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Main motivation
• main aim: simple relativisti
 -fully Lorentz 
ovariant- model for ex
ited mesons(heavy quarkonia)

• BSE has never been used for ex
ited quarkonia in its full 4d form!Are Heavy quarkonia heavy enough? that QM or RQM 
an be used

• What are the retardation e�e
ts and how mu
h is relativity (quantum �eld theorydes
ription) important and urgent for Charmonia, re
all < v2 >= 0.25c Quigg-Rosner (1977)
• What is the full Lorentz form of the intera
tion? Vs + Vv



Motivation and Introdu
tion
• theory:QFT BSE �nonrelativisti
 limit �> S.R. for quarkoniaQFT BSE � instantaneous approximation�> 3d "semirelativisti
" Salpeter equation(retardation e�e
t negle
ted)
• pra
ti
e:S.R., Salpeter, Wilson approa
hes are extensively used �> EMG +hadroni
 transi-tions + spe
tros
opy �> energy eigenvalues are mixture of orthogonal states due tothe relativityoverview:



N. Brambilla,..., Heavy quarkonium, puzzles, and opportunities, arXiv:1010.5827E. Ei
hten, arXiv:0701208, Quarkonia and their transitionsmost observations- QM +(some knowledge from QCD) is enough spe
tros
opy issimple , nonrelativi
 QM with phenomenologi
al VS
hrodinger equation with quark-antiquark stati
 potential reprodu
e plethora ofobserved mesonQM to be generalized - Linear quark-antiquark stati
 potential from latti
e Wilsonloops => Phenomenology and pra
ti
eCornell potential V = c1/r + c2 ∗ r + c3Ei
hten (1975, 1976, 1978...)Quigg-Rosner (1977) V = clog(r/r0)



or more re
ently: (string breaking e�e
t+non-Abelian S
hwinger me
hanism)
V = c1 ∗ exp(−c3r) + c2/r + c4Bai-Qing Li,... ,arXiv:0903.5506 V. Vento, ... arXiv:1108.2347suggestion: ba
kward 
he
k of ideas:

• 1. Choose modern and su

esful model of Quarkonia available on a market....

• 2. �nd Poin
are invariant generalization of the intera
tion V ...

• 3. and solveQuarkonium BSE with V in its full form for given JPC...

• 4. and their transitionsPeni
he 2012: 1+2+3 for η(nS) for arbitrary n.



Conventional BSE

QM model to be generalized :SR with P V = c1 ∗ exp(−c3r) + c2/r + c4 or
V = c1 ∗ exp(−c3r) + c2 ∗ exp(−c5r)/r + c4

Γ(q, P )k,l = −i

∫

d4k

(2π)4
[S(q − P/2)Γ(p, q)S(q + P/2)]j,i V (k, q, P )i,k,l,j

where Latin letters i, j.. represent Dira
 indi
es. Expli
itly for pseudos
alar

ΓP (q, P ) = γ5 (A(q, P )+ 6 PC(q, P )+ 6 qB(q, P ) + [ 6 q, 6 P ]D(q, P ))



Alternatively the BSE (more singular) BS wave fun
tion χ

S−1(q − P/2)χ(p, q)S−1(q + P/2) S−1(p) = 6 p − mc

Vs dominant Lorentz s
alar (spin degenera
y in heavy meson se
tor) Vv Ve
torialintera
tion is naturally assumed in QCD
V (k, q, P )iklj = 1Vs + γµ,ikγ

µ
ljVv

Vs =
C

((k − q)2 − µ2
s)

2
Vv =

g2

(k − q)2 − µ2
v



Numeri
al sear
h

Proje
tion+Wi
k rotation in relative momentum only

Integration over the spa
elike part (angles)

�> 2dim 
oupled set of four real s
alar Eqs. for A, β = iB,C,D

Solving 2dim integral equations by brute for
e iteration



A(p, P ) = λ(P )

∫

∞

−∞

dk4

∫

∞

0

dkk
2

(2π)3
UA

(

κI
[1]
S − 4g2I

[1]
V

)

G2

UA = A(k, P )

(

k2
E +

P 2

4
+ m2

c

)

+ 2D(k, P )
(

−k2
EP 2 + (k4M)2

)

+

β, C,D, (p, P ) = ....

Stability a
hieved by suitable "normalization"
λ−1(P ) =

1

2

∫

dk4

∫

dk
[Ai(k, P ) + Ai+1(k, P )]2

k2
4 + k2 + m2

c



i- iteration step

σ−1(P ) =
1

2

∫

dk4

∫

dk
[Ai(k, P ) − Ai+1(k, P )]

2

k2
4 + k2 + m2

c

64 ∗ 128 integration points , ≃ few weeks with single pro
essor ma
hine solutions

λ = 1, σ = 0.
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Figure 1: Numeri
al sear
h for mc = 1.5GeV , αs = 0.063,

µv = µs = 350MeV
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Figure 2: Example of numeri
s for various parameter spa
e



Interpretation

observation:

A is dominant and reprodu
es spe
trum within few % for ex
ited states as wellDoubling of ex
ited states!States are overpopulated! Fitting lowest two states, one allways gets (approximately)two times more ex
ited states when 
omparing to non-relativisti
 limit. From (2s) or(3s) energy level there is "doubling of states" 
hara
terized by (approximately) identi
alwave (vertex) fun
tions.(important note: one 
an �t number of bound states to the experiment be hand,but doubling remains!)
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Figure 3: Dependen
e of B and C 
omponents of three ex
itedstates shown for �xed three-momenta k = 0.2MeV . Levelslabeled by B(C)5 (�fth energy ex
ited state) and B(C)6 (sixthex
ited state) belong to the neigbouring levels, they have approx-imately identi
al vertex fun
tions. They have same nodes (oddfun
tion B has three nodes, while C fun
tions have two nodes andzero minimum at beginning, next two higher levels have only onezero, only seventh level is shown). Results shown for the model �t

mc = 1.5GeV, µ = 350MeV, C = 3.073GeV 2, αs = 0.07987
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Figure 4: Dependen
e of 
omponentsB,C,D on k of two ex
itedstates shown for two sli
es with given k4 = 2.6MeV (I) and

k4 = 0.25GeV (II).



mc = 1500 mc = 1442 <> a.3100 2980 2980 2980 (1s)3785 3638 3638 3638 (2s)3940 37873990 3835 3811 3940* (3s)4160 40004235 4071 4036 - (4s)4430 42594535 4360 4310 -(5s)4790 43734925 4734 4554 -(6s)5270 50665435 5224 5145 -(7s)Table 1: Preliminary results from 
onventional BSE. Up to datethe best �t of 
onventional BSE solutions for ηc(nS). We use
onventional quantum me
hani
al assigment nS in order to labelstates that we expe
t in nonrelativist
 or "instanatneous" approx-imations. The �rst 
olumn represent a
tual numeri
al solution inunits where mc = 1.5GeV, C = 2.849GeV 2, in the se
ond
olumn the experimental value of η(1S) has been used to s
aleother levels. The doubling appears for the states n > 2, and theenergy doublets are identi�ed by 
omparison of vertex fun
tions(e.g. by number of nodes in B,C,D fun
tions).



mc = 1500 mc = 1442 <> a.3100 2980 2980 2980 (1s)3785 3638 3638 3638 (2s)3940 37873990 3835 3811 3940* (3s)4160 40004235 4071 4036 - (4s)4430 42594535 4360 4310 -(5s)4790 43734925 4734 4554 -(6s)5270 50665435 5224 5145 -(7s)Table 2: ... After res
aling we produ
e experimentally known

η(2S). For other states -to make levels meaningfully 
omparablewith quantum me
hani
al labeling- the masses of energy levels areaveraged for given energy doublets. αs = 0.07407 . *Belleobserved X(3940) in e+e− → J/ψ +X, for the interpretationsee [?℄.
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Figure 5: Absolute valuea of the A, β, C,D 
omponents of

η(1s) state. Note the large value of the fun
tion β (for the modelin the Table)



Way out? -Con�nement

Quarks do not live onshell- they do not freely propagateMinkowski spa
e model with 
on�ned form of propagator Stingl 1986

Sc(k) = f [6 k + m]
k2 − m2

c

(k2 − m2
c)

2 + δ4

δ - the inverse of maximal wavelength S.J. Brodsky, R. Shro
k arXiv:0806.1535Naive guess mc = 1.5GeV δ = 0.5GeV .
f - 
omplex phaseBSE kernels:



Vs =
C

(q2 − µ2)2 + λ4
s

,

Vv =
g2

q2 − µ2
,

Numeri
ally µ = 0.25GeV and λ = 0.5GeV(Re
ent stage: small δ, λ are numeri
ally impossible, instability)
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Figure 6: Identi�
ation of bound states through the solution ofBSE in Minkowski spa
e (one week at 20 pro
erors). Main Results:1. BSE is soluble in Minkowski spa
e we get ground states and(some) ex
ited states as well2. Overpopulation of energy states dissapear3. Model improvement is ne
essary and better quantitative agree-ment is required.



Con
lusion

From 1-4

• 1. Choose modern and sus
efull model of Quarkonia available on a market....

• 2. �nd Poin
are invariant generalization of the intera
tion V ...

• 3. and solveQuarkonium BSE with V in its full form for given JPC...

• 4. and their transitions1.-3. were attemted, problems identi�ed with suggested solution



Analyti
al forms of Greens fun
tions des
ribing 
olored obje
ts should re�e
t 
on-�nement, we suggest using Stingl propagators. New methods and proposals on BSEwith 
on�nement in Minkowski spa
e. (no doubling)4. -Transitions ? fh. EMG T, produ
tion (e.g. double 
harmonium)future: b
 mesons, D and light mesons, et
...Details not mentioned, but already done:
P 2 dependen
e of Vrunning of αs in
luded


