

• Anomaly
<latexit sha1_base64="gZz+j9mmmApK2JSHbwI1EqDM/9A="></latexit>

L =
g2

s

32! 2

"
f

Gµ! ÷Gµ!



<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (! )

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

RWD !
Mplanck

me mN
!

mN

me
RNS

MWD !
M 3

planck

m2
N

! MNS

RWD ! (few) 10000 km

MWD ! M!

me = 0.51099895000(15) MeV

L = T " U

T =
1
2

(! t " )2

U =
1
2

(# " )2 + V(" )

$" %= 0

2

• Potential

Light QCD Axion

<latexit sha1_base64="lP4cIbldzWsTlOntk8/nHX0u0EQ="></latexit>

V (! ) = ! "m2
! f 2

! [cos(! /f ) ! 1]
<latexit sha1_base64="/hiM68tRNN6KYMrFl824TFuQjio=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JxNtGLLpxWcGmhTaUyXTSjp1kwsxEKKHv4MZFi7j1GXwNd76Nk7YLrf4w8PH/5zDnHD/mTGnb/rJyS8srq2v59cLG5tb2TnF3z1UikYTWieBCNn2sKGcRrWumOW3GkuLQ57ThD26zvPFEpWIietDDmHoh7kUsYARrY7lu2T6+sjvFkl2xp0J/wZlD6fpjnGlS6xQ/211BkpBGmnCsVMuxY+2lWGpGOB0V2omiMSYD3KMtgxEOqfLS6bQjdGScLgqENC/SaOr+7EhxqNQw9E1liHVfLWaZ+V/WSnRw6aUsihNNIzL7KEg40gJlq6Muk5RoPjSAiWRmVkT6WGKizYEK5gjO4sp/wT2pOOeVs/vTUvUGZsrDARxCGRy4gCrcQQ3qQOARnmEME0tYL9ar9TYrzVnznn34Jev9G/yXkpM=</latexit>

V (0) = 0
<latexit sha1_base64="c7/IEaNwaQT8VpoADwIR2N5xe7g=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbzrah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uHofu63J6A0k+LJTBMIYjIQLGKUGCsFPiSacSl8DmOvV664VXcBvE68nFRQjkav/OX3JU1jEIZyonXXcxMTZEQZRjnMSn6qISF0RAbQtVSQGHSQLY6e4Qur9HEklS1h8EL9PZGRWOtpHNrOmJihXvXm4n9eNzXRbZAxkaQGBF0uilKOjcTzBHCfKaCGTy0hVDF7K6ZDogg1NqeSDcFbfXmdtK6qXq1ae7yu1O/yOIroDJ2jS+ShG1RHD6iBmoiiMXpGr+jNmTgvzrvzsWwtOPnMKfoD5/MH27eSLA==</latexit>

! ! 1

• Anomaly
<latexit sha1_base64="gZz+j9mmmApK2JSHbwI1EqDM/9A="></latexit>

L =
g2

s

32! 2

"
f

Gµ! ÷Gµ!

5

Hook ‘18



<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (! )

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

RWD !
Mplanck

me mN
!

mN

me
RNS

MWD !
M 3

planck

m2
N

! MNS

RWD ! (few) 10000 km

MWD ! M!

me = 0.51099895000(15) MeV

L = T " U

T =
1
2

(! t " )2

U =
1
2

(# " )2 + V(" )

$" %= 0

2

• Potential

• Non-derivative coupling to nucleons

Light QCD Axion

<latexit sha1_base64="lP4cIbldzWsTlOntk8/nHX0u0EQ="></latexit>

V (! ) = ! "m2
! f 2

! [cos(! /f ) ! 1]

<latexit sha1_base64="ZX7bdopxILigpgO91so3hspqkgw=">AAACGnicbZDLSsNAFIYn3q23WpdugkVQkJKIqJtC0Y0rUWhVaGOZTE/t0JlJmDmRlpA3Ebf6HO7ErRsfwzdw2mbh7YeBn/9c5vCFseAGPe/DmZqemZ2bX1gsLC2vrK4V10tXJko0gwaLRKRvQmpAcAUN5CjgJtZAZSjgOuyfjurX96ANj1QdhzEEkt4p3uWMoo3axdJ5dSfeU7u3aQthgGk9y9rFslfxxnL/Gj83ZZLrol38bHUilkhQyAQ1pul7MQYp1ciZgKzQSgzElPXpHTStVVSCCdLx7Zm7bZOO2420fQrdcfp9IqXSmKEMbaek2DO/a6Pwv1ozwe5xkHIVJwiKTT7qJsLFyB2BcDtcA0MxtIYyze2tLutRTRlaXD825fyqB0Eqe6wHMitYRv5vIn/N1X7FP6wcXh6Uayc5rQWySbbIDvHJEamRM3JBGoSRAXkkT+TZeXBenFfnbdI65eQzG+SHnPcvMC2g5Q==</latexit>

N = ( p, n)T<latexit sha1_base64="BCSo02nF05u8zwMgwGlhRA/CSVA="></latexit>

! ! N ! 50 MeV

<latexit sha1_base64="/hiM68tRNN6KYMrFl824TFuQjio=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JxNtGLLpxWcGmhTaUyXTSjp1kwsxEKKHv4MZFi7j1GXwNd76Nk7YLrf4w8PH/5zDnHD/mTGnb/rJyS8srq2v59cLG5tb2TnF3z1UikYTWieBCNn2sKGcRrWumOW3GkuLQ57ThD26zvPFEpWIietDDmHoh7kUsYARrY7lu2T6+sjvFkl2xp0J/wZlD6fpjnGlS6xQ/211BkpBGmnCsVMuxY+2lWGpGOB0V2omiMSYD3KMtgxEOqfLS6bQjdGScLgqENC/SaOr+7EhxqNQw9E1liHVfLWaZ+V/WSnRw6aUsihNNIzL7KEg40gJlq6Muk5RoPjSAiWRmVkT6WGKizYEK5gjO4sp/wT2pOOeVs/vTUvUGZsrDARxCGRy4gCrcQQ3qQOARnmEME0tYL9ar9TYrzVnznn34Jev9G/yXkpM=</latexit>

V (0) = 0
<latexit sha1_base64="c7/IEaNwaQT8VpoADwIR2N5xe7g=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbzrah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uHofu63J6A0k+LJTBMIYjIQLGKUGCsFPiSacSl8DmOvV664VXcBvE68nFRQjkav/OX3JU1jEIZyonXXcxMTZEQZRjnMSn6qISF0RAbQtVSQGHSQLY6e4Qur9HEklS1h8EL9PZGRWOtpHNrOmJihXvXm4n9eNzXRbZAxkaQGBF0uilKOjcTzBHCfKaCGTy0hVDF7K6ZDogg1NqeSDcFbfXmdtK6qXq1ae7yu1O/yOIroDJ2jS+ShG1RHD6iBmoiiMXpGr+jNmTgvzrvzsWwtOPnMKfoD5/MH27eSLA==</latexit>

! ! 1

• Anomaly
<latexit sha1_base64="gZz+j9mmmApK2JSHbwI1EqDM/9A="></latexit>

L =
g2

s

32! 2

"
f

Gµ! ÷Gµ!

5

<latexit sha1_base64="SUDTnWaJjDkaJzIUxCejgP/sUYo="></latexit>

L ! " ! ! N [cos(" /f ) " 1] øNN

Hook ‘18



<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (! )

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

RWD !
Mplanck

me mN
!

mN

me
RNS

MWD !
M 3

planck

m2
N

! MNS

RWD ! (few) 10000 km

MWD ! M!

me = 0.51099895000(15) MeV

L = T " U

T =
1
2

(! t " )2

U =
1
2

(# " )2 + V(" )

$" %= 0

2

<latexit sha1_base64="tl38rgTdA9H3blhTgI5dodryw74=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4tBiCBh13cOYtCLF0XBxEA2hNlJJw7OPpjpFcOag5+hRy8eFPGa3/Dm3zhJPKixoKGo6qa7y4sEV2jbn0ZqZHRsfCI9mZmanpmdM+cXyiqMJYMSC0UoKx5VIHgAJeQooBJJoL4n4NK7Pur5lzcgFQ+DC2xHUPNpK+BNzihqqW4u+fXTnL22X9gsuOsuwi0mJ1Du1M2snbf7sIaJ802yB92HHh7P6uaH2whZ7EOATFClqo4dYS2hEjkT0Mm4sYKIsmvagqqmAfVB1ZL+/R1rVSsNqxlKXQFaffXnREJ9pdq+pzt9ilfqr9cT//OqMTb3agkPohghYINFzVhYGFq9MKwGl8BQtDWhTHJ9q8WuqKQMdWQZHYLz9+VhUt7IOzv57fOtbPGQDJAmy2SF5IhDdkmRHJMzUiKM3JEn8kJejXvj2Xgz3getKeN7ZpH8gtH9Au/BmUY=</latexit>

mN (0) = 939 MeV

• Potential

• Non-derivative coupling to nucleons

• ALP-dependent nucleon mass

Light QCD Axion

<latexit sha1_base64="lP4cIbldzWsTlOntk8/nHX0u0EQ="></latexit>

V (! ) = ! "m2
! f 2

! [cos(! /f ) ! 1]

<latexit sha1_base64="bN8zj66Q0ICodj5nxB26sO/rYVg="></latexit>

mN (! ) = mN

!
1 + " ! N

"
cos

!
!
f

#
! 1

$#

<latexit sha1_base64="ZX7bdopxILigpgO91so3hspqkgw=">AAACGnicbZDLSsNAFIYn3q23WpdugkVQkJKIqJtC0Y0rUWhVaGOZTE/t0JlJmDmRlpA3Ebf6HO7ErRsfwzdw2mbh7YeBn/9c5vCFseAGPe/DmZqemZ2bX1gsLC2vrK4V10tXJko0gwaLRKRvQmpAcAUN5CjgJtZAZSjgOuyfjurX96ANj1QdhzEEkt4p3uWMoo3axdJ5dSfeU7u3aQthgGk9y9rFslfxxnL/Gj83ZZLrol38bHUilkhQyAQ1pul7MQYp1ciZgKzQSgzElPXpHTStVVSCCdLx7Zm7bZOO2420fQrdcfp9IqXSmKEMbaek2DO/a6Pwv1ozwe5xkHIVJwiKTT7qJsLFyB2BcDtcA0MxtIYyze2tLutRTRlaXD825fyqB0Eqe6wHMitYRv5vIn/N1X7FP6wcXh6Uayc5rQWySbbIDvHJEamRM3JBGoSRAXkkT+TZeXBenFfnbdI65eQzG+SHnPcvMC2g5Q==</latexit>

N = ( p, n)T<latexit sha1_base64="BCSo02nF05u8zwMgwGlhRA/CSVA="></latexit>

! ! N ! 50 MeV

<latexit sha1_base64="/hiM68tRNN6KYMrFl824TFuQjio=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JxNtGLLpxWcGmhTaUyXTSjp1kwsxEKKHv4MZFi7j1GXwNd76Nk7YLrf4w8PH/5zDnHD/mTGnb/rJyS8srq2v59cLG5tb2TnF3z1UikYTWieBCNn2sKGcRrWumOW3GkuLQ57ThD26zvPFEpWIietDDmHoh7kUsYARrY7lu2T6+sjvFkl2xp0J/wZlD6fpjnGlS6xQ/211BkpBGmnCsVMuxY+2lWGpGOB0V2omiMSYD3KMtgxEOqfLS6bQjdGScLgqENC/SaOr+7EhxqNQw9E1liHVfLWaZ+V/WSnRw6aUsihNNIzL7KEg40gJlq6Muk5RoPjSAiWRmVkT6WGKizYEK5gjO4sp/wT2pOOeVs/vTUvUGZsrDARxCGRy4gCrcQQ3qQOARnmEME0tYL9ar9TYrzVnznn34Jev9G/yXkpM=</latexit>

V (0) = 0
<latexit sha1_base64="c7/IEaNwaQT8VpoADwIR2N5xe7g=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/oLiWbzrah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uHofu63J6A0k+LJTBMIYjIQLGKUGCsFPiSacSl8DmOvV664VXcBvE68nFRQjkav/OX3JU1jEIZyonXXcxMTZEQZRjnMSn6qISF0RAbQtVSQGHSQLY6e4Qur9HEklS1h8EL9PZGRWOtpHNrOmJihXvXm4n9eNzXRbZAxkaQGBF0uilKOjcTzBHCfKaCGTy0hVDF7K6ZDogg1NqeSDcFbfXmdtK6qXq1ae7yu1O/yOIroDJ2jS+ShG1RHD6iBmoiiMXpGr+jNmTgvzrvzsWwtOPnMKfoD5/MH27eSLA==</latexit>

! ! 1

• Anomaly
<latexit sha1_base64="gZz+j9mmmApK2JSHbwI1EqDM/9A="></latexit>

L =
g2

s

32! 2

"
f

Gµ! ÷Gµ!

5

<latexit sha1_base64="SUDTnWaJjDkaJzIUxCejgP/sUYo="></latexit>

L ! " ! ! N [cos(" /f ) " 1] øNN

Hook ‘18



Consider finite nucleon background
<latexit sha1_base64="C5rDdLfxXVcUyxvzwJ/a34lkF7E="></latexit>

! øNN " # ! N   N " $ n

6

Light QCD Axion at Finite Density



Consider finite nucleon background
<latexit sha1_base64="C5rDdLfxXVcUyxvzwJ/a34lkF7E="></latexit>

! øNN " # ! N   N " $ n

• Potential gets correction

Light QCD Axion at Finite Density

<latexit sha1_base64="Z6monXX4QZVGrATnwKM8HfC39WM="></latexit>

V (! , n) = ! "m2
! f 2

!

!
1 !

#! N n
"m2

! f 2
!

" #
cos

!
!
f

"
! 1

$

6



• Leads to a phase transition at 
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (! )
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

Axion is minimized at 
<latexit sha1_base64="WxsYuPnj/MLIDu+zympXb93MWSY=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFclUR8bcSiG5cV7AOaUCbTSTt0MgkzEyGE/IQ73bjVP9CVuPUP/AG/w0nThW09cOFwzr2cy/EiRqWyrG9jYXFpeWW1tFZe39jc2jZ3dlsyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kbXud++J0LSkN+pJCJugAac+hQjpaWeWXE8gUZEpU40pNmFE1Ho98yqVbPGgPPEnpDq5ftjjqdGz/xx+iGOA8IVZkjKrm1Fyk2RUBQzkpWdWJII4REakK6mHAVEuun4+QweaKUP/VDo4QqO1b8XKQqkTAJPbwZIDeWsl4v/ed1Y+eduSnkUK8JxEeTHDKoQ5k3APhUEK5ZogrCg+leIh0ggrHRfUylFRVlZF2PP1jBPWkc1+7R2cntcrV+BAiWwB/bBIbDBGaiDG9AATYBBAp7BC3g1How348P4LFYXjMlNBUzB+PoF3VKhzA==</latexit>

! ! " = " f

Consider finite nucleon background
<latexit sha1_base64="C5rDdLfxXVcUyxvzwJ/a34lkF7E="></latexit>

! øNN " # ! N   N " $ n

• Potential gets correction

Light QCD Axion at Finite Density

<latexit sha1_base64="Z6monXX4QZVGrATnwKM8HfC39WM="></latexit>

V (! , n) = ! "m2
! f 2

!

!
1 !

#! N n
"m2

! f 2
!

" #
cos

!
!
f

"
! 1

$

<latexit sha1_base64="JI/hu/4k1CpqwskRFBxkIGk2nDs="></latexit>

n > n c !
!m2

! f 2
!

" ! N

6



• Leads to a phase transition at 
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (! )
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

Axion is minimized at 
<latexit sha1_base64="WxsYuPnj/MLIDu+zympXb93MWSY=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFclUR8bcSiG5cV7AOaUCbTSTt0MgkzEyGE/IQ73bjVP9CVuPUP/AG/w0nThW09cOFwzr2cy/EiRqWyrG9jYXFpeWW1tFZe39jc2jZ3dlsyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kbXud++J0LSkN+pJCJugAac+hQjpaWeWXE8gUZEpU40pNmFE1Ho98yqVbPGgPPEnpDq5ftjjqdGz/xx+iGOA8IVZkjKrm1Fyk2RUBQzkpWdWJII4REakK6mHAVEuun4+QweaKUP/VDo4QqO1b8XKQqkTAJPbwZIDeWsl4v/ed1Y+eduSnkUK8JxEeTHDKoQ5k3APhUEK5ZogrCg+leIh0ggrHRfUylFRVlZF2PP1jBPWkc1+7R2cntcrV+BAiWwB/bBIbDBGaiDG9AATYBBAp7BC3g1How348P4LFYXjMlNBUzB+PoF3VKhzA==</latexit>

! ! " = " f and effective nucleon mass is reduced

Consider finite nucleon background
<latexit sha1_base64="C5rDdLfxXVcUyxvzwJ/a34lkF7E="></latexit>

! øNN " # ! N   N " $ n

• Potential gets correction

Light QCD Axion at Finite Density

<latexit sha1_base64="Z6monXX4QZVGrATnwKM8HfC39WM="></latexit>

V (! , n) = ! "m2
! f 2

!

!
1 !

#! N n
"m2

! f 2
!

" #
cos

!
!
f

"
! 1

$

<latexit sha1_base64="JI/hu/4k1CpqwskRFBxkIGk2nDs="></latexit>

n > n c !
!m2

! f 2
!

" ! N

<latexit sha1_base64="OWnK79NU0eGK5u3H6TKL/HkcBNY=">AAACJXicbZDLSgMxFIYz9VbrrepShGAR6sIyI6W6KRTduCoV7AU6w5BJM21oMjMkGaEMXfkw4lafw50IrnwG38BMOwtbPRD4+f9zTpLPixiVyjQ/jdzK6tr6Rn6zsLW9s7tX3D/oyDAWmLRxyELR85AkjAakrahipBcJgrjHSNcb36R594EIScPgXk0i4nA0DKhPMVLacovH3G2W7YhC/6yu5bkt6ZAjN0mt5tQtlsyKOSv4V1iZKIGsWm7x2x6EOOYkUJghKfuWGSknQUJRzMi0YMeSRAiP0ZD0tQwQJ9JJZt+YwlPtDKAfCn0CBWfu74kEcSkn3NOdHKmRXM5S87+sHyv/ykloEMWKBHh+kR8zqEKYMoEDKghWbKIFwoLqt0I8QgJhpcktbMpQ1qtOwkd4RPi0oBlZy0T+is5FxapVanfVUuM6o5UHR+AElIEFLkED3IIWaAMMHsEzeAGvxpPxZrwbH/PWnJHNHIKFMr5+ALRHpLs=</latexit>

mN (! f ) = mN ! " ! N

<latexit sha1_base64="bN8zj66Q0ICodj5nxB26sO/rYVg="></latexit>

mN (! ) = mN

!
1 + " ! N

"
cos

!
!
f

#
! 1

$#

6



2. Input to solve pressure gravity equations

7

1. Solve for the equation of state (EOS): 

Aka Tolmann - Oppenheimer - Volkoff (TOV) equations

<latexit sha1_base64="REQ2PAHmdRM1WDQGiwdlj/VtHOw=">AAACE3icbVDLSgNBEJyNrxhfUcGLl8UgeAq74utm0IvHCOYBSQizk04yZHZ2mekNhnU/w4MeveoPiDfx6gf4A36Hk8SDSSzopqjqppvyQsE1Os6XlZqbX1hcSi9nVlbX1jeym1tlHUSKQYkFIlBVj2oQXEIJOQqohgqo7wmoeL3LoV/pg9I8kDc4CKHh047kbc4oGqmZ3QmbcR3hFk3nchB3FO0nSdLM5py8M4I9S9xfkjt/fRjisdjMftdbAYt8kMgE1brmOiE2YqqQMwFJph5pCCnr0Q7UDJXUB92IR/8n9r5RWnY7UKYk2iP170ZMfa0HvmcmfYpdPe0Nxf+8WoTts0bMZRghSDY+1I6EjYE9DMNucQUMxcAQyhQ3v9qsSxVlaCKbuOIp2gNMMiYYdzqGWVI+zLsn+ePro1zhgoyRJrtkjxwQl5ySArkiRVIijNyRJ/JMXqx76816tz7Goynrd2ebTMD6/AELMaQw</latexit>pgrav
<latexit sha1_base64="NsGgnlhJt41/xcvokS1fa4sB2Hc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseiF48VbC20IWw2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBVcg+N8W5W19Y3Nrep2bWd3b//APjzq6iRTlHVoIhLVC4hmgkvWAQ6C9VLFSBwI9hiMb2f+44QpzRP5ANOUeTEZSh5xSsBIvm2nfj4A9gR5JDIeFoVv152GMwdeJW5J6qhE27e/BmFCs5hJoIJo3XedFLycKOBUsKI2yDRLCR2TIesbKknMtJfPLy/wmVFCHCXKlAQ8V39P5CTWehoHpjMmMNLL3kz8z+tnEF17OZdpBkzSxaIoExgSPIsBh1wxCmJqCKGKm1sxHRFFKJiwaiYEd/nlVdK9aLjNRvP+st66KeOoohN0is6Ri65QC92hNuogiiboGb2iNyu3Xqx362PRWrHKmWP0B9bnD5PIlEo=</latexit>pßuid

<latexit sha1_base64="wqc4sjbkwqOTmAvYIf9AyGye9+M=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHosevFYwX5Au5ZsOtuGZpMlyVbK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRaFBJZeqHRANnAloGGY4tGMFJAo4tILR7cxvjUFpJsWDmcTgR2QgWMgoMVZ67I6JglgzLkU5Pu8VS27FnQOvEi8jJZSh3it+dfuSJhEIQznRuuO5sfFTogyjHKaFbqIhJnREBtCxVJAItJ/Or57iM6v0cSiVLWHwXP09kZJI60kU2M6ImKFe9mbif14nMeG1nzIRJwYEXSwKE46NxLMIcJ8poIZPLCFUMXsrpkOiCDU2qIINwVt+eZU0LypetVK9vyzVbrI48ugEnaIy8tAVqqE7VEcNRJFCz+gVvTlPzovz7nwsWnNONnOM/sD5/AFfjpJx</latexit>

! (p)

Neutron star equation of state depends on the Axion!

<latexit sha1_base64="ZvLDrb5yAa5QBNUxRkqVDK1l2Ow=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxWsA/oDCWTpm1oJglJpjAM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet7O2vrG5tV3YKe7u7R8cukfHLS0ShUkTCyZUJ0KaMMpJ01DDSEcqguKIkXY0vpv57QlRmgr+aFJJwhgNOR1QjIyVem4pmCBFpKZM8Aq/COSInvfcslf15oCrxM9JGeRo9NyvoC9wEhNuMENad31PmjBDylDMyLQYJJpIhMdoSLqWchQTHWbz46fwzCp9OBDKFjdwrv6eyFCsdRpHtjNGZqSXvZn4n9dNzOAmzCiXiSEcLxYNEgaNgLMkYJ8qgg1LLUFYUXsrxCOkEDY2r6INwV9+eZW0Lqt+rVp7uCrXb/M4CuAEnIIK8ME1qIN70ABNgEEKnsEreHOenBfn3flYtK45+UwJ/IHz+QNhfZSb</latexit>

! (n, " )
<latexit sha1_base64="k4XLsXuuOstrBsWuwwDZtXf1vP8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLIrUj0WvXisYD+kXUo2zbahSTYkWaGU/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3srq2vrGZm4rv72zu7dfODhsmCTVhNZJwhPdirChnElat8xy2lKaYhFx2oyGt1O/+US1YYl8sCNFQ4H7ksWMYOukR1WS5x01YGfdQtEv+zOgZRJkpAgZat3CV6eXkFRQaQnHxrQDX9lwjLVlhNNJvpMaqjAZ4j5tOyqxoCYczw6eoFOn9FCcaFfSopn6e2KMhTEjEblOge3ALHpT8T+vndr4OhwzqVJLJZkvilOObIKm36Me05RYPnIEE83crYgMsMbEuozyLoRg8eVl0rgoB5Vy5f6yWL3J4sjBMZxACQK4gircQQ3qQEDAM7zCm6e9F+/d+5i3rnjZzBH8gff5A+dvj9c=</latexit>

p(n, ! )

<latexit sha1_base64="bN8zj66Q0ICodj5nxB26sO/rYVg="></latexit>

mN (! ) = mN

!
1 + " ! N

"
cos

!
!
f

#
! 1

$#



minimizing the potential energy !"
!#

= 0 <latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n, ! ) = pN (n, ! ) ! V (! )

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

! (n, " ) = ! N (n, " ) + V (" )

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

! V
!"

+ n
! mN (" )

!"
= 0
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!"
!#

= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

! (n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n, ! ) = pN (n, ! ) ! V (! )

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

! (n, " ) = ! N (n, " ) + V (" )

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

! V
!"

+ n
! mN (" )

!"
= 0
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minimizing the potential energy 

Equation of state with light QCD Axion



EOS

!"
!#

= 0

<latexit sha1_base64="znIV5CvbMGEkdvgBWLVZGoZf7Po=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJmRoi6LblxWsA9oh5JJM21oJglJpjAM9VfcuFDErR/izr8xbWehrQfu5XDOveTmhJJRbTzv21lb39jc2i7sFHf39g8O3aPjlhaJwqSJBROqEyJNGOWkaahhpCMVQXHISDsc38389oQoTQV/NKkkQYyGnEYUI2OlvlvqTZAiUlMmeIWfX0jb+m7Zq3pzwFXi56QMcjT67ldvIHASE24wQ1p3fU+aIEPKUMzItNhLNJEIj9GQdC3lKCY6yObHT+GZVQYwEsoWN3Cu/t7IUKx1God2MkZmpJe9mfif101MdBNklMvEEI4XD0UJg0bAWRJwQBXBhqWWIKyovRXiEVIIG5tX0YbgL395lbQuq/5VtfZQK9dv8zgK4AScggrwwTWog3vQAE2AQQqewSt4c56cF+fd+ViMrjn5Tgn8gfP5A7jIlCs=</latexit>

! (n), p(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n, ! ) = pN (n, ! ) ! V (! )

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

! (n, " ) = ! N (n, " ) + V (" )

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

! V
!"

+ n
! mN (" )

!"
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

! (n)
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Equation of state with light QCD Axion



EOS

!"
!#

= 0

<latexit sha1_base64="znIV5CvbMGEkdvgBWLVZGoZf7Po=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJmRoi6LblxWsA9oh5JJM21oJglJpjAM9VfcuFDErR/izr8xbWehrQfu5XDOveTmhJJRbTzv21lb39jc2i7sFHf39g8O3aPjlhaJwqSJBROqEyJNGOWkaahhpCMVQXHISDsc38389oQoTQV/NKkkQYyGnEYUI2OlvlvqTZAiUlMmeIWfX0jb+m7Zq3pzwFXi56QMcjT67ldvIHASE24wQ1p3fU+aIEPKUMzItNhLNJEIj9GQdC3lKCY6yObHT+GZVQYwEsoWN3Cu/t7IUKx1God2MkZmpJe9mfif101MdBNklMvEEI4XD0UJg0bAWRJwQBXBhqWWIKyovRXiEVIIG5tX0YbgL395lbQuq/5VtfZQK9dv8zgK4AScggrwwTWog3vQAE2AQQqewSt4c56cF+fd+ViMrjn5Tgn8gfP5A7jIlCs=</latexit>

! (n), p(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n, ! ) = pN (n, ! ) ! V (! )

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

! (n, " ) = ! N (n, " ) + V (" )

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

! V
!"

+ n
! mN (" )

!"
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

! (n)

8

minimizing the potential energy 

It is very useful to look at the energy per particle
<latexit sha1_base64="uO3DinCSGbrLqTneaV5xGEp7HqY=">AAACHHicbVDLSsNAFJ34rPUVdekmWARBKIlKdSMURXAlFewDmhAm00k7dDITZiaFEvIhbvwVNy4UceNC8G+ctFlo64ELh3Pu5d57gpgSqWz721hYXFpeWS2tldc3Nre2zZ3dluSJQLiJOOWiE0CJKWG4qYiiuBMLDKOA4nYwvM799ggLSTh7UOMYexHsMxISBJWWfPP0xmeXbiggSt0RFDiWhHKWpSybV/2741bu+GbFrtoTWPPEKUgFFGj45qfb4yiJMFOIQim7jh0rL4VCEURxVnYTiWOIhrCPu5oyGGHppZPnMutQKz0r5EIXU9ZE/T2RwkjKcRTozgiqgZz1cvE/r5uo8MJLCYsThRmaLgoTailu5UlZPSIwUnSsCUSC6FstNIA6E6XzLOsQnNmX50nrpOrUqrX7s0r9qoijBPbBATgCDjgHdXALGqAJEHgEz+AVvBlPxovxbnxMWxeMYmYP/IHx9QM3qqNY</latexit>

En =
!
n

=
! N + V

n

Equation of state with light QCD Axion



9

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/
n

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="m6YbP9ITUK6YYNKiQBVR+VAnhg8=">AAACJ3icbVDLSgMxFM34rOOr6tLNYBEqSpkRXxu16MaVVLAPaIchk2ba0EwyJJlCGfohunbjJ/gLbgQV0aV/YqbtQlsPBA7nnMvNPX5EiVS2/WVMTc/Mzs1nFszFpeWV1ezaekXyWCBcRpxyUfOhxJQwXFZEUVyLBIahT3HV71ymfrWLhSSc3apehN0QthgJCIJKS172rBEIiJJGFwocSUI5y7M9e6efsP7phOVdD8zdSn6YME0vm7ML9gDWJHFGJHf+dJfivuRlXxtNjuIQM4UolLLu2JFyEygUQRT3zUYscQRRB7ZwXVMGQyzdZHBn39rWStMKuNCPKWug/p5IYChlL/R1MoSqLce9VPzPq8cqOHETwqJYYYaGi4KYWopbaWlWkwiMFO1pApEg+q8WakPdjtLVpiU44ydPksp+wTkqHN4c5IoXYIgM2ARbIA8ccAyK4AqUQBkg8ACewRt4Nx6NF+PD+BxGp4zRzAb4A+P7BwmxqdA=</latexit>

! (n, 0)
n

=
! N (n, 0) + V (0)

n

Free Fermi Gas of Neutrons

<latexit sha1_base64="AIcylB+K04J+KL37ta8qtMbgGuQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGC3hXYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEcml6oRYU84EbRlmOO0kiuI45LQdjm9mfvuRKs2kuDeThAYxHgoWMYKNlXy/6p5euf1yxa25c6C/xMtJBXI0++XP3kCSNKbCEI617npuYoIMK8MIp9NSL9U0wWSMh7RrqcAx1UE2v3aKTqwyQJFUtoRBc/XnRIZjrSdxaDtjbEZ62ZuJ/3nd1ESXQcZEkhoqyGJRlHJkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrZELzll/8S/6zm1Wv1u/NK4zqPowhHcAxV8OACGnALTWgBgQd4ghd4daTz7Lw574vWgpPPHMIvOB/f2w6OBQ==</latexit>

V (0) = 0



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN ! ! ! N

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/

n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (! = " f )

9

<latexit sha1_base64="98U9EnUjd7IEn7ciZXMit8B1cT8=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWaqVDdC0Y0rqWAf0KlDJs20oUlmSDJCGeZD3Pgrblwo4saF4N+YtrPQ1gMhJ+fcy809Qcyo0o7zbRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupr47QciFY3EnR7HpMfRQNCQYqSN5NsnwscXXigRTj0SK8oiAbnvxfS+CsPZnaWeogOO/NQ84U2W+XbZqThTwEXi5qQMcjR8+9PrRzjhRGjMkFJd14l1L0VSU8xIVvISRWKER2hAuoYKxInqpdPlMnhklD4MI2mO0HCq/u5IEVdqzANTyZEeqnlvIv7ndRMdnvdSKuJEE4Fng8KEQR3BSVKwTyXBmo0NQVhS81eIh8gkpU2eJROCO7/yImlVK26tUrs9Ldcv8ziK4AAcgmPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6yvH0ZOoiE=</latexit>

nc =
!m2

! f 2
!

" ! N

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

! (n, " )
n

=
! N (n, " ) + V (" )

n

Free Fermi Gas of Neutrons with light QCD Axion



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN ! ! ! N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 ! (" /n )
! n

= pN ! V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/

n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (! = " f )

9

<latexit sha1_base64="98U9EnUjd7IEn7ciZXMit8B1cT8=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWaqVDdC0Y0rqWAf0KlDJs20oUlmSDJCGeZD3Pgrblwo4saF4N+YtrPQ1gMhJ+fcy809Qcyo0o7zbRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupr47QciFY3EnR7HpMfRQNCQYqSN5NsnwscXXigRTj0SK8oiAbnvxfS+CsPZnaWeogOO/NQ84U2W+XbZqThTwEXi5qQMcjR8+9PrRzjhRGjMkFJd14l1L0VSU8xIVvISRWKER2hAuoYKxInqpdPlMnhklD4MI2mO0HCq/u5IEVdqzANTyZEeqnlvIv7ndRMdnvdSKuJEE4Fng8KEQR3BSVKwTyXBmo0NQVhS81eIh8gkpU2eJROCO7/yImlVK26tUrs9Ldcv8ziK4AAcgmPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6yvH0ZOoiE=</latexit>

nc =
!m2

! f 2
!

" ! N

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

! (n, " )
n

=
! N (n, " ) + V (" )

n

Free Fermi Gas of Neutrons with light QCD Axion



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN ! ! ! N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 ! (" /n )
! n

= pN ! V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/

n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!

Negative pressure for

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (! = " f )

9

<latexit sha1_base64="98U9EnUjd7IEn7ciZXMit8B1cT8=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWaqVDdC0Y0rqWAf0KlDJs20oUlmSDJCGeZD3Pgrblwo4saF4N+YtrPQ1gMhJ+fcy809Qcyo0o7zbRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupr47QciFY3EnR7HpMfRQNCQYqSN5NsnwscXXigRTj0SK8oiAbnvxfS+CsPZnaWeogOO/NQ84U2W+XbZqThTwEXi5qQMcjR8+9PrRzjhRGjMkFJd14l1L0VSU8xIVvISRWKER2hAuoYKxInqpdPlMnhklD4MI2mO0HCq/u5IEVdqzANTyZEeqnlvIv7ndRMdnvdSKuJEE4Fng8KEQR3BSVKwTyXBmo0NQVhS81eIh8gkpU2eJROCO7/yImlVK26tUrs9Ldcv8ziK4AAcgmPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6yvH0ZOoiE=</latexit>

nc =
!m2

! f 2
!

" ! N

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

! (n, " )
n

=
! N (n, " ) + V (" )

n

Free Fermi Gas of Neutrons with light QCD Axion

<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n !



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN ! ! ! N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 ! (" /n )
! n

= pN ! V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/

n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!

Negative pressure for

<latexit sha1_base64="abNFCrM5vhYFyQ16Wjsps9uzyGA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm2ARqmBJpKibYtGNK6lgL9DGMJlO2qGTSZiZCCHU99CNGxeKuBV8DXe+jZO0C63+MPDxn3M4Z343pERI0/zScnPzC4tL+eXCyura+oa+udUSQcQRbqKABrzjQoEpYbgpiaS4E3IMfZfitjs6T+vtW8wFCdi1jENs+3DAiEcQlMpy9GJYZjf7e7XQuczgoFUzHb1kVsxMxl+wplA6/bhP9dBw9M9eP0CRj5lEFArRtcxQ2gnkkiCKx4VeJHAI0QgOcFchgz4WdpIdPzZ2ldM3vICrx6SRuT8nEugLEfuu6vShHIrZWmr+V+tG0juxE8LCSGKGJou8iBoyMNIkjD7hGEkaK4CIE3WrgYaQQyRVXgUVgjX75b/QOqxYR5XqVbVUPwMT5cE22AFlYIFjUAcXoAGaAIEYPIJn8KLdaU/aq/Y2ac1p05ki+CXt/RubGZdJ</latexit>

p(n! ) = pN (n! ) ! V = 0

Defines 
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!
as

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (! = " f )

<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n !

9

<latexit sha1_base64="98U9EnUjd7IEn7ciZXMit8B1cT8=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWaqVDdC0Y0rqWAf0KlDJs20oUlmSDJCGeZD3Pgrblwo4saF4N+YtrPQ1gMhJ+fcy809Qcyo0o7zbRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupr47QciFY3EnR7HpMfRQNCQYqSN5NsnwscXXigRTj0SK8oiAbnvxfS+CsPZnaWeogOO/NQ84U2W+XbZqThTwEXi5qQMcjR8+9PrRzjhRGjMkFJd14l1L0VSU8xIVvISRWKER2hAuoYKxInqpdPlMnhklD4MI2mO0HCq/u5IEVdqzANTyZEeqnlvIv7ndRMdnvdSKuJEE4Fng8KEQR3BSVKwTyXBmo0NQVhS81eIh8gkpU2eJROCO7/yImlVK26tUrs9Ldcv8ziK4AAcgmPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6yvH0ZOoiE=</latexit>

nc =
!m2

! f 2
!

" ! N

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

! (n, " )
n

=
! N (n, " ) + V (" )

n

Free Fermi Gas of Neutrons with light QCD Axion



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN ! ! ! N

<latexit sha1_base64="6bv2MCXUj94yr/yBftsGlUIAwHM=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbBjWVGirpQLLpxJRXsBaZDyaSZNjSThCQjlKGP4cIuFHHrC/ga7nwbM20X2vpD4OP/zyHnnFAyqo3rfjsLi0vLK6u5tfz6xubWdmFnt65FojCpYcGEaoZIE0Y5qRlqGGlKRVAcMtII+zdZ3ngkSlPBH8xAkiBGXU4jipGxli8vZTu9Gx7XL9x2oeiW3LHgPHhTKF59PmcaVduFr1ZH4CQm3GCGtPY9V5ogRcpQzMgw30o0kQj3UZf4FjmKiQ7S8chDeGidDoyEso8bOHZ/d6Qo1noQh7YyRqanZ7PM/C/zExOdBynlMjGE48lHUcKgETDbH3aoItiwgQWEFbWzQtxDCmFjr5S3R/BmV56H+knJOy2V78vFyjWYKAf2wQE4Ah44AxVwC6qgBjAQ4Am8gFfHOCPnzXmflC4405498EfOxw9zepUx</latexit>

p = pN ! V < 0

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> !/
n

<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n!

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

9

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc

Most important points:

1. Negative pressure for
<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n !

2. In the NGS phase
<latexit sha1_base64="9SOwihw1W+/fOpJOKGV5LptIQ9I=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoIGVGpLoRim5cVrAP6Iwlk962oZnMmGQKpfQ33Pgrblwo4lJX/o2ZtgttPZcLh3PuJbkniDlT2nG+rczS8srqWnY9t7G5tb1j7+7VVJRIClUa8Ug2AqKAMwFVzTSHRiyBhAGHetC/Tv36AKRikbjTwxj8kHQF6zBKtJFathMXvAGRECvGI3HvEaWPL50TL6053RPw4OCWnXeKzgR4kbgzkkczVFr2p9eOaBKC0JQTpZquE2t/RKRmlMM45yUKYkL7pAtNQwUJQfmjyWVjfGSUNu5E0rTQeKL+3hiRUKlhGJjJkOiemvdS8T+vmejOhT9iIk40CDp9qJNwrCOcxoTbTALVfGgIoZKZv2LaI5JQbcLMmRDc+ZMXSe206JaKpduzfPlqFkcWHaBDVEAuOkdldIMqqIooekTP6BW9WU/Wi/VufUxHM9ZsZx/9gfX1A9HMoDI=</latexit>

p(! ! ) = 0 , ! ! != 0

Free Fermi Gas of Neutrons with light QCD Axion
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<latexit sha1_base64="ZujsNHEGwYYclSuI3y5ePjv4P4c=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIVI9FD3qSivYD2lA22027dLMJuxNtCQX/ihcPinj1d3jz37htc9DWBwOP92aYmefHgmtwnG9rYXFpeWU1t5Zf39jc2rZ3dms6ShRlVRqJSDV8opngklWBg2CNWDES+oLV/f7l2K8/MKV5JO9hGDMvJF3JA04JGKlt77eADSB95NDDZGAkfHN1N2rbBafoTIDniZuRAspQadtfrU5Ek5BJoIJo3XSdGLyUKOBUsFG+lWgWE9onXdY0VJKQaS+dnD/CR0bp4CBSpiTgifp7IiWh1sPQN50hgZ6e9cbif14zgeDcS7mME2CSThcFicAQ4XEWuMMVoyCGhhCquLkV0x5RhIJJLG9CcGdfnie1k6JbKpZuTwvliyyOHDpAh+gYuegMldE1qqAqoihFz+gVvVlP1ov1bn1MWxesbGYP/YH1+QMwa5Wk</latexit>

with axion NGS
<latexit sha1_base64="kWyP3Xw4yNJFXccMiOvjjT5dyU4=">AAAB+XicbVBNTwIxEO3iF+LXqkcvjcTEE+4agx6JXjxiIh8JbEi3FGjotpt2FiEb/okXDxrj1X/izX9jgT0o+JJJXt6bycy8MBbcgOd9O7m19Y3Nrfx2YWd3b//APTyqG5VoympUCaWbITFMcMlqwEGwZqwZiULBGuHwbuY3RkwbruQjTGIWRKQveY9TAlbquG4b2BjSpwuFydgq045b9EreHHiV+BkpogzVjvvV7iqaREwCFcSYlu/FEKREA6eCTQvtxLCY0CHps5alkkTMBOn88ik+s0oX95S2JQHP1d8TKYmMmUSh7YwIDMyyNxP/81oJ9G6ClMs4ASbpYlEvERgUnsWAu1wzCmJiCaGa21sxHRBNKNiwCjYEf/nlVVK/LPnlUvnhqli5zeLIoxN0is6Rj65RBd2jKqohikboGb2iNyd1Xpx352PRmnOymWP0B87nD8PYk8M=</latexit>

w/o axion

If a NGS is realized, the star ends at constant energy density

EOS Energy density profile

Free Fermi Gas of Neutrons with light QCD Axion
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<latexit sha1_base64="ZujsNHEGwYYclSuI3y5ePjv4P4c=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIVI9FD3qSivYD2lA22027dLMJuxNtCQX/ihcPinj1d3jz37htc9DWBwOP92aYmefHgmtwnG9rYXFpeWU1t5Zf39jc2rZ3dms6ShRlVRqJSDV8opngklWBg2CNWDES+oLV/f7l2K8/MKV5JO9hGDMvJF3JA04JGKlt77eADSB95NDDZGAkfHN1N2rbBafoTIDniZuRAspQadtfrU5Ek5BJoIJo3XSdGLyUKOBUsFG+lWgWE9onXdY0VJKQaS+dnD/CR0bp4CBSpiTgifp7IiWh1sPQN50hgZ6e9cbif14zgeDcS7mME2CSThcFicAQ4XEWuMMVoyCGhhCquLkV0x5RhIJJLG9CcGdfnie1k6JbKpZuTwvliyyOHDpAh+gYuegMldE1qqAqoihFz+gVvVlP1ov1bn1MWxesbGYP/YH1+QMwa5Wk</latexit>

with axion NGS
<latexit sha1_base64="kWyP3Xw4yNJFXccMiOvjjT5dyU4=">AAAB+XicbVBNTwIxEO3iF+LXqkcvjcTEE+4agx6JXjxiIh8JbEi3FGjotpt2FiEb/okXDxrj1X/izX9jgT0o+JJJXt6bycy8MBbcgOd9O7m19Y3Nrfx2YWd3b//APTyqG5VoympUCaWbITFMcMlqwEGwZqwZiULBGuHwbuY3RkwbruQjTGIWRKQveY9TAlbquG4b2BjSpwuFydgq045b9EreHHiV+BkpogzVjvvV7iqaREwCFcSYlu/FEKREA6eCTQvtxLCY0CHps5alkkTMBOn88ik+s0oX95S2JQHP1d8TKYmMmUSh7YwIDMyyNxP/81oJ9G6ClMs4ASbpYlEvERgUnsWAu1wzCmJiCaGa21sxHRBNKNiwCjYEf/nlVVK/LPnlUvnhqli5zeLIoxN0is6Rj65RBd2jKqohikboGb2iNyd1Xpx352PRmnOymWP0B87nD8PYk8M=</latexit>

w/o axion

EOS Energy  fi

If a NGS is realized, the star ends at constant energy density

Free Fermi Gas of Neutrons with light QCD Axion

There exists no heat-blanketing envelope:
<latexit sha1_base64="M1pW0ASHPTD9A0/kpkRY4zib9KY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjhdYW2hA22227dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ykMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmp4VIo3kKBkncSzWkUSt4Ox3czv/3EtRGxauIk4X5Eh0oMBKNopXYzYDfNwATlilt15yCrxMtJBXI0gvJXrx+zNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVX6ZBBrWwrJXP09kdHImEkU2s6I4sgsezPxP6+b4uDaz4RKUuSKLRYNUkkwJrPfSV9ozlBOLKFMC3srYSOqKUObUMmG4C2/vEoeL6perVp7uKzUb/M4inACp3AOHlxBHe6hAS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MH2B6PRA==</latexit>

Tc = Ts
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Light QCD Axions and Neutron Star Cooling

As a result the star cools much quicker
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Light QCD Axions and Neutron Star Cooling

• If gradient effects cannot be neglected, concept of EOS including axion breaks down
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• Solve full coupled system, envelope scales
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Light QCD Axions and Neutron Star Cooling

Resulting cooling curves, depend on

• Modified hydrostatic equilibrium 

<latexit sha1_base64="mP2cxHk98SXllTQD0iNVRovsIxs=">AAAB/nicbVBNS8NAEJ34WetXVDx5CRbBU0mKVI9FD3oRKtgPaGLZbDft0s0m7m4KJQT8K148KOLV3+HNf+O2zUFbHww83pthZp4fMyqVbX8bS8srq2vrhY3i5tb2zq65t9+UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8mvitERGSRvxejWPihajPaUAxUlrqmod9lzwmdOQGAuH0+jZLxUMl65olu2xPYS0SJyclyFHvml9uL8JJSLjCDEnZcexYeSkSimJGsqKbSBIjPER90tGUo5BIL52en1knWulZQSR0cWVN1d8TKQqlHIe+7gyRGsh5byL+53USFVx4KeVxogjHs0VBwiwVWZMsrB4VBCs21gRhQfWtFh4gHYTSiRV1CM78y4ukWSk71XL17qxUu8zjKMARHMMpOHAONbiBOjQAQwrP8ApvxpPxYrwbH7PWJSOfOYA/MD5/AKf/lfM=</latexit>

g !
GM
r 2

<latexit sha1_base64="fEUMTj45Ww5n+4/3ZHFhG/vcnrA=">AAACMHicbVDLSgMxFM3Ud31VXboJFlEXlhmR6rLoQpcK9gGdMtxJM21oJjMmmUIZ5pPc+Cm6UVDErV9h2g74vBA4j3uT3OPHnClt289WYWZ2bn5hcam4vLK6tl7a2GyoKJGE1knEI9nyQVHOBK1rpjltxZJC6HPa9AfnY785pFKxSNzoUUw7IfQECxgBbSSvdNHzwKW3CRseuoEEkjpZ6sp+lE2ZyFLhkZy4MUjNgOPGPhxkXxQy2PNKZbtiTwr/BU4OyiivK6/04HYjkoRUaMJBqbZjx7qTjq8knGZFN1E0BjKAHm0bKCCkqpNOFs7wrlG6OIikOULjifp9IoVQqVHom84QdF/99sbif1470cFpJ2UiTjQVZPpQkHCsIzxOD3eZpETzkQFAJDN/xaQPJhxtMi6aEJzfK/8FjaOKU61Ur4/LtbM8jkW0jXbQPnLQCaqhS3SF6oigO/SIXtCrdW89WW/W+7S1YOUzW+hHWR+f3W6rRQ==</latexit>

ga ! "
1
!

n
nc

" V (a)
" a

a!
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Light QCD Axions and Neutron Star Cooling

Resulting cooling curves, depend on

• Modified hydrostatic equilibrium 

<latexit sha1_base64="mP2cxHk98SXllTQD0iNVRovsIxs=">AAAB/nicbVBNS8NAEJ34WetXVDx5CRbBU0mKVI9FD3oRKtgPaGLZbDft0s0m7m4KJQT8K148KOLV3+HNf+O2zUFbHww83pthZp4fMyqVbX8bS8srq2vrhY3i5tb2zq65t9+UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8mvitERGSRvxejWPihajPaUAxUlrqmod9lzwmdOQGAuH0+jZLxUMl65olu2xPYS0SJyclyFHvml9uL8JJSLjCDEnZcexYeSkSimJGsqKbSBIjPER90tGUo5BIL52en1knWulZQSR0cWVN1d8TKQqlHIe+7gyRGsh5byL+53USFVx4KeVxogjHs0VBwiwVWZMsrB4VBCs21gRhQfWtFh4gHYTSiRV1CM78y4ukWSk71XL17qxUu8zjKMARHMMpOHAONbiBOjQAQwrP8ApvxpPxYrwbH7PWJSOfOYA/MD5/AKf/lfM=</latexit>

g !
GM
r 2

<latexit sha1_base64="fEUMTj45Ww5n+4/3ZHFhG/vcnrA=">AAACMHicbVDLSgMxFM3Ud31VXboJFlEXlhmR6rLoQpcK9gGdMtxJM21oJjMmmUIZ5pPc+Cm6UVDErV9h2g74vBA4j3uT3OPHnClt289WYWZ2bn5hcam4vLK6tl7a2GyoKJGE1knEI9nyQVHOBK1rpjltxZJC6HPa9AfnY785pFKxSNzoUUw7IfQECxgBbSSvdNHzwKW3CRseuoEEkjpZ6sp+lE2ZyFLhkZy4MUjNgOPGPhxkXxQy2PNKZbtiTwr/BU4OyiivK6/04HYjkoRUaMJBqbZjx7qTjq8knGZFN1E0BjKAHm0bKCCkqpNOFs7wrlG6OIikOULjifp9IoVQqVHom84QdF/99sbif1470cFpJ2UiTjQVZPpQkHCsIzxOD3eZpETzkQFAJDN/xaQPJhxtMi6aEJzfK/8FjaOKU61Ur4/LtbM8jkW0jXbQPnLQCaqhS3SF6oigO/SIXtCrdW89WW/W+7S1YOUzW+hHWR+f3W6rRQ==</latexit>

ga ! "
1
!

n
nc

" V (a)
" a

a!

• Modified envelope determined by
<latexit sha1_base64="m6f2cwMIcPhTmAE48pUMFoxij7s="></latexit>

! T
! p

=
"

K #
T4

s

g + ga

Effectively rescaling of 
<latexit sha1_base64="kIkhcPigYJ9gvKhx+wr0t6a+ejs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEEocyIVJdFNy4r2Ae2Q8mkd6ahmcyQZIRS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOkAqujet+Oyura+sbm4Wt4vbO7t5+6eCwqZNMMWywRCSqHVCNgktsGG4EtlOFNA4EtoLh7dRvPaHSPJEPZpSiH9NI8pAzaqz0GHVNQqLzqEd7pbJbcWcgy8TLSRly1Hulr24/YVmM0jBBte54bmr8MVWGM4GTYjfTmFI2pBF2LJU0Ru2PZxdPyKlV+iRMlH3SkJn6e2NMY61HcWAnY2oGetGbiv95ncyE1/6YyzQzKNn8ozATxMacxid9rpAZMbKEMsXtrYQNqKLM2JKKtgRvMfIyaV5UvGqlen9Zrt3kdRTgGE7gDDy4ghrcQR0awEDCM7zCm6OdF+fd+ZiPrjj5zhH8gfP5A908kGg=</latexit>

g ! g + ga
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Light QCD Axions and Neutron Star Cooling

Resulting cooling curves, depend on
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• Modified hydrostatic equilibrium 

<latexit sha1_base64="mP2cxHk98SXllTQD0iNVRovsIxs=">AAAB/nicbVBNS8NAEJ34WetXVDx5CRbBU0mKVI9FD3oRKtgPaGLZbDft0s0m7m4KJQT8K148KOLV3+HNf+O2zUFbHww83pthZp4fMyqVbX8bS8srq2vrhY3i5tb2zq65t9+UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+8mvitERGSRvxejWPihajPaUAxUlrqmod9lzwmdOQGAuH0+jZLxUMl65olu2xPYS0SJyclyFHvml9uL8JJSLjCDEnZcexYeSkSimJGsqKbSBIjPER90tGUo5BIL52en1knWulZQSR0cWVN1d8TKQqlHIe+7gyRGsh5byL+53USFVx4KeVxogjHs0VBwiwVWZMsrB4VBCs21gRhQfWtFh4gHYTSiRV1CM78y4ukWSk71XL17qxUu8zjKMARHMMpOHAONbiBOjQAQwrP8ApvxpPxYrwbH7PWJSOfOYA/MD5/AKf/lfM=</latexit>

g !
GM
r 2

<latexit sha1_base64="fEUMTj45Ww5n+4/3ZHFhG/vcnrA=">AAACMHicbVDLSgMxFM3Ud31VXboJFlEXlhmR6rLoQpcK9gGdMtxJM21oJjMmmUIZ5pPc+Cm6UVDErV9h2g74vBA4j3uT3OPHnClt289WYWZ2bn5hcam4vLK6tl7a2GyoKJGE1knEI9nyQVHOBK1rpjltxZJC6HPa9AfnY785pFKxSNzoUUw7IfQECxgBbSSvdNHzwKW3CRseuoEEkjpZ6sp+lE2ZyFLhkZy4MUjNgOPGPhxkXxQy2PNKZbtiTwr/BU4OyiivK6/04HYjkoRUaMJBqbZjx7qTjq8knGZFN1E0BjKAHm0bKCCkqpNOFs7wrlG6OIikOULjifp9IoVQqVHom84QdF/99sbif1470cFpJ2UiTjQVZPpQkHCsIzxOD3eZpETzkQFAJDN/xaQPJhxtMi6aEJzfK/8FjaOKU61Ur4/LtbM8jkW0jXbQPnLQCaqhS3SF6oigO/SIXtCrdW89WW/W+7S1YOUzW+hHWR+f3W6rRQ==</latexit>

ga ! "
1
!

n
nc

" V (a)
" a

a!

• Modified envelope determined by
<latexit sha1_base64="m6f2cwMIcPhTmAE48pUMFoxij7s="></latexit>

! T
! p

=
"

K #
T4

s

g + ga

Effectively rescaling of 
<latexit sha1_base64="kIkhcPigYJ9gvKhx+wr0t6a+ejs=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEEocyIVJdFNy4r2Ae2Q8mkd6ahmcyQZIRS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOkAqujet+Oyura+sbm4Wt4vbO7t5+6eCwqZNMMWywRCSqHVCNgktsGG4EtlOFNA4EtoLh7dRvPaHSPJEPZpSiH9NI8pAzaqz0GHVNQqLzqEd7pbJbcWcgy8TLSRly1Hulr24/YVmM0jBBte54bmr8MVWGM4GTYjfTmFI2pBF2LJU0Ru2PZxdPyKlV+iRMlH3SkJn6e2NMY61HcWAnY2oGetGbiv95ncyE1/6YyzQzKNn8ozATxMacxid9rpAZMbKEMsXtrYQNqKLM2JKKtgRvMfIyaV5UvGqlen9Zrt3kdRTgGE7gDDy4ghrcQR0awEDCM7zCm6OdF+fd+ZiPrjj5zhH8gfP5A908kGg=</latexit>

g ! g + ga
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Light QCD Axions and Neutron Star Cooling

Axion parameter space: 

https://github.com/cajohare/AxionLimits?tab=readme-ov-file
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Light QCD Axions and Neutron Star Cooling

Axion parameter space: 

Not dense enough

Gradient too large

Envelope intact

https://github.com/cajohare/AxionLimits?tab=readme-ov-file



Conclusions

• Light QCD axions get sourced in neutron stars

• This can lead to the existence of a new ground state of nuclear matter

• Drastically alters the stellar composition of neutron stars: 

• Can prevent the existence of heat blanketing envelopes

• Leads to order of magnitude enhancement of NS cooling

• Confrontation with data leads to novel bound in previously unconstraint
axion parameter space

Thank you!



Backup



coupled system

Luckily, there is a simplifying limit!

Minimizing the action

can be solved numerically, very technical

Einstein equations and axion EOM

Neutron Axion System
<latexit sha1_base64="IDq+4aCifzXBB/C2HGEKb/uJXno="></latexit>

L !" =
!

" g
!

ø! (ieµ
a" aDµ " m! (#)) ! +

1
2

gµ#($µ #)($##) " V (#)
"

,

8



Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

!

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>

!

Negligible Gradient Limit

• Gradient energy becomes negligible:
<latexit sha1_base64="0l2ScNTSgdw5CyBCexPf4RQsfSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXsquFPUiFL14rGA/sF1KNs22odlsSLJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYTVZrF4sGMJfUjPBAsZAQbKz125ZCdltXZtdsrltyKOwNaJl5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0UuommEpMRHtCOpQJHVPvp7OIJOrFKH4WxsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMmZGKoIPNFYcKRidH0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmucV76JSva+WajdZHHk4gmMogweXUIM7qEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/CQ+P2w==</latexit>

! ! (r ) = 0

Limit of a thin wall bubble

9

<latexit sha1_base64="JZXLpyMIRz5mJatxL92yoYyTO8M="></latexit>

! ! ! m! 1
! !

f
!

" " N n " #m2
" f 2

"


