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2The tin can phone

 Your voice makes the bottom of  the can vibrate.

The vibrations of  the can's bottom are transferred to the string

The sound propagates along the string as vibrations

The vibrations reach the second can

The vibrating bottom of  the second can creates sound waves



3A fast tin-can phone

How to optimise this “technology”?

Increase the sound velocity? Change the material



4The fastest tin-can phone

Sound is a universal phenomenon  with ω(k) ≈ v k ∂kω(k) = v = K
ρ

 is the bulk modulus and  is the density of  the material K ρ

Finite sound velocity is a consequence of  locality of  the interactions 

Hosc = ∑
i

p2
i

2m
+ ∑

j>i
Kijxixj

lim
|i−j|→∞

Kij < exp(−λ | i − j | )
Local

lim
|i−j|→∞

Kij ∼ 1
| i − j |α

Non-local 



5Local or long-range

VG(r) = GM
r

α

Long-range potentials are quite common in master 
programs

• Often responsible for fundamental phenomena. 

• Do not come often around in condensed matter. 

• May be engineered in quantum simulators.



6Long-range quantum simulators

V(r) ∼ r−α

α
d d + 20

“Long-range interacting quantum systems”,  ND et al. Rev. Mod. Phys. 95, 035002 (2023).

α = 0 α = 3/2 α = 3



7Novel Dynamical Phenomena

Time Crystals

J. Zhang, et al., Nature 543, 164 (2017).

1/rα

Fast Signal Spreading

P. Richerme, et al., Nature 511, 198 (2014).

x

t

, Nicolò Defenu, 2021.

0 20 40
t

0

5

10

15

20

E
nt

an
gl

em
en

t
E
nt

ro
py

Nearest Neighbour

Long-range (Æ ' 0)

Non-ergodic states



Terra
Incognita
0 < α < ∞

Tuneable 
defect 

formation

Open Dynamics of
Quasi-Stationary States

Non-ergodicity

Entanglement Scaling
in Quantum Circuits

Classical 
Long-Range

Quantum
Flat (α = 0)

A new world, full of  treasures 8

Quantum 
Finite Range

Classical 
Finite Range



Long-range quantum Ising model

Long-range interactions:

What is the condition for Tc > 0

Jij = 1
Nα

1
| i − j |α N−1

α ≈
(1 − α)2(1−α)Nα−1 if α < 1
1/log(N ) if α = 1
1/ζ(α) if α > 1.

H = − ∑
l<j

Jij (σx
l σx

j + σy
l σy

j + σz
l σz

j )

T ≪ J ⇒ |0⟩ ≡ Πi | ↑ ⟩i or Πi | ↓ ⟩i and  lim
|i−j|→∞ ⟨σz

i σz
j ⟩ ∝ N2

0

T ≫ J ⇒ |0⟩ ≡ Πi | → ⟩i with  | → ⟩ ≡ | ↑ ⟩ + | ↓ ⟩ and  lim
|i−j|→∞ ⟨σz

i σz
j ⟩ ∝ e− | i − j |

ξ



10Spin-wave approximation

H = − ∑
l<j

Jij (σx
l σx

j + σy
l σy

j + σz
l σz

j )
Holstein-Primakoff transformation

σx
ℓ ≃

aℓ + a†
ℓ

2 σy
ℓ ≃

aℓ − a†
ℓ

2i
σz

ℓ = 1
2 − a†

ℓaℓ

H = − ∑
l<j

Jij(a†
i aj + h . c.) + h∑

j
a†

j aj,

1) Auerbach A 1998 Interacting Electrons and Quantum Magnetism



11Long-range interactions

Jk =
N

∑
ℓ=1

cos(kℓ)
ℓα ≈ Liα (eik) + Liα (e−ik)

lim
k→0

Jk = hc + c kσ + O(k2), σ = α − 1

lim
ω→0

ρ(ω) ∝ ω
ds
2 −1ρ(ω) = ∫ dk

2π
δ (ω − Jk)



12The Spectral Dimension

Spontaneous symmetry breaking of  continuous symmetries only depends on

The spectral dimension determines the Mermin-Wagner Theorem

Finite temperature SSB for ds > 2

1) R. Burioni, D. Cassi, Phys. Rev. Lett. 76, 1091 (1996). 
2) R. Burioni, D. Cassi, A. Vezzani, Phys. Rev. E 60, 1500 (1999). 

What about discrete symmetries?

ds = 2d
σ



13The Phase Diagram

0 σ*

σ
LocalLR

pσ p2−ηηlr = 2 − σ

1) J. Sak, Phys. Rev. B 8, 281 (1973).

H = − ∑
l<j

Jij (σx
l σx

j + σy
l σy

j + σz
l σz

j )
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Particle production from quantum vacuum

⌧eq / ��1

� ! 0

Kibble-Zurek 

Equilibration 
time

λ(t) = h(t) − hc ≈ δt t ∈ [−1/δ, tf]
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Adiabatic condition:
@�(t)

@t
⌧ �(t)2

tfreeze / ��
z⌫

1+z⌫⇠freeze / ��
⌫

1+z⌫

Time-Dependent control parameter 



t

�Full counting defect statistics

𝒩 ∝ ( L
ξfreeze )

d
L

P(n) ≈ B(𝒩, n, p) = (𝒩
n )pn(1 − p)n

Probability to generate n defects

1/δ 1/δ 1/δ

Fernando J. Gómez-Ruiz, Jack J. Mayo, and Adolfo del Campo, Phys. Rev. Lett. 124, 240602 (2020) 

 Smitha Vishveshwara,Physics 13, 98 (2020)



H = � J

N

X

ij

�
z
i �

z
j � h

X

i

�
x
i = � J

2N
S
2
x � 2hSz +

J

2

H � EMF = �(t)a†a

Controversy

lim
t!+1

(E(t)� Eeq) = Q / �✓

• Phys. Rev. Lett. 115, 180404 (2015).

✓ = z⌫/(1 + z⌫) = 1/3

Scaling Argument

• Phys. Rev. B 78, 104426 (2008). 
• Phys. Rev. Lett. 112, 030403 (2014). 

✓ = 1/2z = 3/2

Finite Size

Lipkin-Meshkov-Glick (LMG) Model 

Experiment: Klinder et al, Proc. Natl. Acad. Sci. 112, 3290 (2015).
Theory: Defenu et al, Phys. Rev. Lett. 121, 240403  (2018).



Adiabatic 
States

Exact 
States

ψn(x, t) = 1
2nn! ( 1

2πξ2(t) )
4
4

e−Ω(t) x2
2

Hn ( x
2ξ(t) ) e−i(n + 1

2 )λ(t)

�(t) =

Z t dt0

2⇠(t)2

Scalar QED

ψn,0(x) = 1
2nn! ( ωt

π )
1
4

e−ωt
x2
2

Hn (x ωt)
Ω(t) = − i

·ξ(t)
ξ(t) + 1

2ξ2(t)

ω(t)2 = Δ(t)2 = m2

Klein-Gordon Equation: 

(D2
μ + m2) Ψ = 0



Negative Binomial Distribution

𝒫(m) = (m/2 + k − 1
m/2 ) sin ( π

2 + η )
2k

cos ( π
2 + η )

m
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