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• Reliable creation of excited multi-hadron final states 

• Formalism to relate finite-volume matrix elements to infinite volume 

• Extraction of matrix elements from three-point correlation functions 

Overview

  A(D → h1h2) = CLL
n,L,h1,h2[lim

a→0
ZMS ⟨n, L ℋW D, L⟩]

This project: a first step towards D → Kπ
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Overview

• Reliable creation of excited multi-hadron final states 

• Formalism to relate finite-volume matrix elements to infinite volume 

• Extraction of matrix elements from three-point correlation functions  

• Non-perturbative renormalisation of four-quark operators 

• Removal of discretisation effects

  A(D → h1h2) = CLL
n,L,h1,h2[lim

a→0
ZMS ⟨n, L ℋW D, L⟩]

This project: a first step towards D → Kπ



D ➔ K𝛑 four-quark operators

D
0 ū

c

s
ū K→

u
d̄ ω+

H
!C=1
W

D
0 ū

c

s̄
u K+

ū
d ω→

H
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or

Od̄s
ΓΓ′￼= (dΓu)(cΓ′￼s) Os̄d

ΓΓ′￼= (sΓu)(cΓ′￼d)

‣ SM: weak interactions mediated by  currents 

 

‣ Only the parity violating part contributes 

๏ Mixing under renormalisation with other dim-6 operators

V − A

O(V−A)(V−A) = OVV + OAA−(OVA + OAV)



Symmetries of four-quark operators

O!!→ P CS → CS →→ CPS → CPS →→

OV V +1 +1 +1 +1 +1
OAA +1 +1 +1 +1 +1
OPP +1 +1 +1 +1 +1
OSS +1 +1 +1 +1 +1
OTT +1 +1 +1 +1 +1
OV A →1 →1 →OAV +1 OAV

OAV →1 →1 →OV A +1 OV A

OSP →1 +1 OPS →1 →OPS

OPS →1 +1 OSP →1 →OSP

OT T̃ →1 +1 +1 →1 →1
O[V A+AV ] →1 →1 →1 +1 +1
O[V A↑AV ] →1 →1 +1 →1 →1
O[SP↑PS] →1 +1 →1 →1 →1
O[SP+PS] →1 +1 +1 →1 →1

O
→
T T̃

→1 +1 +1 →1 →1

parity

charge conjugation

switching symmetries 

S → = (ω1 → ω2, ω3 → ω4)

S →→ = (ω1 → ω4, ω2 → ω3)

O!!→ =
(
ω1!ω2

) (
ω3!

→
ω4

)

flavour exchange symmetry 

S = (ω2 → ω4)

S : O!!→ → O
F
!!→

[Donini et al EPJC 10 (1999)]

O
S=±1
!!→ = 1

2

[
O!!→ ±O

F
!!→

]

(discrete)

https://inspirehep.net/literature/495755
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!!→
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Operator mixing

‣ Operator mixing under renormalisation constrained by symmetries





Q1,R

Q2,R

Q3,R

Q4,R

Q5,R




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
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0 Z22 Z23 0 0
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

± 



Q1

Q2

Q3

Q4

Q5




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Operator mixing

‣ Operator mixing under renormalisation constrained by symmetries

๏ For parity-odd operators, regulator-induced chiral symmetry breaking 
does not spoil this mixing pattern (at )O(a)
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Operator mixing

‣ Operator mixing under renormalisation constrained by symmetries

๏ For parity-odd operators, regulator-induced chiral symmetry breaking 
does not spoil this mixing pattern (at )O(a)

➡ Lattice regularisation using Wilson quarks can be applied without 
introducing additive renormalisation
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Operator mixing

‣  in SM:D0 → Kπ
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Operator mixing

‣  in SM:D0 → Kπ


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‣ No mixing with BSM operators at O(a)

‣ Need to compute 3-pt function of only SM operator

O[VA+AV]



Renormalisation (RI schemes)

lim
mR→0

Tr [P ⋅ Λ(p1, p2)] ZT(μ)
Z2

q(μ)
kin

= Tr [P ⋅ Λtree]



Renormalisation (RI schemes)

lim
mR→0

Tr [P ⋅ Λ(p1, p2)] ZT(μ)
Z2

q(μ)
kin

= Tr [P ⋅ Λtree]
ΛR(p1, p2)P̂



Renormalisation (RI schemes)

Choice of subtraction-point kinematics: 

‣ RI/MOM:      and  

‣ RI/SMOM:    and 

(p1 − p2) = 0 μ2 = p2
1 = p2

2

(p1 − p2) ≠ 0 μ2 = (p1 − p2)2 = p2
1 = p2

2

lim
mR→0

Tr [P̂ ⋅ ΛR(p1, p2)]
kin

= 1

[Sturm et al PRD 80 (2009)]

[Martinelli et al NPB 445 (1995)]

https://inspirehep.net/literature/811234
https://inspirehep.net/literature/379648


Renormalisation (RI schemes)

Choice of subtraction-point kinematics: 

‣ RI/MOM:      and  

‣ RI/SMOM:    and 

(p1 − p2) = 0 μ2 = p2
1 = p2

2

(p1 − p2) ≠ 0 μ2 = (p1 − p2)2 = p2
1 = p2

2

lim
mR→0

Tr [P̂ ⋅ ΛR(p1, p2)]
kin

= 1

ensemble NT →N3
X a→1 (GeV) NPR dataset: mω (MeV)

a12m400 96→ 243 1.644 {547, 653, 746, 829, 906}
a094m400 96→ 323 2.099 {539, 646, 738, 822, 900}
a064m400 96→ 483 3.083 {545, 650, 740, 822, 899}

[Sturm et al PRD 80 (2009)]

[Martinelli et al NPB 445 (1995)]

OpenLat 

https://inspirehep.net/literature/811234
https://inspirehep.net/literature/379648
https://openlat1.gitlab.io/


NPR results Q
±
1 = 1

2

(
O[V A+AV ] ±O

F
[V A+AV ]

)

96 × 323, a094m400

RI/MOM
(ωµ,/q), (px, 0, pz, 0)RI/SMOM

(ωµ,/q), (px1 → px2 , p
y
1,→pz2, 0)

mπ = 0



mπ = 0

Chiral extrapolation Q
±
1 = 1

2

(
O[V A+AV ] ±O

F
[V A+AV ]

)

96 × 363, a094m400

RI/MOM
(ωµ,/q), (px, 0, pz, 0)RI/SMOM

(ωµ,/q), (px1 → px2 , p
y
1,→pz2, 0)

Z− [V
A+

AV
]



Big picture

〈
Q[V A+AV ]

〉ren
(µMS) = RRI→MS(µMS, µRI) lim

a→0

[
lim

mR→0
Z(a,mq, µRI)

] 〈
Q[V A+AV ]

〉bare
(a)

✓ Imposing NPR conditions using propagators, Green’s functions 

✓ Extrapolation to chiral limit  

๏ Combining with bare matrix elements  

๏ Continuum extrapolation 

๏ Matching to  in the continuum

m2
π = 0

MS [Christ et al PRD 88 (2013), Buras et al NPB 586 (2000)]

https://inspirehep.net/literature/527535
https://inspirehep.net/literature/1208708


Discretisation errors

〈
Q[V A+AV ]

〉ren
(µMS) = RRI→MS(µMS, µRI) lim

a→0

[
lim

mR→0
Z(a,mq, µRI)

] 〈
Q[V A+AV ]

〉bare
(a)

‣ Cutoff effects in , in Z ∼ O(a2m2
c ) ⟨Q⟩ ∼ O(amc)



Discretisation errors

〈
Q[V A+AV ]

〉ren
(µMS) = RRI→MS(µMS, µRI) lim

a→0

[
lim

mR→0
Z(a,mq, µRI)

] 〈
Q[V A+AV ]

〉bare
(a)

‣ Cutoff effects in , in Z ∼ O(a2m2
c ) ⟨Q⟩ ∼ O(amc)

‣ Massive NPR scheme RI/mSMOM has been shown to parameterise and 
treat discretisation errors Del Debbio et al PRD 110 (2024)][Boyle et al PRD 95 (2017), 

https://inspirehep.net/literature/1499495
https://inspirehep.net/literature/527535


Massive NPR: RI/mSMOM
Del Debbio, et al PRD 110 (2024)][Boyle et al PRD 95 (2017), 

 massless NPR         ,                 

 massive NPR         ,             

lim
mR→0

Tr [P̂ ⋅ ΛR(p1, p2)]
kin

= 1 Z = Z(aμRI)

lim
mR → 0

MR → MR

Tr [ ˜P̂ ⋅ ΛR(p1, p2)]
kin

= 1 Z = Z(aμRI, am)

https://inspirehep.net/literature/1499495
https://inspirehep.net/literature/527535
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Massive NPR: RI/mSMOM
Del Debbio, et al PRD 110 (2024)][Boyle et al PRD 95 (2017), 

From Lattice 2024: R Mukherjee “A massive non-perturbative 
renormalisation scheme for heavy quark observables”

observable: renormalised charm quark mass

https://inspirehep.net/literature/1499495
https://inspirehep.net/literature/527535
https://conference.ippp.dur.ac.uk/event/1265/contributions/7515/


Massive NPR: RI/mSMOM
Del Debbio, et al PRD 110 (2024)][Boyle et al PRD 95 (2017), 

From Lattice 2024: R Mukherjee “A massive non-perturbative 
renormalisation scheme for heavy quark observables”

mass scale  can be tuned for treating cutoff effectsM

https://inspirehep.net/literature/527535
https://inspirehep.net/literature/1499495
https://conference.ippp.dur.ac.uk/event/1265/contributions/7515/


Massive NPR: RI/mSMOM
Del Debbio, et al PRD 110 (2024)][Boyle et al PRD 95 (2017), 

From Lattice 2024: R Mukherjee “A massive non-perturbative 
renormalisation scheme for heavy quark observables”

scheme is presently defined for fermion bilinears only

mass scale  can be tuned for treating cutoff effectsM

https://inspirehep.net/literature/527535
https://inspirehep.net/literature/1499495
https://conference.ippp.dur.ac.uk/event/1265/contributions/7515/


Massive NPR for four-quark operators
(👷 work in progress)theoretical developments

O!!→ =
(
ω1!ω2

) (
ω3!

→
ω4

)

M m m m

‣ Generalising the method of WIs

๏ Renormalisation conditions with one heavy quark

[Aoki et al PRD 60 (1999), Donini et al EPJC 10 (1999)]

https://inspirehep.net/literature/494363
https://inspirehep.net/literature/495755
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Massive NPR for four-quark operators
(👷 work in progress)theoretical developments

Why bother? 

✴ Mass scale  can be tuned to control  cutoff effects 

✴ Perturbative matching: competitive at one-loop, large error budget 

๏ Recent three-loop matching calculations for !

M O(a2m2
c )

Zm
[L Chen et al 2506.07451]

O!!→ =
(
ω1!ω2

) (
ω3!

→
ω4

)

M m m m

‣ Generalising the method of WIs

๏ Renormalisation conditions with one heavy quark

๏ Perturbative matching!

[Aoki et al PRD 60 (1999), Donini et al EPJC 10 (1999)]

https://inspirehep.net/literature/2931684
https://inspirehep.net/literature/494363
https://inspirehep.net/literature/495755


Summary

This project: a first step towards D → Kπ

• Reliable creation of excited multi-hadron final states

• Formalism to relate finite-volume matrix elements to infinite volume

• Extraction of matrix elements from three-point correlation functions 

• Non-perturbative renormalisation of four-quark operators

  A(D → h1h2) = CLL
n,L,h1,h2[lim

a→0
ZMS ⟨n, L ℋW D, L⟩]

✅

✅

⚠

✅



Summary

This project: a first step towards D → Kπ

• Reliable creation of excited multi-hadron final states

• Formalism to relate finite-volume matrix elements to infinite volume

• Extraction of matrix elements from three-point correlation functions 

• Non-perturbative renormalisation of four-quark operators

• Removal of discretisation effects 

➡ expanding RI/mSMOM scheme to four-quark operators

  A(D → h1h2) = CLL
n,L,h1,h2[lim

a→0
ZMS ⟨n, L ℋW D, L⟩]

✅

✅

⚠

🐣

✅



Backup: RI/mSMOM

lim
mR→0

MR→MR

ω TrP ·
[
ε↑1
R !R(p1, p2)→ (m+M)

〈
S↑1
5,R

〉〈
S↑1
2,R

〉〈
ĞR(p1, p2)P (0)

〉〈
S↑1
3,R

〉〈
S↑1
4,R

〉]∣∣∣
kin

= 1.

‣ Embed four-flavour theory into five-flavour theory 

‣ Perform SU(5) rotations to generate Ward identities 

‣ Renormalisation condition obtained in terms of Green’s functions with and 
without heavy quark in the fourquark operator, and wave function 
renormalisation for heavy (use bilinear RI/mSMOM) and light quarks



Backup: varying kinematics Q
±
1 = 1

2

(
O[V A+AV ] ±O

F
[V A+AV ]

)

Quantifying  effectsa4q4

RI/SMOM
(ωµ,/q)

96
×

36
3,a094m

400
m2

π = 0

@

?2 ?3p1 p2



Backup: RI/MOM

P̂Λ
P

=
Z q

/Z
P

≡
Γ P

96 × 323, a094m400
μ = a−1

‣ Historically known to suffer from IR effects arising from the use of 
exceptional momenta 

๏  Need to study the effect of pion poles on the mixing pattern 
fourquark operators


