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Introduction

o First evidence of D-meson mixing at Belle and Babar in C
2007, later confirmed by CDF, LHCb, Belle Il

o Most recent HFLAV average excludes no-mixing
hypothesis with a significance at > 11.5¢ T

o Uniqueness of charm mixing: neutral D® mesons are the
only mesons made of up-type quarks that can mix

o Mixing and CP violation are suppressed in the Standard
Model (GIM & CKM)

o D-mixing amplitudes are dominated by long-distance
effects, which are poorly known: theoretical estimates
span few orders of magnitude!




Mixing — Basic formalism

In the Standard Model, neutral mesons can mix since flavour eigenstates # weak eigenstates:
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Mixing amplitude
The mixing amplitude for the process D — D" is given by the following S-matrix element:
<Doap/D|S o 1‘D07pD> — <DoaplD‘ i CXP {_1/(1-4:1j Hw(x)} ‘D07PD>

— (27‘(‘)454(PD0 — PDO) iMDO_>DO



Mixing amplitude

The mixing amplitude for the process D — D" is given by the following S-matrix element:
<Doap/D|S o 1‘D07pD> — <DoaplD‘ i CXP {—1/d4$ Hw(x)} ‘DO7pD>

— (27‘(‘)454(PD0 — PDO) iMDO_>DO
Expanding to 2nd order in the weak Hamiltonian we get
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short-distance long-distance
(AC = 2) (AC = 1)



Mixing amplitude

The short-distance contribution is usually expressed in terms of "bag parameters"

ETMC, PRD 92 (2015)
Fermilab/MILC, PRD 97 (2018)

MDO_>DO — <DO7PD|HW(O)‘D07PD> ~ GF mQDfQD ZCZ Bz

The long-distance part can also be expressed as follows:

dw  p(w)

; ~
MDO%DO 2 /d4:z: (D% pp T {Hw (@) (0)} D%, pp) = 21—% 21 w— Ep —ie

p(w) = (D, pp| Hy(0) (21)*6(H — w)5*(P — pp) Hw(0) |D°, pp)


https://doi.org/10.1103/PhysRevD.92.034516
https://doi.org/10.1103/PhysRevD.97.034513
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Smeared spectral density

On the lattice we can only access a finite-volume spectral density

pr(w) =2EpL3(D°, pp| Hw (2m)8(H — w) L35

P, tw D% pp)r

T g ()

associated with the finite-volume lattice correlation function C,  (!) = g e

Problem: finite-volume spectral densities are distributions and hence require a smearing
dll
2%

()= e EnL) = BB S (")K ("8

n

e

1 (v) = Ili[no LIli"m

see talk by A.De Santis (Tuesday 10:30)

10



Spectral reconstruction

The essential idea is to approximate the smearing kernels ! ! {R, I}
ol | d" " | /n | T d" I IR n
§ (5. #= (K8 > @A K@) (")
as a linear combination of decaying exponentials
Ki(g'|! ) = Gh (.)€ 2y 1 (9 B #) = Gr (5, #) Ci (an)

N = Nmin N = N min



. M.Hansen, A.Lupo, N.Tantalo, PRD 99 (2019)
Spectral reconstruction p.Gambino, SHashimoto, PRL 125 (2020)
The essential idea is to approximate the smearing kernels ! ! {R, I}
ol | d" " | /n | T d" I IR n
4 (5. %= S (K(8) > (@A LK ("B (")
as a linear combination of decaying exponentials
Ki(g'|! ) = G (.)€ "y 1 (9B #) = 0r (. #) Ci (an)
N= N min N= N min

The goal: determine the sets of coefficients ' that best approximate the kernels

—> a minimisation problem for which different algorithms have been proposed:

variants of Backus-Gilbert methi{etL T) Chebyshev polynomials, E
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Weak Hamiltonian
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Current-current operators

Q?q =[@a ! PL ca][ap! “PL qlg)

QY =[@ ! PL collan! "PL o

QCD-penguin operators

Q3 =[8a! PLC] [@!"PL g
q
!
a=[@3' PLc] [@!"PL ]
Kt
Qs =[@a!  PLC] [@!"Pr q]
q
!
Qs =[B! PLC] [&!"Pr Q]
q
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Weak Hamiltonian
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Current-current operators

Q?q = [3, ! uPL CallBn ! M PL qlz)
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QCD-penguin operators
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Qs =@, ! PL Ca]! (@ ! " Pr O]
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q

where !4 = GF(quVC!q)/- 2 and !'gq+ !5+ !1,=0 (CKM unitarity
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U_spi n* d eco m positio n A.L.Kagan & L.Silvestrini, PRD 103 (2021)

* SU(2) group like isospin, but witlands
Starting from the mixing amplitudes " c
12 = Vil i M2 = it Mi ’
,) =d,s ,] =d,s,b C N
using CKM unitarity we can decompose them as follows:

!dd! 2!ds+!ss

2 2 » 2
| —(!S!!d)l +(!d!!3)!bl +!_b| o= 1 1 1
lo=ltgg +2V gs + ! s
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U-spin decomposition

Therelevantamplitudes ! o = 1 44 ! 21 4s + ' ss and Mo =M y4q! 2Mgs + M o<

are obtained from the following operator insertions:

15, Mz 1 (Q® " Q¥)Q™" Q®)" (Q¥MQ® + Q® Q™)
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Lattice correlation functions
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Lattice correlation functions

In arXiv:2504.16189 we propose a strategy to compute such correlation functions...

... here | skip the details but only stress two aspects that make this calculation feasible:

1. GIM mechanism removes the quadratic divergence in the amplitude when integrated
intheregion X! O —> no mixing between long and short distance

2. The appearance of just differences of propagators in our correlators allows the use of
variance-reduction techniques:

Ss(X,¥)! Sa(x,y)=(mg! ms)  Sg(x,w)Ss(w,y)

W

L.Giusti, T.Harris, A.Nada and S.Schaefer, EPJC 79 (2019)
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S peCt ra l mOd el R.A. Briceno et al., PRD 97 (2018)

We have built a model for the spectral density in the vacuum sector, inspired by previous
lattice calculations by the HadSpec collaboration (Imy ! 400 MeV).

We focus here just on the lightest three 2-particle channels (!! , KK, " )and define:
1 | T 2\ &1 (n 2 ’" n 2\ 4 "2#]1, "2"
™)=Im T ("9a ™" )al! KMs)a ("“) ar (" “)
K-matrix for coupled 2-to-2 channels

phase-space factor

1-to-2 transition amplitudes
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Spectral model
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Spectral

model
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Outlooks for a first lattice calculation

e (although not discussed in this tatkle renormalisation of the 4-fermion operators is a crucial
step for the extraction of the mixing amplitudes.

In this context chiral symmetry plays a relevant role:

| The relevant operators contributing to the weak Hamiltonian Q%, Q%,(Q%® ! Q%)
renormalize multiplicatively and do not mix with penguin operators

| Chiral symmetry prevents mixing with lower-dimensional operators which can occur
in non-perturbative renormalization schemes

N> we advocate the use of fermions with improved chiral symmetry, e.g. Domain Wall

21



Outlooks for a first lattice calculation

e Even a calculation not at the physical point can give very useful insight on the mixing
amplitudes of interest, thanks to CKM suppression and their U-spin symmetry structure

A
2l | Keep (2mg + mf) fixed to physical value
I Tune the charm at its physical value
% | Neglect isospin breakind ects (~1%)
§ | U-spin breaking parametet:;y = mi ! mf
| Vanishing value dtu = 0 can be used for an
| 6 extrapolation to the physical point
o at phys
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Conclusions

We have discussed how a calculation for long time considered impossible is instead feasible
thanks to the recent (theoretical & algorithmic) developments in lattice QCD

We have provided a formalism demonstrating how the mixing parameters x,; and y,, can
be extracted from lattice correlation functions including long-distance effect

This is achieved by the fruitful combination of features: CKM suppression, GIM mechanism,
U-spin symmetry, chiral symmetry + spectral reconstruction techniques, variance reduction
techniques, ...

Many challenges (nasty contractions, noisy correlators, tricky reconstruction, renormalisation, E

that we are ready to face! -~
| &:fg stay tuned ;-)
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Correlation functions
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Mixing amplitudes from LHCb

From talk by D.Mitzel (Monday 9:30)

| Apes| interference
mixing and DCS
| Acr | o

Phys. Rev. D 111 (2025) 012001
miXing
~ {2

v’ =xcosd + ysind
/ ~ . -~
Yy = 1y COSO0 — T SIN 0
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