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General arguments

• We consider the minimal chiral extension needed to render
the vacuum stable, based on the assumption of hierarchy in
multi-quark interactions in large Nc counting.
• We suppose that these interactions are localized in the
interval Λconf < Λ < ΛχSB.

• QCD inspired model of instanton vacuum ⇒ evidence in
favour of 2Nf -quark interactions in low-energy region (in zero
mode approximation). Leading 1/Nc order ⇒ ’t Hooft
determinant, which breaks the axial UA(1) symmetry
and is a source of OZI-violating effects.

• G.’t Hooft, Phys. Rev. D 14 (1976) 3432; Phys. Rev. D 18
(1978) 2199.
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• The effective quark Lagrangian derived from the instanton
gas model, considered beyond the zero mode approximation,
predicts the existence of 4q, 6q, . . . , 2nq, . . . quark interactions,
all equally weighted at large Nc . The ’t Hooft type Ansatz
emerges if only zero modes contribute.

• Yu. A. Simonov, Phys. Lett. B 412 (1997) 371; Phys. Rev. D
65 (2002) 094018.

• Lattice results for gluon field correlators show hierarchy with
dominance of lowest one.

• G. S. Bali, Phys. Reports 343 (2001) 1.

• Expect similar hierarchy for multiquark interactions after
averaging over gluon fields.



.
Scale arguments
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Effective multi-quark Lagrangian: 1/Nc arguments

L = q̄(iγµ∂µ −m)q + L4q + L6q + L8q + . . . (1)

• NJL four-quark interactions of the scalar and pseudoscalar
types with the U(3)L × U(3)R chiral symmetry are given by

L4q =
G
2

[
(q̄λaq)2 + (q̄iγ5λaq)2

]
. (2)

After bosonization they lead to effective meson vertices of order
Nc (G ∼ 1/Nc).

• Six-quark OZI violating ’t Hooft interaction

L6q = κ(det q̄PLq + det q̄PRq), (3)

leads after bosonization to effective meson vertices of order 1
(κ ∼ 1/N3

c ).



• The most general eight-quark U(3)L × U(3)R symmetric
Lagrangian for spin zero interactions (without derivatives)

L8q = L(1)
8q + L(2)

8q L(1)
8q : OZI violating

L(1)
8q = 8 g1 [(q̄iPRqm)(q̄mPLqi)]

2 =
g1

32
[tr(S − iP)(S + iP)]2

=
g1

8

(
S2

a + P2
a

)2
, (4)

L(2)
8q =

g2

16
tr [(S − iP)(S + iP)(S − iP)(S + iP)]

=
g2

8
[dabedcde (SaSbScSd + PaPbPcPd + 2SaSbPcPd)

+ 4facefbdeSaSbPcPd ] . (5)

Trace over flavour indices i , j = 1, 2, 3;
Sij = Sa(λa)ij = 2q̄jqi , Pij = Pa(λa)ij = 2q̄j(iγ5)qi .
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Bosonization

Z =

∫
DqDq̄ exp(i

∫
d4xL(q̄, q)) (6)

Z =

∫
DqDq̄

∏
a

Dσa
∏

a

Dφa exp
(

i
∫

d4xLq(q̄, q, σ, φ)

)

×
+∞∫
−∞

∏
a

Dsa
∏

a

Dpa exp
(

i
∫

d4xLr (σ, φ,∆; s, p)

)
, (7)



Effective lagrangian

Leff = Wql(σ, φ) + Lst

I Quark loop integrals

Wql(σ, φ)= 1
2 ln|detD†

E DE | = −
R d4xE

32π2

P∞
i=0 Ii tr(bi),

Ii= 1
3

P
j=u,d,s Ji(M2

j ), Ji(M2) = 16π2Γ(i + 1)
R d4pE

(2π)4
1

(p2
E +M2)i+1

b0= 1, b1 = −Y , b2 = Y 2

2 + ∆us√
3
λ8Y , . . . ,

Y= iγα(∂ασ + iγ5∂αφ) + σ2 + {M, σ}+ φ2 + iγ5[σ +M, φ]

I Stationary contribution(
sa

st = ha + h(1)
ab σb + h(1)

abcσbσc + h(2)
abcφbφc + . . .

pa
st = h(2)

ab φb + h(3)
abcφbσc + . . .

Lst = haσa + 1
2 h(1)

ab σaσb + 1
2 h(2)

ab φaφb +O(field3)



Stationary Phase Equations and Gap Equations

Three coupled equations to determine the quark condensates
or haλa = diag(hu, hd , hs)

Ghu + ∆u +
κ

16
hdhs +

g1

4
hu(h2

u + h2
d + h2

s) +
g2

2
h3

u = 0,

Ghd + ∆d +
κ

16
huhs +

g1

4
hd(h2

u + h2
d + h2

s) +
g2

2
h3

d = 0,

Ghs + ∆s +
κ

16
huhd +

g1

4
hs(h2

u + h2
d + h2

s) +
g2

2
h3

s = 0.

(8)
∆i = Mi − m̂i

to be solved selconsistently with

hi(Mi) +
NcMi

2π2 J0(M2
i ) = 0, (9)

⇑ Quark one loop tadpole.
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Stability conditions

g1 > 0, g1 + 3g2 > 0, G >
1
g1

( κ

16

)2
. (10)

⇓

and counting rules G ∼ 1/Nc , κ ∼ 1/N3
c ⇒

g1 cannot scale as 1/N6
c or smaller.

On the other hand L(1)
8q is an additional (to the ’t Hooft

determinant) source of OZI-violating effects and thus it cannot
be stronger than the ’t Hooft interactions, i.e., g1 ∼ 1/N4

c or
less.

⇒
1/N5

c ≤ g1 ≤ 1/N4
c . (11)



8q and stability; Effective scalar potential V , SU(3) chiral limit.

τ < 1 4q 4q + 6q 4q + 6q + 8q

h

h h h

hh

V V

V
V

V

V

MF

MF

τ > 1 χSB by 4q ⇑
h ∼ quark condensate. τ = NcGΛ2

2π2 ∼ curvature of V at origin.
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Effective potential V (closer look)

4q+6q+8q τ < 1

h

V

⇑
χSB by 6q
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8q-interactions may strongly affect magnetic catalysis and
thermodynamic observables, without changing the spectra at
T = µ = 0, H = 0.

• G and g1 dependence of SPA and masses of light 0−+ and
0++ mesons:

ξ = G + g1(h2
u + h2

d + h2
s)/4,

except 00, 08 and 88 states of scalar nonet.

→ almost identical spectra can be obtained by changing G, g1
and freezing all other parameters.

• But at finite T , µ or H:

hi(T , µ, H) via gap equations→ ξ steered by g1. .



Pseudoscalar masses

• The topological susceptibility is not affected by 8q in leading
order Nc .

• The η− η′ splitting gets an additional small correction ∼ 2% to
the Witten-Veneziano term.

7 Parameters: m̂u, m̂s, G, κ,Λ, g1, g2

Fit 6 couplings by fixing mπ, mK , fπ, fK , m′
η, mη. Vary g1 from set

to set. .



Scalar masses

• Definite hierarchy in scalar masses: mf−0
< ma0 < mK∗0 < mf +

0

• 8q terms do no alter the hierarchy, i.e. it is the same for the
conventional NJL + ’t Hooft Lagrangian.
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• Eight-quark interactions may contribute to the sum rule of
Dmitrasinovic: 1996

already at leading 1/Nc order, if g1 ∼ 1/N4
c

m2
η′+m2

η−2m2
K +m2

f +
0

+m2
f−0
−2m2

K∗0
= −6ELO

1 +O
(

1
N2

c

)
. (12)

• This term has a negative sign, decreasing the sum
m2

f−0
+ m2

f +
0

.

• g1 lowers the value of mf−0
and the octet-singlet splitting

grows with increasing g1 in the scalar nonet.

• Sum rule: good illustration of the possible impact of the
eight-quark OZI violating terms on the scalar mesons.
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Thermal and medium effects



Thermodynamic potential with Polyakov loop1

Integrating the gap equations we get:

Ω
(
Mf , T , µ, φ, φ

)
=

=
1
16

(
4Gh2

f + κhuhdhs +
3g1

2

(
h2

f

)2
+ 3g2h4

f

)∣∣∣∣Mf

0

+
Nc

8π2

∑
f=u,d ,s

(
J−1(M2

f , T , µ, φ, φ) + C(T , µ)
)

+ U
(
φ, φ, T

)

1For details see: Phys. Rev. D 81, 116005 (2010) and IJMPA 27 (2012)
1250060



Pauli-Villars: ρ̂PV
Λ = 1−

(
1− Λ2∂~p 2

)
exp

(
Λ2∂~p 2

)
I Regulator: ρ̂PV

Λ f (|−→p |2) = f (|−→p |2)− f (|−→p |2 + Λ2) + Λ2 ∂

∂|−→p |2 f (|−→p |2 + Λ2)

I Vacuum and medium parts:

Jvac
−1 (M2)= 1

2

“`
M4 − Λ4´

ln(1 + M2

Λ2 )−M2
“
Λ2 + M2 ln M2

Λ2

””
Jmed
−1 (M2)= − 8

3

R ∞
0 d|−→p E ||−→p E |4ρ̂PV

Λ

“
nq M +nq M

EM
− nq 0+nq 0

E0

”

I M independent:

CPV (T , µ) = −8
3

Z ∞

0
dpp4

„
nq 0 + nq 0

p

«
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Inclusion of the Polyakov loop.

Introduce homogeneous background A4 gluonic field

∂µ →Dµ = ∂µ + ıAµ, Aµ = δµ
0 gA0

a
λa

2
, L = Pe

R β
0 dx4ıA4 , φ =

1
Nc

TrL, φ =
1

Nc
TrL†

Polyakov loop:
I ∼ order parameter (exact limm →∞) for (de)/confinement (φ = 0 ↔ confined)
I enters the action as an imaginary µ

nq(M, p, µ, T ) =

„
1 + e

“√
M2+p2−µ

”
/T

«−1

nq(M, p, µ, T ) =

„
1 + e

“√
M2+p2+µ

”
/T

«−1

ñq(M, p, µ, T , φ, φ) ≡
1

Nc

NcX
i=1

nq(
q

M2 + p2, µ + ı (A4)ii , T )

ñq(M, p, µ, T , φ, φ) ≡
1

Nc

NcX
i=1

nq(
q

M2 + p2, µ + ı (A4)ii , T )

I Extra term, the Polyakov potential: U
“
φ, φ, T

”
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Pseudo-critical temperatures

m → 0: exact chiral symmetry Vs m →∞: φ exact order parameter

Several criteria have been used for the definition of pseudo-critical temperatures for
instance:

I dynamical mass, quark condensates, Polyakov loop ( ∂2X
∂T2 =0, X(T )=Xmax /2)

I peaks of susceptibility (Ω→Ω′=Ω−T (ηφ+ηφ))

χi
chi =−

1
T2

„
∂2Ω

∂2mi

˛̨̨̨
T
− ∂2Ω

∂2mi

˛̨̨̨
T=0

«
χi

num=− 1
T2

∂2Ω

∂µ2
i

χφ= 1
4

„
∂2Ω′
∂η2 +2 ∂2Ω′

∂η∂η
+ ∂2Ω′

∂η2

«

I dual quark condensate (j = 1 dressed polyakov loop)

Σ
(j)
i =

R π
−π

e−ıαj
2π

hi (α)dα

hi (α) given by ∂Ω
∂hi

= 0 with µ → µ + ıTα, (where −π ≤ α < π)
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m → 0: exact chiral symmetry Vs m →∞: φ exact order parameter

Several criteria have been used for the definition of pseudo-critical temperatures for
instance:

I dynamical mass, quark condensates, Polyakov loop ( ∂2X
∂T2 =0, X(T )=Xmax /2)

I peaks of susceptibility (Ω→Ω′=Ω−T (ηφ+ηφ))

χi
chi =−

1
T2

„
∂2Ω

∂2mi

˛̨̨̨
T
− ∂2Ω

∂2mi

˛̨̨̨
T=0

«
χi

num=− 1
T2

∂2Ω

∂µ2
i

χφ= 1
4

„
∂2Ω′
∂η2 +2 ∂2Ω′

∂η∂η
+ ∂2Ω′

∂η2

«

I dual quark condensate (j = 1 dressed polyakov loop)

Σ
(j)
i =

R π
−π

e−ıαj
2π

hi (α)dα

hi (α) given by ∂Ω
∂hi

= 0 with µ → µ + ıTα, (where −π ≤ α < π)



Fitting the model parameters

mu, ms, G, K , g1, g2, Λ can be fit using meson properties (e.g.
Mπ, fπ, MK , fK , Ma0 , Mη′)

g1

M

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10 000
0

0.25

0.5

0.75

1.

1.25

1.5

MΠ

MK

MΗ

MΗ'

Ma0

MK*

M f0
-

M f0
+

2000 4000 6000 8000 10 000
g1

-10

10

20

Θ

Θs

Θps



Regularization effects

• Moreira, BH, Osipov, Blin, IJMPA 27 (2012) 1250060
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PNJL, µ = 0, g1 = 1000GeV−8, polynomial Polyakov Potential U I

from Ratti, Thaler, Weise, Phys. Rev. D 73, 014019 (2006).
• Left: degrees of freedom; bold PV all, thin: 3D all; dashed: PV and
3D, no regulator on thermal piece.
• Middle: constituent quark masses; bold PV all, thin PV, no regulator
on thermal piece. Similar for 3D (P. Costa, M. Ruivo, C. A. de Sousa,
Phys. Rev. D 77, 096009 (2008)).
• Right: Traced Polyakov loop; bold PV, thin 3D, dashed PV and 3D
no reg on thermal part. .
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. Number of effective degrees of freedom at µ = 0

• Bold lines: NJL, Pauli-Villars regulator on vacuum +thermal
integrals,
• Thin lines: NJL, PV on vacuum only
• (upper): g1 = 1000GeV−8 Tc = 190MeV (PV all), T∞c = 179MeV
• (lower) g1 = 8000GeV−8 Tc = 135MeV (PV all), T∞c = 132MeV
• dashed curves: K. Fukushima, Phys. Rev. D77, 114028 (2008);
lower curve (PNJL),T∞c = 204.8 ; upper (NJL),T∞c = 171.6MeV , 3D
• 8q: additional source for suppression of degrees of freedom

ν(T ) = P(T )−P(0)
π2T4

90



Phase Diagram for NJL
8q decrease Tc and shift CEP to higher T , smaller µ.

Right upper curve for: g1 = 1000GeV−8, lower curve for:
g1 = 8000GeV−8;
thin line: CEP in T , µ diagram, depending on g1;
Left: CEP (other view)
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CEP - U1, T0 = .190GeV
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NJL: condensates
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NJL: susceptibilities
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PNJL: condensates (U I, T0 = 0.190GeV)
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PNJL: susceptibilities (U I, T0 = 0.190GeV)
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lQCD comparison
(j) U I , T0 = .19, .21, .23GeV ;

(k) U I ,U II , T0 = .21GeV2
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2lQCD data taken from: Bazavov et al, Phys. Rev. D80, 014504 (2009);
U II from S. Roessner, C. Ratti, W. Weise, Phys. Rev. D 75, 034007 (2007)



Light quark chiral susceptibility
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.

CONCLUSIONS 

!!!!!!!!!!!!!!!#$!

are needed to 
stabilize the 
ground state 
of the model.  

almost do not change the 
meson mass spectra.  

are important in 
studies of chiral 
phase transitions in 
a dense and hot 
medium and in 
presence of strong 
magnetic fields.     

The impact of 8q 
forces on meson 
dynamics.           

New vertices 
with the 
explicit chiral 
symmetry 
breaking.         
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