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Standard Model parameters and indirect
searches of New Physics

SM parameters : CKM matrix elements, quark masses, αs , . . .

VCKM =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



indirect searches of New Physics

▶ comparison between experiment and SM prediction [ LHCb, BESIII, Belle-II, . . . ]

▶ precision/rare processes: allowed/suppressed/forbidden in the SM

precision in lattice QCD ⇝ SM parameters



charm physics on the lattice

precision in leptonic and semileptonic decays of D(s) mesons and charm quark mass

• statistical precision

• continuum limit extrapolation relativistic heavy quarks on the lattice

MRGI
c ≈ 1.5 GeV

lattice artefacts :

a = 0.12 fm ⇝ aMRGI
c ≈ 0.9 [similar for momentum]

a = 0.04 fm ⇝ aMRGI
c ≈ 0.3

logarithmic corrections , critical slowing down

• scale setting

• excited-state contamination

• non-perturbative renormalization

• EM and strong isospin breaking corrections



CKM matrix & lattice QCD

VCKM =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


role of lattice QCD determinations

CKM process lattice QCD precision (%)

|Vus| K → ℓν fK ∼ 0.3

K → πℓν f Kπ
+ (q2 = 0) ∼ 0.2

|Vus|/|Vud | K → µν/π → µν fK /fπ ∼ 0.2

|Vcd | D → ℓν fD ∼ 0.3

D → πℓν f Dπ
+,0 (0) ∼ 0.8

|Vcs| Ds → ℓν fDs
∼ 0.2

D → Kℓν f DK
+ (0) ∼ 0.4

|Vub| B → τν fB ∼ 0.7

fBs
/fB ∼ 0.4

B → πℓν f Bπ
+ (q2) ∼ 4.0

|Vcb| B → D(∗)ℓν FB→D(∗) ∼ 1.1

V∗
tq V

tq′ ; V∗
cqV

cq′ ϵK B̂K ∼ 1.2

K → ππ → 30.0

V∗
tq V

tq′ ∆md B̂Bs
/B̂Bd

; ξ ∼ 1.3

∆ms B̂Bs
∼ 4.3

▶ charm quark masses
▶ consider most precise observables : single stable mesons [FLAG 24, 2411.04268]



D(s)-meson leptonic decays

up to QED corrections [talk by Giuseppe Gagliardi]

B(D(s) → ℓνℓ) =
G2

F |Vcq|2τD(s)

8π
f 2
D(s)

m2
ℓmD(s)

1 − m2
ℓ

m2
D(s)

2

▶ experiment : BESIII [∼ 2%], CLEO, BaBar, Belle

▶ lattice : fD and fDs

⟨0| Aµ |B(s)(p)⟩ = pµ
D(s)

fD(s)

▶ determination : |Vcd | and |Vcs|



decay constants : fD(s)
FLAG 24
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[FLAG 24, 2411.04268] Nf = 2 + 1 + 1 stretching factor :
√

χ2/dof ≈ 1.2 [fD ]

Nf = 2 + 1 + 1 : fD = 212.0(0.7) MeV [0.3%] , fDs
= 249.9(0.5) MeV [0.2%] , fDs

/fD = 1.1783(16)[0.14%]

Nf = 2 + 1 : fD = 210.4(1.5) MeV [0.7%] , fDs
= 247.7(1.2) MeV [0.5%] , fDs

/fD = 1.1740(70)[0.60%]

fD = 208.4(1.5) MeV [0.7%] , fDs
= 246.8(1.3) MeV [0.5%] , fDs

/fD = 1.1842(36)[0.30%]

[RQCD/ALPHA 24, S. Kuberski et al., 2405.04506]



fD and fDs

[RQCD/ALPHA 24, S. Kuberski et al., 2405.04506]

▶ Nf = 2 + 1 CLS ensembles open BC and periodic BC (1000-20000 MDUs)

▶ 49 ensembles, 6 lattice spacings (a ≈ 0.1 − 0.04 fm) and physical pion mass

▶ 3 chiral trajectories: TrM = const., ms ≈ const., mℓ = ms

▶ continuum extrapolation using t0-rescaled quantities
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charm quark mass tuning
[RQCD/ALPHA 24, 2405.04506]

▶ two charm masses per ensemble
▶ interpolation using m̄D = 2

3 mD + 1
3 mDs

+ checks with ηcon
c
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▶ point-to-all propagators with Gaussian smearing on APE-smoothed links
▶ decay constant : non-perturbative renormalization and improvement



continuum-limit and chiral extrapolation

[RQCD/ALPHA 24, 2405.04506]

▶ chiral fit inspired by SU(3) χPT: fD , fDs

▶ lattice spacing dependence includes a3 terms
▶ AIC-based model averaging

χ2/dof = 0.92
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▶ finite volume effects negligible once cuts are applied mπL < 3.5 and/or L < 2.3 fm



continuum-limit : comparison

lattice spacing dependence
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[RQCD/ALPHA 24, 2405.04506] [ALPHA 23, 2309.14154]



error budget

[RQCD/ALPHA 24, 2405.04506]

fD = 208.4(1.5) MeV [0.7%] , fDs
= 246.8(1.3) MeV [0.5%] , fDs

/fD = 1.1842(0.0036)[0.30%]

Relative contributions to the squared total errors :

fDs
fD fDs

/fD

Scale setting 53.5% 55.1% 27.8%
Systematic error 22.3% 24.8% 39.0%
Statistical error

Gauge ensembles 20.5% 18.3% 32.0%
Renormalisation and improvement 3.6% 1.8% 0.8%
Physical meson masses 0.1% 0.0% 0.4%

▶ t0 with [0.6%] from Ξ baryon mass [RQCD22, 2211.03744]



scale setting : t0 and w0 FLAG 24
[FLAG 24, 2411.04268]

0.135 0.140 0.145 0.150

=
+

+
=

+

fm

BMW 12A
RBC/UKQCD 14B
QCDSF/UKQCD 15
CLS 16
CLS 21
RQCD 22
Hudspith 24

FLAG average

HPQCD 13A
MILC 15
CalLat 20A
ETM 21

FLAG average

0.165 0.170 0.175 0.180

=
+

+
=

+

fm

BMW 12A

HotQCD 14

RBC/UKQCD 14B

QCDSF/UKQCD 15

FLAG average

HPQCD 13A

MILC 15

ETM 20

BMW 20

CalLat 20A

ETM 21

FLAG average

Nf = 2 + 1 + 1 stretching factor :
√

χ2/dof ≈ 1.8 [
√

t0 ] and 1.7 [w0 ]

Nf = 1 + 1 + 1 + 1 + QED : w0 = 0.17236(070) fm [0.4%]

w0 = 0.17245(051) fm [0.3%]

[BMW, 2407.10913]

Nf = 2 + 1 + 1 :
√

t0 = 0.14292(104) fm [0.7%] , w0 = 0.17256(103) fm [0.6%]

Nf = 2 + 1 :
√

t0 = 0.14474(057) fm [0.4%] , w0 = 0.17355(092) fm [0.5%]



semileptonic H → Lℓν decays

qµ = kµ − pµ ; rest frame of H

dΓ

dq2
=

G2
F

24π3
η

2
EW|Vcx |2(1 − ϵ)2(1 + δEM)×[

|p|3
(

1 +
ϵ

2

) ∣∣∣f+(q2)
∣∣∣2 + |p|M2

H

(
1 − M2

L

M2
H

)2
3ϵ

8

∣∣∣f0(q
2)
∣∣∣2]

ϵ = m2
ℓ/q2

ηEW = 1 + (αQED/π) ln(MZ/µ)|µ=MD
= 1.009(2) : short-distance electroweak corrections to GF

δEM : long-distance and structure-dependent electromagnetic corrections

⟨L| Vµ |H⟩ ≡
√

2MH

[
vµf∥(q

2) + pµ
⊥f⊥(q2)

]
≡ f+(q

2)

(
kµ + pµ − M2

H − M2
L

q2
qµ

)
+ f0(q

2)
M2

H − M2
L

q2
qµ

⟨L| S |H⟩ =
M2

L − M2
H

mh − mx
f0(q

2)

vµ = kµ/MH : four-velocity of H

pµ
⊥ = pµ − (p · v)vµ : component of the L-momentum orthogonal to v



D → πℓν and D → K ℓν : f+(q2 = 0) FLAG 24
[FLAG 24, 2411.04268]

0.55 0.65 0.75

=
+

+
=

+
= ETM 11B

FNAL/MILC 04
HPQCD 11 / 10B
JLQCD 17B

FLAG average for = +

ETM 17D
HPQCD 21A
FNAL/MILC 22

FLAG average for = + +

   fD
+ (0)

0.65 0.75 0.85

   + ( )
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Nf = 2 + 1 : f D→π
+ (0) = 0.6660(290) [4.4%] , f D→K

+ (0) = 0.7470(190) [2.5%]



D → K ℓν and D → πℓν f+,0(q2)

MILC ensembles: [FNAL/MILC 22, 2212.12648]

Nf = 2 + 1 + 1 HISQ + one-loop Symanzik improved gauge action
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D → πℓν f+,0(q2)

Error budget [percent] [FNAL/MILC 22, 2212.12648]

0 1 2 3
q2 [GeV2]

0.0

0.5

1.0

1.5

f
D
→
π

+
 fr

ac
tio

na
l e

rr
or

 [%
]

0 1 2 3
q2 [GeV2]

0.0

0.2

0.4

0.6

0.8

f
D
→
π

0
 fr

ac
tio

na
l e

rr
or

 [%
] Total
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Discretization, f
Discretization, f0

f PDG
π

Decay D → π

Source f+(0) f+(q
2
max) f0(q

2
max)

Statistics f⊥ 0.21 1.46 0.01
Statistics f0 0.70 0.39 0.40
Ctm. w0 0.31 0.09 0.15
χEFT f⊥ 0.12 0.46 0.01
χEFT f0 0.24 0.13 0.13
Discr. f⊥ 0.08 0.73 0.00
Discr. f0 0.05 0.02 0.07
f PDG
π 0.16 0.10 0.13

Total error 0.87 1.84 0.48



D → πℓν
chiral-continuum fit [FNAL/MILC 22, 2212.12648]
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hard-pion χPT : factorization of chiral logs with respect to energy dependence is violated at three loops
[G. Colangelo et al., 1208.0498]



D → K ℓν
chiral-continuum fit [FNAL/MILC 22, 2212.12648]
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hard-pion χPT : factorization of chiral logs with respect to energy dependence is violated at three loops
[G. Colangelo et al., 1208.0498]



D → K ℓν : f+,0(q2)

lattice data covers the full physical kinematic range

z-expansion with Bourrely, Caprini, Lellouch (BCL) parameterization

z(q2
, t0) =

√
t+ − q2 −

√
t+ − t0√

t+ − q2 +
√

t+ − t0

t+ = (mD + mK )
2 , t− = (mD − mK )

2 , t0 = t+ −
√

t+(t+ − t−)

z(t+, t0) = −1 , z(t0, t0) = 0 , z(−∞, t0) = +1

f+(q
2) =

1

1 − q2/m2
D∗

s

N+−1∑
n=0

a+
n

[
zn − (−1)n−N+ n

N+
zN
]

f0(q
2) =

1

1 − q2/m2
D∗

s
(0+)

N0−1∑
n=0

a0
nzn

kinematical constraint f+(0) = f0(0) also implemented

inputs: mD = 1.87265 GeV , mD∗
s

= 2.1122 GeV , mD∗
s
(0+) = 2.317 GeV , mK = 0.495644 GeV

N0 = N+ = 4

D → π: no subthreshold , m∗
D ≳ mD + mπ [D∗ included as pole in FNAL/MILC 22 ; unitarity bounds?]



D → K ℓν and D → πℓν : f+,0(q2)

continuum limit and physical point results, before and after fitting to z-expansion

[FNAL/MILC 22, 2212.12648]
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D → K ℓν and D → πℓν f+,0(q2)

[FLAG 24, 2411.04268] [FNAL/MILC 22, 2212.12648]
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form factor parametrizations : f+,0 and f⊥,∥
Bs → K [RBC/UKQCD 23, 2303.11280]
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D → πℓν

[ETMC 17, 1706.03017]

D → π : before and after subtracting hypercubic lattice artefacts
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D → πℓν
ground-state extraction : f⊥(p) 3-state fits in 2-pt functions [FNAL/MILC 22, 2212.12648]

R⊥(t, T , p) =

√
2EL

pi

C̄V i

H→L(t, T , p)√
C̄P

L (t, p)C̄P
H(T − t)e−EL t e−MH (T−t)
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3-pt functions : 4 − 5 different source-sink separations T : ∼ 1.4 − 2.2 fm
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D → πℓν
ground-state extraction : f0(p) 3-state fits in 2-pt functions [FNAL/MILC 22, 2212.12648]

R0(t, T , p) = 2
√

MH EL

(
mh − ml

M2
H − M2

L

)
C̄S

H→L(t, T , p)√
C̄P

L (t, p)C̄P
H(T − t)e−EL t e−MH (T−t)
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3-pt functions : 4 − 5 different source-sink separations T : ∼ 1.4 − 2.2 fm
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excited state effects from HMχPT
[O. Bär, A. Broll, R. Sommer, 2306.02703]

B → πℓν : B∗π excited states denser spectrum as L increases

mπ → mphys
π and L → ∞ ⇝ use of Heavy Meson χPT

HMχPT: LO LECs: f , g = gB∗Bπ

Interpolating B-meson fields: QCD : q̄r (x)ΓQ(x) ⇝ HMχPT : α
2 [B⋆

k + iβ1B∂kπ + . . .]

smeared interpolating field with rsm ≪ 1
mπ

: β1 → β̃1 (rsm) β1 = 0.14(4)GeV−1

f eff
⊥ (tv , tπ, Eπ) = f⊥ (Eπ) × (1 + ∆h⊥ (tv , Eπ) + . . .)

∆h⊥ (tv ; Eπ(p)) = − 1 + β̃1Eπ(p)/g

1 − β1Eπ(p)/g
e−Eπ (p)tv
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H

tv = T − t

part of spectrum which contributes in 2-pt functions is suppressed in 3-pt functions



D → K ℓν and D → πℓν : f+,0(q2)
[FNAL/MILC 22, 2212.12648]

strong isospin breaking corrections: valence sea : O
(
(md − mu)

2
)

systematic error in 1 − f neutral
+,0 /f charged

+,0

in definition of phys. point, initial and final hadron masses : neutral → charged
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phase-space suppression at large q2

QED :

experimental decay rate : PHOTOS Monte-Carlo applied for radiative corrections

e.g. D0 → π−e+νγ

long-distance corrections unknown for D → Kℓν and D → πℓν

assign δEM = ±1% based on K → πℓν

[Cirigliano et al., 1107.6001; Chien-Yeah Seng et al., 2203.05217]



D → K ℓν: |Vcs| FLAG 24

[FLAG 24, 2411.04268]



|Vcd| and |Vcs| FLAG 24
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neutrino scattering

/  ( = )
( )

our estimate for = +

/
( )

our estimate for = + +

|Vcd|

0.92 1.00 1.08

             | |

exp : BESIII, CLEO, Belle, Babar error : (lat)(exp)

Nf = 2 + 1 + 1 : |Vcd | = 0.2161(07)(52) [0.3%][2.6%] , |Vcs| = 0.974(2)(11) [0.2%][1.1%] , [D(s) → ℓν]

Nf = 2 + 1 : |Vcd | = 0.2178(16)(52) [0.7%][2.4%] , |Vcs| = 0.983(5)(11) [0.5%][1.1%] , [D(s) → ℓν]

error : (lat+exp)(QED:1%) or (lat)(exp)(QED:1%)

Nf = 2 + 1 + 1 : |Vcd | = 0.2245(33)(22) [1.5%] , |Vcs| = 0.9592(50)(96) [0.5%] , [D → π(K )ℓν]

Nf = 2 + 1 : |Vcd | = 0.2121(92)(29)(21) [4.3%][1.4%] , |Vcs| = 0.9580(250)(50)(100) [2.6%][0.5%] , [D → π(K )ℓν]

Nf = 2 + 1 + 1 : |Vcd | = 0.2229(64) [2.9%] , |Vcs| = 0.9667(096) [1.0%] , [combined]

Nf = 2 + 1 : |Vcd | = 0.2165(49) [2.3%] , |Vcs| = 0.9730(140) [1.4%] , [combined]

stretching factors :
√

χ2/dof ≈ 1.9 [Vcd , Nf = 2 + 1 + 1] and 1.3 [Vcs , Nf = 2 + 1]

Ds → K from FNAL/MILC 22 + BESIII [errors: (exp)>(lat)]



|Vcd| and |Vcs| FLAG 24

0.20 0.24 0.28

=
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CKM unitarity
neutrino scattering

/  ( = )
( )

our estimate for = +

/
( )

our estimate for = + +

|Vcd|

0.92 1.00 1.08

             | |

CKM second row unitarity

Nf = 2 + 1 + 1: |Vcd |2 + |Vcs|2 + |Vcb|2 − 1 = −0.01(2)

Nf = 2 + 1: |Vcd |2 + |Vcs|2 + |Vcb|2 − 1 = 0.00(3)



quark masses : mc and mc/ms FLAG 24

[FLAG 24, 2411.04268]
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/

stretching factor :
√

χ2/dof ≈ 2.0 [mc ] and 1.4 [mc/ms ]

Nf = 2 + 1 + 1 : mc (mc ) = 1.280(13) GeV [1.1%] , MRGI
c = 1.528(15)m(21)Λ GeV [1.7%] , mc/ms = 11.766(30)[0.3%]

Nf = 2 + 1 : mc (mc ) = 1.278(6) GeV [0.5%] , MRGI
c = 1.526(7)m(21)Λ GeV [1.4%] , mc/ms = 11.820(160)[1.4%]

ΛNf=4 = 297(12)MeV



mixed action : Wtm on CLS
[ALPHA 23, 2309.14154]

▶ lattice action:

▶ gauge action: Lüscher-Weisz gauge action (tlSym)

▶ sea fermion action: Nf =2+1Wilson fermions with non-perturbative cSW

▶ Wilson twisted mass (Wtm) fermions at maximal twist

▶ open boundary conditions in time

▶ chiral trajectory Mq =diag
(
mqu, mqd , mqs

)
tr Mq = mq u + mq d + mq s = const.

renormalised chiral trajectory [Bruno, Korzec, Schaefer, 1608.08900]

ϕ4 ≡ 8t0

(
1
2 M2

π + M2
K

)
= 1

2 ϕ2 + ϕK = const = ϕphys
4

▶ lattice spacings: a ≈ 0.085, 0.075, 0.063, 0.050, 0.038 fm MπL ≥ 3.9

0.000 0.002 0.004 0.006 0.008

a2[fm2]

100

150

200

250

300

350

400

450

m
π
[M

eV
]

H101

H102

H105

H400N202

N203

N200

D200

E250

N300

N302

E300

J303

J500

J501

phys

3.43.463.553.73.85
β



valence quarks: Wilson twisted mass

[ALPHA, hep-lat/0101001; Frezzotti and Rossi hep-lat/0306014, Pena et al., hep-lat/0405028]

▶ valence action

D Wtm = DSW
W + m ± iγ5µ

▶ maximal twist α= π
2 :

m = m̃cr ⇝ mval
12 = 0

µ = {µud , µs, µc}

flavours : i=1, 2 → (u, d) ; i=3, 4 → (s, s′)
▶ properties :

▶ absence of O (aµ) lattice artefacts in physical quantities at maximal twist

▶ SW term: same renormalization in sea and valence, valence flavour breaking
cutoff effects

▶ µ acts as an infrared cutoff

▶ mixed action : match sea & valence quark masses (at maximal twist)



continuum-limit scaling

fπK ≡ 2
3

( 1
2 fπ + fK

)
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charm sector : ground-state extraction
▶ setup : mixed action with Wilson twisted mass (Wtm) valence quarks

on CLS Nf = 2 + 1 ensembles

Wtm charm quark is partially quenched : three masses around physical value

▶ meson masses and matrix elements extracted from a GEVP

C(t) =
[

fP(t) fP(t + τ)
fP(t + τ) fP(t + 2τ)

]
τ = 3a

C(t)vn(t, tref) = λn(t, tref)C(tref)vn(t, tref)
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charm sector : ground-state extraction

meson masses and matrix elements extracted from a GEVP
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charm sector : ground-state extraction

meson masses : mD , mDs
, m(conn.)

ηc
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matching charm quark mass
▶ consider two matching conditions ϕ

(i)
H ≡ √

8t0m(i)
H =̂ϕ

(i),isoQCD
H

m(1)
H =̂ misoQCD

D
≡ 2

3
misoQCD

D +
1

3
misoQCD

Ds

m(2)
H =̂ m(conn.,isoQCD)

ηc

[includes 100% uncertainty from absence of quark-disconnected contributions]

▶ chiral-continuum behaviour of D(s) meson masses
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matching charm quark mass
▶ consider two matching conditions ϕ

(i)
H ≡ √
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H =̂ϕ
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▶ chiral-continuum behaviour of D(s) meson masses
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charm quark mass

RGI quark mass

µ
RGI
c =

M

m̂(µhad)
Z−1

P (g2
0 , µhad)µc

non-perturbative running [Schrödinger Functional] [ALPHA, 1802.05243]

M

m̂(µhad)
= 0.9148(88) [1%]

from µhad = 233(8) MeV to µpt ∼ O(MW)

continuum factor: applies to Wilson and Wtm regularizations

▶ mass dependence ϕ2 = 8t0Mπ, ϕ
(i)
H =

√
8t0M(i)

H

√
8t0mRGI

c (0, ϕ2, ϕ
(i)
H ) = p0 + p1ϕ2 + p3ϕ

(i)
H

▶ discretization effects

cM(a, ϕ2, ϕH) =
a2

8t0

(
c1 + c2ϕ2 + c3ϕ

2
H

)
+

a4

(8t0)2

(
c4 + c5ϕ

2
H + c6ϕ

4
H

)



charm quark mass

lattice spacing dependence
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charm quark mass

lattice spacing dependence
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charm quark mass

mass dependence
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charm quark mass [ preliminary ]
lattice spacing dependence :

cµc
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systematic effects : model averaging
▶ generalised least square

χ
2
K (a) = [y − f (a)]T K−1 [y − f (a)]

K = C covariance matrix ; K = Ksyst
▶ Akaike Information Criterion

AIC = χ
2
C + 2Npar

▶ Takeuchi Information Criterion [Frison, 2302.06550]

TIC = χ
2
K − 2⟨χ2

K ⟩

⟨χ2
K ⟩ : [Bruno & Sommer, 2209.14188]

▶ model m : apply weight Wm

Wm ∝ exp

(
− 1

2
TICm

)
with

M∑
m=1

Wm = 1

▶ if K = C → ⟨χ2
C⟩ = Ndof = N tot

dat − Npar

if data cuts : N cut
dat = N tot

dat − Ncut → ⟨χ2
C⟩ = N cut

dat − Npar

Wm ∝ exp

(
− 1

2

[
χ

2
C + 2Npar + 2Ncut

]
m

)
[Jay & Neil, 2008.01069]

▶ model average (MA)

⟨O⟩MA =
M∑

m=1

⟨Om⟩Wm

σ
2
syst = ⟨O2⟩MA − ⟨O⟩2

MA



conclusions: precision charm physics

lattice

• statistical precision

• continuum limit extrapolation

• scale setting

• excited-state contamination

• non-perturbative renormalization

• EM and strong isospin breaking corrections

contact with experimental efforts


