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Dyson-Schwinger Equations

‣ Equations of  motion for the n-point Green‘s functions of  a theory
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FIG. 1: Diagrams that contribute to the Dyson–Schwinger equation for the spatial quark-gluon vertex (without prefactors
or signs). Internal propagators are fully dressed and blobs represent dressed proper vertex and (reducible) kernels. Internal

propagators represented by springs may be either spatial ( !A) or temporal (σ) propagators, dashed lines represent the ghost
propagator and solid lines represent the quark propagator.

covariant, gauge Slavnov–Taylor identities) and the quark proper two-point function is color diagonal, we can imme-
diately write the solution:

Γd
qqσαβ(k1, k2, k3) =

ıg

k03

{
T d [Γqq(k1)− Γqq(−k2)]

}
αβ

+O (1/m) . (3.5)

The above solution is trivially satisfied at tree-level. We notice however, that there appears to be a potential problem
with the energy. When k03 = 0, but !k3 "= 0 (a spacelike gluon configuration), the simple pole must somehow be canceled
by the difference of proper quark two-point functions. Since the spatial momentum configuration is arbitrary, this
means that Γqq(k) → Γqq(k0)+O (1/m). The demand that the nonperturbative vertex solution to the Coulomb gauge
Slavnov–Taylor identity be free of kinematic divergences (here, simply the 1/k03 factor) is a variation of the familiar
covariant gauge situation considered in Ref. [38].
Inserting the results, Eq. (3.5) and Eq. (3.3), for the vertices, using the Feynman rules given by Eq. (2.30), with the

temporal gluon propagator given by Eq. (2.32) and resolving the color structure the nonperturbative gap equation,
Eq. (3.1) under truncation and at leading order in the mass expansion thus reads

Γqqαδ(k0) = ı [k0 −m] δαδ − g2CF

∫
d̄ωDσσ(!k − !ω)

(k0 − ω0)(!k − !ω)2
Wqqαβ(ω0) [Γqq(ω0)− Γqq(k0)]βδ +O (1/m) . (3.6)

There exists one particularly simple solution to this equation as we shall now demonstrate. It is given by

Wqqαβ(k) =
−ıδαβ

[k0 − C + ıε]
+O (1/m) , Γqqαβ(k) = ıδαβ [k0 − C] +O (1/m) (3.7)

and where the constant ( d̄ !ω = d3!ω/(2π)3)

C = m+
1

2
g2CF

∫
d̄ !ωDσσ(!ω)

!ω2
+O (1/m) . (3.8)

Putting the above solution into the Slavnov–Taylor identity, we also have that for the vertex

Γd
qqσαβ(k1, k2, k3) =

[
gT d

]
αβ

+O (1/m) . (3.9)
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‣ Example: Quark propagator



Dyson-Schwinger Equations

‣ Equations of  motion for the n-point Green‘s functions of  a theory

!"!"
#

‣ Infinite tower of  coupled integral equations ➡  Truncate the system!

‣ Neglect higher-order n-point functions

‣ Better: make Ansätze that respect symmetries (WT, ST)
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‣ Example: Quark propagator



into the generating functional Eq. (??). Ideally, the gauge fixing
condition F (A) = 0 should be satisfied by only oneAµ of each
gauge orbit.

In Coulomb gauge, the gauge fixing condition is given by

χ[A] = "∇ · "Aa = 0(8)

(i = 1, 2, 3 denote the spatial components of the gauge field),
and can be implemented as a new term in the Lagrangian, with
the help of a Lagrange multiplier λa:

δ[F (A)] →
∫

Dλ exp

[
−ı

∫
d4x λa "∇· "Aa

]
.(9)

The Faddeev-Popov determinant (in Coulomb gauge)

∆[A] = Det(−"∇· "Dab) →
∫

D[c̄c] exp

[
−ı

∫
d4x ca"∇· "Dabcb

]

(10)
Puting all together, we can write for the functional integral:

Z =

∫
D[Aq̄qc̄cλ] exp {ıSQCD + ıSFP }(11)

SFP =

∫
d4x

[
−λa"∇· "Aa − ca"∇· "Dabcb

]
.(12)

0-1

Coulomb Gauge

➡ confining force‣ IR: temporal gluon  propagator enhanced

spatial gluon propagator suppressed

‣ Understand quark confinement: Gribov-Zwanziger scenario

[Gribov, 1978; Zwanziger, 1998]

Introduction
• Fix the gauge: Landau gauge, Weyl gauge...
• Coulomb gauge:

• gauge field Aµ: spatial ( !A) and temporal (A0)
• gauge condition:

!∇· !A = 0

• Perturbative calculations
• expansion in g2...
• basis for nonperturbative studies
• comparison with covariant gauges can help
gain more insight

→ noncovariance makes technical progress very
difficult even at perturbative level!

Hallstatt Workshop Sept. 2009 – p. 3/10

➡Gauge field (two gluon propagators!)

(noncovariant!)

‣ Physics is gauge invariant: compare and learn more about 
covariant, e.g. Landau gauge DSEs studies

[Alkofer, Binosi, Dudal, Fischer, Llanes-Estrada, Maas, Oliveira,Pawlowski, Papavassiliou, Pennington, 

Roberts, Silva, von Smekal etc...]



Heavy Quarks

‣ Heavy quark mass expansion  [HQET] of  QCD action

‣ Truncations ‣ restrict to leading order in the mass expansion 
‣ set the Yang-Mills vertices to zero

‣ Decomposition

Heavy quark mass expansion
Decomposition of the quark field:

q(x) = e−ımx0 [h(x) + H(x)]

h(x) = eımx0
1 + γ0

2
q(x), H(x) = eımx0

1 − γ0

2
q(x)

Schladming, Feb. 2010 – p. 4/11
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Heavy quark mass expansion
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q(x) = e−ımx0 [h(x) + H(x)]

h(x) = eımx0
1 + γ0

2
q(x), H(x) = eımx0

1 − γ0

2
q(x)

Schladming, Feb. 2010 – p. 4/11

[Neubert, 1994]
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‣  Quark contribution to QCD action at LO in the mass expansion

with

S =

∫
d4x

[
−1
2
!Ba · !Ba − 1

2
!πa ·!πa − 1

2
gρ̂bM ba(−∇2)Macgρ̂c + !πa ·∂0 !Aa

]

(16)

Z[J ] =

∫
DΦ exp {ıSQCD + ıSFP + ıSs}

Ss = JαΦα

where summation over all discrete indices and integration over
continuous arguments is implicit.

∫
DΦ

δ
δıΦ

exp {ıS + ıJαΦα} = 0

S! =

∫
d4xh(x) [ı∂0x + gT aσa(x)]h(x) + SY M (17)

+

∫
d4x

[
e−ımx0χ(x)h(x) + eımx0h(x)χ(x)

]
+O (1/m)(18)

Sq =

∫
d4x

[
h (ı∂0 + gT aAa

0)h+ e−ımx0χh+ eımx0hχ
]
+O (1/m)

Sq =

∫
d4xh (ı∂0 + gT aAa

0)h+O (1/m)

0-4‣ No gamma matrices

‣ The quark only couples to the temporal component of  the gluon

‣ Only time derivative, so no    dependence

Γ(4)(P0 + ω0) ∼
ωm
0

[ω0 +X + ıε]n

�
d̄ω0 ω

m
0

2+n�

i=1

1

[ω0 +Xi + ıε]
= 0

G(4)
αγ;τη(x) =

g2

2

g1(x)

P0 − g2
�
d̄ �ωWA0,�ω

�
CF + ei�ω·�x

2N

�
+ iε

�
δαγδτη

g2(x)

P0 − g2CF

�
d̄ �ωWA0,�ω [1− ei�ω·�x] + iε

− δαηδτγ
1

N

�

P0 res(x) = σ|�x|

P0 res(x) = 2m+ g2
�

d̄ �ωWA0(�ω)

�
CF − 1±N

2N
eı�ω·�x

�
(4)

π π → ρ → π π (5)

∼ φi φ̄f

P 2 −m2
ρ

(6)

�k (7)

2

[Neubert, 1994]



‣ Single pole in the k0 plane

SQCD =

∫
d4x

[
h (ı∂0 + gT aAa

0)h+ e−ımx0χh+ eımx0h(

+ SY M + SFP +O (1/m) (2

Γq̄q(k) = Γ(0)
q̄q (k)

+

∫
d̄ω Γ(0)a

q̄qσ (k,−ω,ω − k)Wq̄q(ω)Γ
b
q̄qσ(ω,−k, k − ω)W ab

σσ(k − ω)

+

∫
d̄ω Γ(0)a

q̄qAi(k,−ω,ω − k)Wq̄q(ω)Γ
b
q̄qAj(ω,−k, k − ω)W ab

AAij(k − ω)

(21)

Γqq(k) = Γ(0)
qq (k)+gT a

∫
d̄ωWqq(ω)Γ

b
qqA0

(ω,−k, k−ω)W ab
A0

(k−ω)

[Wqq(k)]
−1=

[
W (0)

qq (k)
]−1

+gT a
∫
d̄ωWqq(ω)Γ

b
qqA0

(ω,−k, k−ω)W ab
A0

(k−ω)

[Wqq(k)]
−1=

[
W (0)

qq (k)
]−1

+gT a
∫
d̄ωWqq(ω)Γ

b
qqA0

(ω,−k, k − ω)W ab
00 (k−ω)

Γqq(k) = Γ(0)
qq (k)+gT a

∫
d̄ωWqq(ω)Γ

b
qqA0

(ω,−k, k − ω)W ab
00 (k−ω)

0-5

Heavy Quark Propagator
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#
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‣ Single pole in the k0 plane

W ab
A0

(k) = δabWA0("k)

Γd
qqA0

(k1, k2, k3) =
ig
k0
3

T d [Γqq(k1)− Γqq(−k2)]+O (1/m)

Γd
qqA0

(k1, k2, k3) =
ig
k0
3

T d {[Wqq(k1)]
−1 − [Wqq(−k2)]

−1}+O (1/m)

Γqq(k) = i

[
k0 −m− 1

2
g2CF

∫
d̄ "ωW00("ω)

]
+O (1/m)

[Wqq(k)]
−1 = i

[
k0 −m− 1

2
g2CF

∫
d̄ "ωW00("ω)

]
+O (1/m)

Γd
qqA0

(k1, k2, k3) = gT d +O (1/m)

Γ(p;P ) = −
∫

d̄ k K(p, k;P )Wqq(k+)Γ(k;P )Wqq(k−)

Γ(p) = −
∫

d̄ k K(p, k)Wqq(k+)Γ(k)Wqq(k−)
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‣Exact solution (under truncation):
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‣Temporal quark-gluon vertex remains bare:

‣Gap equation reduces to rainbow truncation!

‣Use these results to study four-point Green’s functions
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✤Use these results to study bound state equations



Mesons (Bethe-Salpeter Equation)Γ(p;P ) = −
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Γ(p) = −
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d̄ k K(p, k)Wqq(k+)Γ(k)Wqq(k−)

Γ(p;P ) = −
∫

d̄ k K(p, k;P )Wqq(k+)Γ(k;P )Wqq(k−)

Γ(p;P ) = g2
∫

d̄ kW00(!p− !k)[T aΓ(k;P )T a]Wqq(k+)Wqq(k−)

Γ(!p;P ) = g2
∫
d̄!kW00(!p− !k)[T aΓ(!k;P )T a]

∫
d̄ k0 Wqq(k+)

[
−WT

qq(−k−)
]

P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,W00(!ω
2) to be identified]

P0 = σ|!r|
W00(!ω

2) ∼ 1/!ω4

Γ(p1, p2, p3) =−
∫

d̄ k K(k)Wq̄q(p1+k)Wq̄q(p2−k)Γ(p1+k, p2−k, p3)+cp
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‣Ladder kernel !
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Γ(p;P ) = g2
∫

d̄ kW00(!p− !k)[T aΓ(k;P )T a]Wqq(k+)Wqq(k−)

Γ(p) = g2
∫

d̄ kWA0(!p− !k)[T aΓ(k)T a]Wqq(k+)Wqq(k−)

P0 = g2
∫

d̄ !ωWA0(!ω)
[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,WA0(!ω) to be identified]
P0 = σ|!r|
W00(!ω) ∼ 1/!ω4

Γ(p1, p2, p3) =−
∫

d̄ k K(k)Wq̄q(p1+k)Wq̄q(p2−k)Γ(p1+k, p2−k, p3)+cp

Γαβγ(p1, p2, p3) =−g2T a
ατT

a
βκΨτκγ

∫
d̄ kWσσ(!k)Wq̄q(p1+k)Wq̄q

Γαβγ(pi) = ΨαβγΓt(p
0
i )Γs(!pi)

Γt(p
0
1, p

0
2, p

0
3) =

∑

i=1,2,3

1
2P0 − 3(p0i +m+ Ir) + ıε

0-7

Mesons (Bethe-Salpeter Equation)



‣ No assumption on the meson vertex :

P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)
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‣Ladder kernel

P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,W00(!ω
2) to be identified]

P0 = σ|!r|

0-7

‣ only color singlet meson states physically allowed:

Color confinement
No assumption on the BS vertex is made (FT)

[T aΓ(!y)T a]αβ = CMΓαβ(!y)

Solution of the BS equation:

P0 = g2

∫

d̄ !ω f(!ω2)
[

CF − eı#ω·#yCM

]

[CF Casimir operator; CM , f(#ω2) to be identified]

No asymptotic quark states: P0 = σc|!y| or infinite
Infrared confining/ finite solution

f(!ω2) ∼ 1/!ω4

only color-singlet meson states physically
allowed: CF ≡ CM

[Diquark/baryon forNc = 2]
Schladming, Feb. 2010 – p. 10/11

‣ temporal gluon propagator:
➡ infrared confining: 
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[CF Casimir operator; CM ,W00(!ω
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‣Total energy of  the      pair:       

Bethe-Salpeter equation

Γ(p;P ) = −

∫

d̄ k K(p, k;P )Wqq(k+)Γ(k;P )W T
qq(−k−)

[P0 – total energy of the q̄q pair]
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βκΨτκγ

∫
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Γαβγ(pi) = ΨαβγΓt(p
0
i )Γs(!pi)

Γt(p
0
1, p

0
2, p

0
3) =

∑

i=1,2,3

1
2P0 − 3(p0i +m+ Ir) + ıε
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Mesons (Bethe-Salpeter Equation)



‣ No assumption on the meson vertex :

P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)
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‣Ladder kernel

P0 = g2
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]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,W00(!ω
2) to be identified]

P0 = σ|!r|
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‣ only color singlet meson states physically allowed:

Color confinement
No assumption on the BS vertex is made (FT)

[T aΓ(!y)T a]αβ = CMΓαβ(!y)

Solution of the BS equation:

P0 = g2

∫

d̄ !ω f(!ω2)
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CF − eı#ω·#yCM

]

[CF Casimir operator; CM , f(#ω2) to be identified]

No asymptotic quark states: P0 = σc|!y| or infinite
Infrared confining/ finite solution

f(!ω2) ∼ 1/!ω4

only color-singlet meson states physically
allowed: CF ≡ CM

[Diquark/baryon forNc = 2]
Schladming, Feb. 2010 – p. 10/11
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Mesons (Bethe-Salpeter Equation)

‣More general: 4-pct Greens‘ functions 



Four-point Green’s Function
6

= − − + +

− − − +

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

−

−

FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
Blobs represent dressed proper (1PI) 4-point vertex, solid lines represent the quark propagator, springs denote either spatial
( !A) or temporal (σ) gluon propagator and cross denotes the tree level quark-gluon vertex. Internal propagators and 1PI vertices
are fully dressed.

+ −

FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[

<ıχαıχγ><ıqγıqβıσ
a
κ><ıχβıχη>

] [

<ıχλıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

]

<ıρaκıρ
b
ν>

−
[

<ıχαıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[
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b
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−
[
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] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].

‣ 5-point function vanishes

‣ Heavy quarks, in Coulomb gauge:
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):
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The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].

‣ 5-point function vanishes

‣ Heavy quarks, in Coulomb gauge:

‣ Input: quark propagator 

‣ Output: resonance position (bound state energy as function of  separation)   
+ offshell information



Solution in the Heavy Mass Limit

‣ flavor nonsinglet

6

= − − + +

− − − +

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

−

−

FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
Blobs represent dressed proper (1PI) 4-point vertex, solid lines represent the quark propagator, springs denote either spatial
( !A) or temporal (σ) gluon propagator and cross denotes the tree level quark-gluon vertex. Internal propagators and 1PI vertices
are fully dressed.

+ −

FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>
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The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):
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The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.
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Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
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ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):
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The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γ(4)(p1 + ω, p2 − ω, p3, p4)Wq̄q(ω − p2)Γ
b(ω − p2, p2,−ω)W ab

A0
(−ω)

Γ(4)(p1, p2, p3, p4) = Γ(4)(p01 + p02; "p1 + "p4)

∫

dk0
[

k0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] [

k0 + p0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] = 0

1

‣ vanishing quark-2 gluon vertex (STid)

Γq̄q(k) = Γ(0)
q̄q (k)

+
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b
qqA0

(ω,−k, k − ω)W ab
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(k − ω)

[Wqq(k)]
−1=

[
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]

−1
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q̄qA0
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]

×

[

Γd
q̄qA0

(p3, p2 − ω, p1 + p4 + ω)Wq̄q(ω − p2)Γ
b
q̄qA0

(ω − p2, p2,−ω)
]

W ab
A0
(−ω)W cd

A0
(p1 + p4 + ω)

−

∫

d̄ω Γ(0)a
q̄qA0

(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γ(4)(p1 + ω, p2 − ω, p3, p4)Wq̄q(ω − p2)Γ
b(ω − p2, p2,−ω)W ab

A0
(−ω)

Γ(4)(p1, p2, p3, p4) = Γ(4)(p01 + p02; "p1 + "p4)

∫

dk0
[

k0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] [

k0 + p0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] = 0
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FIG. 4: Truncated Dyson-Schwinger equation for the 1PI 4-point Green’s function in the s-channel. Same conventions as in
Fig. 1 apply.

The above expression refers to the full QCD case (but omitting the spatial WAA contributions). The lower line
corresponds to the antiquark, so we first rewrite it in terms of the (full QCD) antiquark propagators and vertices,
using Wq̄qµλ(p3 − ω) =

[

−WT
qq̄(ω − p3)

]

µλ
and Γq̄qστµ =

[

−ΓT
qq̄σ

]

τµ
. Then we apply the mass expansion by inserting

the appropriate propagators Eqs. (3.9, 3.16) and vertices Eqs. (3.11, 3.17). Noticing the energy independence of the
temporal gluon propagator, one sees then immediately that the energy integral vanishes, due to the fact that both
quark and antiquark propagators have the same Feynman prescription relative to ω0:

∫

d̄ω0Wq̄q(p1 + ω)Wqq̄(ω − p3) ∼

∫

d̄ω0

{

1

ω0 + p01 −m− Ir + ıε
−

1

ω0 − p03 +m− Ir + ıε

}

= 0. (4.2)

That this crossed ladder diagram vanishes within the scheme considered here is exactly the analogous to the absence
of the crossed ladder contribution to the kernel of the homogeneous Bethe-Salpeter equation in Ref. [20].
Turning to diagram (d), this contribution involves the Γq̄qσσ vertex. In the Appendix it is shown that under

the scheme considered here, the Slavnov-Taylor identity furnishes the result that the nonperturbative quark-2 gluon
vertex (and hence the diagram (d)) vanishes. Again, this result is analogous to the discussion of the kernel in the
homogeneous Bethe-Salpeter equation from [20].
Let us for the moment discard the diagrams (f) and (g), which include the 1PI 4-point quark Green’s function, and

the diagram (e), containing a 4 quark-gluon vertex. Then we are only left with the diagram (h) and the rainbow-ladder
term (j). This simplification enables us to derive a solution for the corresponding (truncated) equation for the 1PI
4-point quark Green’s function. With this result at hand, we will then return to the diagrams (f), (g) and (e), and
explicitly show that they cancel (and hence our assumption is justified). With these observations, Eq. (2.27) reduces
to:

<ıqαxıqγzıqτwıqηt> = −
[

gT aγ0
]

αβ

∫

dyδ(x− y)
{[

<ıχβxıχδ><ıqδıqηtıσ
c
ε><ıρcεıρ

d
ν>

]

×
[

<ıqτwıqµıσ
d
ν><ıχµıχκ><ıqκıqγzıσ

b
λ><ıρbλıρ

a
y>

]

+ <ıχβxıχν><ıqνıqµıqτwıqηt><ıχµıχκ><ıqκıqγzıσ
b
λ><ıρbλıρ

a
y>

}

. (4.3)

It is convenient to express the resulting equation in momentum space. We define

<ıqαxıqγzıqτwıqηt>=

∫

d̄ k1 d̄ k2 d̄ k3 d̄ k4 e
−ık1·x−ık2·z−ık3·w−ık4·tΓ(4)

αγτη(k1, k2, k3, k4)(2π)
4δ(k1 +k2+k3+k4) (4.4)

and arrive at the following Dyson-Schwinger equation for the 1PI 4-point quark Green’s function in the s-channel
(shown diagrammatically in Fig. 4):

Γ(4)
αγτη(p1, p2, p3, p4) = −

∫

d̄ω
[

Γ(0)a
q̄qσαβ(p1,−p1 − ω,ω)Wq̄qβδ(p1 + ω)Γc

q̄qσδη(p1 + ω, p4,−p1 − p4 − ω)
]

×
[

Γd
q̄qστµ(p3, p2 − ω, p1 + p4 + ω)Wq̄qµκ(ω − p2)Γ

b
q̄qσκγ(ω − p2, p2,−ω)

]

W ab
σσ(−ω)W cd

σσ(p1 + p4 + ω)

−

∫

d̄ω Γ(0)a
q̄qσαβ(p1,−p1 − ω,ω)Wq̄qβν(p1 + ω)Γ(4)

νµτη(p1 + ω, p2 − ω, p3, p4)Wq̄qµκ(ω − p2)Γ
b
q̄qσκγ(ω − p2, p2,−ω)

×W ab
σσ(−ω). (4.5)

In order to proceed, we make the following assumption for the energy and momentum dependence of the function
Γ(4):

Γ(4)(p1, p2, p3, p4) = Γ(4)(P0; )p1 + )p4), (4.6)
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FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
Blobs represent dressed proper (1PI) 4-point vertex, solid lines represent the quark propagator, springs denote either spatial
( !A) or temporal (σ) gluon propagator and cross denotes the tree level quark-gluon vertex. Internal propagators and 1PI vertices
are fully dressed.
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FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[

<ıχαıχγ><ıqγıqβıσ
a
κ><ıχβıχη>

] [

<ıχλıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

]

<ıρaκıρ
b
ν>

−
[

<ıχαıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].



Solution in the Heavy Mass Limit

‣ flavor nonsinglet

‣discard diagrams (f), (g), (e) and solve the truncated equation

‣ energy integral

Γq̄q(k) = Γ(0)
q̄q (k)

+

∫

d̄ω Γ(0)a
q̄qσ (k,−ω,ω − k)Wq̄q(ω)Γ

b
q̄qσ(ω,−k, k − ω)W ab

σσ(k − ω)

+

∫

d̄ω Γ(0)a
q̄qAi(k,−ω,ω − k)Wq̄q(ω)Γ

b
q̄qAj(ω,−k, k − ω)W ab

AAij(k − ω)

(1)

Γqq(k) = Γ(0)
qq (k) + gT a

∫

d̄ωWqq(ω)Γ
b
qqA0

(ω,−k, k − ω)W ab
A0
(k − ω)

[Wqq(k)]
−1=

[

W
(0)
qq (k)

]

−1

+ gT a

∫

d̄ωWqq(ω)Γ
b
qqA0

(ω,−k, k − ω)W ab
A0
(k − ω)

W ab
A0
(k − ω)

Γ(4)(p1, p2, p3, p4) = −

∫

d̄ω
[

Γ(0)a(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γc
q̄qA0

(p1 + ω, p4,−p1 − p4 − ω)
]

×

[

Γd
q̄qA0

(p3, p2 − ω, p1 + p4 + ω)Wq̄q(ω − p2)Γ
b
q̄qA0

(ω − p2, p2,−ω)
]

W ab
A0
(−ω)W cd

A0
(p1 + p4 + ω)

−

∫

d̄ω Γ(0)a
q̄qA0

(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γ(4)(p1 + ω, p2 − ω, p3, p4)Wq̄q(ω − p2)Γ
b(ω − p2, p2,−ω)W ab

A0
(−ω)

Γ(4)(p1, p2, p3, p4) = Γ(4)(p01 + p02; "p1 + "p4)

∫

dk0
[

k0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] [

k0 + p0 −m−
g2CF

2

∫

r
d̄ "ωWA0

("ω) + ıε
] = 0

1

‣ vanishing quark-2 gluon vertex (STid)

Γq̄q(k) = Γ(0)
q̄q (k)

+

∫

d̄ω Γ(0)a
q̄qσ (k,−ω,ω − k)Wq̄q(ω)Γ

b
q̄qσ(ω,−k, k − ω)W ab

σσ(k − ω)

+

∫

d̄ω Γ(0)a
q̄qAi(k,−ω,ω − k)Wq̄q(ω)Γ

b
q̄qAj(ω,−k, k − ω)W ab

AAij(k − ω)

(1)

Γqq(k) = Γ(0)
qq (k) + gT a

∫

d̄ωWqq(ω)Γ
b
qqA0

(ω,−k, k − ω)W ab
A0
(k − ω)

[Wqq(k)]
−1=

[

W
(0)
qq (k)

]

−1

+ gT a

∫

d̄ωWqq(ω)Γ
b
qqA0

(ω,−k, k − ω)W ab
A0
(k − ω)

W ab
A0
(k − ω)

Γ(4)(p1, p2, p3, p4) = −

∫

d̄ω
[

Γ(0)a(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γc
q̄qA0

(p1 + ω, p4,−p1 − p4 − ω)
]

×

[

Γd
q̄qA0

(p3, p2 − ω, p1 + p4 + ω)Wq̄q(ω − p2)Γ
b
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(ω − p2, p2,−ω)
]

W ab
A0
(−ω)W cd

A0
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−

∫

d̄ω Γ(0)a
q̄qA0

(p1,−p1 − ω,ω)Wq̄q(p1 + ω)Γ(4)(p1 + ω, p2 − ω, p3, p4)Wq̄q(ω − p2)Γ
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(−ω)
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dk0
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FIG. 4: Truncated Dyson-Schwinger equation for the 1PI 4-point Green’s function in the s-channel. Same conventions as in
Fig. 1 apply.

The above expression refers to the full QCD case (but omitting the spatial WAA contributions). The lower line
corresponds to the antiquark, so we first rewrite it in terms of the (full QCD) antiquark propagators and vertices,
using Wq̄qµλ(p3 − ω) =

[

−WT
qq̄(ω − p3)

]

µλ
and Γq̄qστµ =

[

−ΓT
qq̄σ

]

τµ
. Then we apply the mass expansion by inserting

the appropriate propagators Eqs. (3.9, 3.16) and vertices Eqs. (3.11, 3.17). Noticing the energy independence of the
temporal gluon propagator, one sees then immediately that the energy integral vanishes, due to the fact that both
quark and antiquark propagators have the same Feynman prescription relative to ω0:

∫

d̄ω0Wq̄q(p1 + ω)Wqq̄(ω − p3) ∼

∫

d̄ω0

{

1

ω0 + p01 −m− Ir + ıε
−

1

ω0 − p03 +m− Ir + ıε

}

= 0. (4.2)

That this crossed ladder diagram vanishes within the scheme considered here is exactly the analogous to the absence
of the crossed ladder contribution to the kernel of the homogeneous Bethe-Salpeter equation in Ref. [20].
Turning to diagram (d), this contribution involves the Γq̄qσσ vertex. In the Appendix it is shown that under

the scheme considered here, the Slavnov-Taylor identity furnishes the result that the nonperturbative quark-2 gluon
vertex (and hence the diagram (d)) vanishes. Again, this result is analogous to the discussion of the kernel in the
homogeneous Bethe-Salpeter equation from [20].
Let us for the moment discard the diagrams (f) and (g), which include the 1PI 4-point quark Green’s function, and

the diagram (e), containing a 4 quark-gluon vertex. Then we are only left with the diagram (h) and the rainbow-ladder
term (j). This simplification enables us to derive a solution for the corresponding (truncated) equation for the 1PI
4-point quark Green’s function. With this result at hand, we will then return to the diagrams (f), (g) and (e), and
explicitly show that they cancel (and hence our assumption is justified). With these observations, Eq. (2.27) reduces
to:

<ıqαxıqγzıqτwıqηt> = −
[

gT aγ0
]

αβ

∫

dyδ(x− y)
{[

<ıχβxıχδ><ıqδıqηtıσ
c
ε><ıρcεıρ

d
ν>

]

×
[

<ıqτwıqµıσ
d
ν><ıχµıχκ><ıqκıqγzıσ

b
λ><ıρbλıρ

a
y>

]

+ <ıχβxıχν><ıqνıqµıqτwıqηt><ıχµıχκ><ıqκıqγzıσ
b
λ><ıρbλıρ

a
y>

}

. (4.3)

It is convenient to express the resulting equation in momentum space. We define

<ıqαxıqγzıqτwıqηt>=

∫

d̄ k1 d̄ k2 d̄ k3 d̄ k4 e
−ık1·x−ık2·z−ık3·w−ık4·tΓ(4)

αγτη(k1, k2, k3, k4)(2π)
4δ(k1 +k2+k3+k4) (4.4)

and arrive at the following Dyson-Schwinger equation for the 1PI 4-point quark Green’s function in the s-channel
(shown diagrammatically in Fig. 4):

Γ(4)
αγτη(p1, p2, p3, p4) = −

∫

d̄ω
[

Γ(0)a
q̄qσαβ(p1,−p1 − ω,ω)Wq̄qβδ(p1 + ω)Γc

q̄qσδη(p1 + ω, p4,−p1 − p4 − ω)
]

×
[

Γd
q̄qστµ(p3, p2 − ω, p1 + p4 + ω)Wq̄qµκ(ω − p2)Γ

b
q̄qσκγ(ω − p2, p2,−ω)

]

W ab
σσ(−ω)W cd

σσ(p1 + p4 + ω)

−

∫

d̄ω Γ(0)a
q̄qσαβ(p1,−p1 − ω,ω)Wq̄qβν(p1 + ω)Γ(4)

νµτη(p1 + ω, p2 − ω, p3, p4)Wq̄qµκ(ω − p2)Γ
b
q̄qσκγ(ω − p2, p2,−ω)

×W ab
σσ(−ω). (4.5)

In order to proceed, we make the following assumption for the energy and momentum dependence of the function
Γ(4):

Γ(4)(p1, p2, p3, p4) = Γ(4)(P0; )p1 + )p4), (4.6)

Γ(4)
αγτη(P0; x) = i

g4

4Nc

Wσσ(x)2

P0 − g2
∫

r
d̄ !ωWA0

(!ω)CF [1− eı&ω·&x] + ıε

{

δαγδτηG
(4) + δαηδτγ

}

.

G(4) =
(P0 − 2Ir)(N2

c − 2) + ıg2CFWσσ(x)

P0 − g2
∫

r
d̄ !ωWA0

(!ω)
[

CF + 1
2Nc

eı&ω·&x
]

+ ıε

Γ(4)(P0 + ω0) ∼
ωm
0

[ω0 +X + ıε]n

2

➡ Energy dependence:
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FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
Blobs represent dressed proper (1PI) 4-point vertex, solid lines represent the quark propagator, springs denote either spatial
( !A) or temporal (σ) gluon propagator and cross denotes the tree level quark-gluon vertex. Internal propagators and 1PI vertices
are fully dressed.

+ −

FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[

<ıχαıχγ><ıqγıqβıσ
a
κ><ıχβıχη>

] [

<ıχλıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

]

<ıρaκıρ
b
ν>

−
[

<ıχαıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].



‣Return to diagrams (g), (f),(e):
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FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
Blobs represent dressed proper (1PI) 4-point vertex, solid lines represent the quark propagator, springs denote either spatial
( !A) or temporal (σ) gluon propagator and cross denotes the tree level quark-gluon vertex. Internal propagators and 1PI vertices
are fully dressed.
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FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[

<ıχαıχγ><ıqγıqβıσ
a
κ><ıχβıχη>

] [

<ıχλıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

]

<ıρaκıρ
b
ν>

−
[

<ıχαıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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FIG. 1: Diagrammatic representation of the Dyson-Schwinger equation for the 1PI 4-point quark-antiquark Green’s function.
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FIG. 2: Relation between the 1PI (dark blob) and amputated (shaded blob) 4-point Greens function for the quark-antiquark
system. Internal propagators and 1PI vertices are fully dressed.

we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):
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b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
[

<ıχαıχγ><ıqγıqβıσ
a
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]
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−
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<ıχαıχτ><ıqτ ıqµıσ
b
ν><ıχµıχδ>

] [

<ıχλıχε><ıqεıqβıσ
a
κ><ıχβıχη>

]

<ıρaκıρ
b
ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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FIG. 6: Lowest order in the perturbative expansion of the proper four quark-gluon vertex. See text for details.
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FIG. 7: Perturbative expansion of the diagram (e). Boxes comprise m and n internal gluon lines, respectively, with m,n ≥ 1.
See text for details.

Eq. (4.9), we find the final formula for the 1PI quark Green’s function:

Γ(4)
αγτη(P0;x) = ı
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2Nc
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Wσσ(x)2
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δαγδτη
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c − 2) + ıg2NcCFWσσ(x)

P0 − 2Ir − ıg2CFWσσ(x) + 2ıε
+ δαηδτγ

}

. (4.12)

Having derived the solution Eq. (4.12) for the 1PI Green’s function, we return to the diagrams (f), (g) and (e)
and show that they do not contribute to the final result. To see this, we first consider the diagram (g) and study
the energy integral (see also Fig. 5). Noticing that the energy dependence of the internal four-point function can be
written as

Γ(4)(P0 + ω0) ∼
ωm
0

[ω0 +X + ıε]n
, (4.13)

where X is a combination of constants, n = 1, 2 and m = 0, 1, the energy integral takes the form

∫

d̄ω0 ω
m
0

2+n
∏

i=1

1

[ω0 +Xi + ıε]
= 0. (4.14)

Clearly, this integral is a generalization of Eq. (3.12) and this vanishes, just as for the loop corrections in the kernel of
the Bethe-Salpeter equation from Ref. [20] and the diagram (b) from above. An identical calculation for the diagram
(f), recalling that the lower line corresponds to an antiquark propagator, leads us to the fact that this integral is also
vanishing.
Finally, we are now in the position to show that the diagram (e), containing the 4 quark-gluon vertex, is also

vanishing. The argumentation is based on our previous findings, namely that the diagrams (f) and (g), containing
the 1PI quark Green’s functions, are zero. Because we exclude the Yang-Mills vertices, the external gluon of the
five-point (proper) vertex can only couple to the (upper) quark or (lower) antiquark line. Then the 4 quark-gluon
vertex at lowest order contains the diagrams shown in Fig. 6. The crossed diagrams vanish, based on integrals of the
type Eq. (3.12) or Eq. (4.14), and in fact this can be generalized to the case with an arbitrary number of external
gluon legs. The remaining contributions can then be included in the diagram (e) and can be written as a combination
of diagrams of the form shown in Fig. 7, where the boxes contain an arbitrary number of internal gluon lines (ladder
resummation). On the other hand, as a result of the Dyson-Schwinger equation for the 1PI quark Green’s functions
(as in Fig. 4), the 4-point functions contained in the diagrams (f) and (g) can also be written as a ladder resummation,

= 0
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➡ Solution for the Green’s function valid at every order perturbatively!
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we take two subsequent functional derivatives with respect to generic sources, ıJδ and ıJλ. Using Eq. (2.10b) recur-
sively, choosing δ,λ as needed, we eventually obtain the standard expression (in terms of our notation and conventions)
for the 4-point quark-antiquark connected Green’s function, written in terms of 1PI Green’s functions (and omitting
the #A-vertex contributions, which will not play a role here):

<ıχαıχδıχλıχη> = <ıχαıχγ><ıχλıχε><ıqγ ıqκıqεıqβ><ıχκıχδ><ıχβıχη>

+
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] [

<ıχλıχτ><ıqτ ıqµıσ
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]
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]

<ıρaκıρ
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ν> . (2.29)

The relation Eq. (2.29) can be further simplified by introducing the fully amputated Green’s function, i.e. dividing
by the quark propagators (cut the quark legs), as shown in Fig. 2. Before we consider the explicit form of Eqs. (2.27,
2.29), it is necessary to briefly recall the heavy mass expansion and the truncation scheme that will be applied in this
study. This is the topic of the next section.

III. HEAVY QUARK MASS EXPANSION

Consider again the quark contribution to the full QCD generating functional, Eq. (2.1). In the following, we briefly
describe the derivation of the quark (and antiquark) propagator, in the heavy mass limit and under the truncation of
the Yang-Mills sector to include only the dressed two-point functions. The presentation follows the original work of
Ref. [20].
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Eq. (4.9), we find the final formula for the 1PI quark Green’s function:

Γ(4)
αγτη(P0;x) = ı
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)2
Wσσ(x)2
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×
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P0 − 2Ir − ıg2CFWσσ(x) + 2ıε
+ δαηδτγ

}

. (4.12)

Having derived the solution Eq. (4.12) for the 1PI Green’s function, we return to the diagrams (f), (g) and (e)
and show that they do not contribute to the final result. To see this, we first consider the diagram (g) and study
the energy integral (see also Fig. 5). Noticing that the energy dependence of the internal four-point function can be
written as

Γ(4)(P0 + ω0) ∼
ωm
0

[ω0 +X + ıε]n
, (4.13)

where X is a combination of constants, n = 1, 2 and m = 0, 1, the energy integral takes the form

∫

d̄ω0 ω
m
0

2+n
∏

i=1

1

[ω0 +Xi + ıε]
= 0. (4.14)

Clearly, this integral is a generalization of Eq. (3.12) and this vanishes, just as for the loop corrections in the kernel of
the Bethe-Salpeter equation from Ref. [20] and the diagram (b) from above. An identical calculation for the diagram
(f), recalling that the lower line corresponds to an antiquark propagator, leads us to the fact that this integral is also
vanishing.
Finally, we are now in the position to show that the diagram (e), containing the 4 quark-gluon vertex, is also

vanishing. The argumentation is based on our previous findings, namely that the diagrams (f) and (g), containing
the 1PI quark Green’s functions, are zero. Because we exclude the Yang-Mills vertices, the external gluon of the
five-point (proper) vertex can only couple to the (upper) quark or (lower) antiquark line. Then the 4 quark-gluon
vertex at lowest order contains the diagrams shown in Fig. 6. The crossed diagrams vanish, based on integrals of the
type Eq. (3.12) or Eq. (4.14), and in fact this can be generalized to the case with an arbitrary number of external
gluon legs. The remaining contributions can then be included in the diagram (e) and can be written as a combination
of diagrams of the form shown in Fig. 7, where the boxes contain an arbitrary number of internal gluon lines (ladder
resummation). On the other hand, as a result of the Dyson-Schwinger equation for the 1PI quark Green’s functions
(as in Fig. 4), the 4-point functions contained in the diagrams (f) and (g) can also be written as a ladder resummation,
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FIG. 8: Truncated Dyson-Schwinger equation for the fully amputated quark-antiquark 4-point Green’s function in the s-channel.
See text for details.

and with the explicit gluon lines, diagrams (f), (g) coincide precisely with the internal substructure of the two terms
in the diagram Fig. 7. Hence, the perturbative series of diagram (e) has been reorganized such that although the
function Γq̄qq̄qσ itself does not vanish, this 5-point interaction vertex and the gluon line on top of it do indeed vanish
at every order perturbatively. In turn, this implies that our original assumption is correct and the solution Eq. (4.12)
is valid at every order in perturbation theory. As a side remark, we note that the nonvanishing of the 5-point function
relates to the existence of three-quark bound states in the Faddeev equation, in the ladder approximation [21].

B. Amputated Green’s function

In the following, we consider the Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s
function in the s-channel (which we denote by G(4)) and, with the simplifications outlined in the previous Section, we
will derive a solution to this equation. The motivation for studying the fully amputated Green’s function in addition
to the proper function is the fact that the homogeneous Bethe-Salpeter equation is based on the amputated 4-point
function. Since the reduction from Eq. (2.27) to Eq. (4.3) is valid for the 1PI Green’s function, this must also hold
for the amputated Green’s function. We will explicitly verify that this is satisfied, and will analyze the position of
the poles and show that they relate to the Bethe-Salpeter equation for physical states.
The appropriate Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s function can

thus be obtained from the formula Eq. (4.3), by replacing the 1PI Green’s function Γ(4) with the amputated Green’s
function G(4) using the expression Eq. (2.29) and cutting the legs. This equation is the inhomogeneous ladder Bethe-
Salpeter equation and writing it in terms of the usual variables reads, in momentum space (see also Fig. 8):

G(4)
αγ;τη(p+, p−; k+, k−) = W ab

σσ(!p− !k)
[

Γa
q̄qσ

]

αη

[

Γb
q̄qσ

]

τγ

−

∫

d̄ q
[

Γa(0)
q̄qσ Wq̄q(q+)

]

ακ

[

Wq̄q(q−)Γ
b
q̄qσ

]

µγ
W ab

σσ(!p− !q)G(4)
κµ;τη(q+, q−; k+, k−).(4.15)

In the above, the momenta of the quarks are given by p+ = p+ ξP , p− = p− (1− ξ)P (similarly for k and q), and
ξ is the momentum sharing fraction. P indicates the dependence on the total four momentum, which will become
important for the investigation of the bound-state contributions to the Green’s function. It comes as no surprise that
the inhomogeneous Bethe-Salpeter equation is already in the ladder truncation, similar to Eq. (4.3).
The right hand side of equation Eq. (4.15) does not depend on the external energy p0, implying that the 4-point

function G(4)(p+, p−; k+, k−) has to be independent on the relative energies p0, k0, and we further assume that G(4)

depends on the relative spatial momentum !p − !k. We then identify the antiquark line as before, replace the heavy
quark and antiquark propagators and vertices with the expressions Eqs. (3.9, 3.16, 3.11, 3.17), and perform the energy
integration. We arrive at the following expression:

G(4)
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Having integrated out the energy, it is convenient to rewrite the above formula back into coordinate space. Using
the definition Eq. (4.4) and noting that the Fourier transform is as before given via Eq. (4.10), the equation Eq. (4.16)

simplifies to (the separation x corresponds to the momentum !p− !k):
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FIG. 8: Truncated Dyson-Schwinger equation for the fully amputated quark-antiquark 4-point Green’s function in the s-channel.
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and with the explicit gluon lines, diagrams (f), (g) coincide precisely with the internal substructure of the two terms
in the diagram Fig. 7. Hence, the perturbative series of diagram (e) has been reorganized such that although the
function Γq̄qq̄qσ itself does not vanish, this 5-point interaction vertex and the gluon line on top of it do indeed vanish
at every order perturbatively. In turn, this implies that our original assumption is correct and the solution Eq. (4.12)
is valid at every order in perturbation theory. As a side remark, we note that the nonvanishing of the 5-point function
relates to the existence of three-quark bound states in the Faddeev equation, in the ladder approximation [21].

B. Amputated Green’s function

In the following, we consider the Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s
function in the s-channel (which we denote by G(4)) and, with the simplifications outlined in the previous Section, we
will derive a solution to this equation. The motivation for studying the fully amputated Green’s function in addition
to the proper function is the fact that the homogeneous Bethe-Salpeter equation is based on the amputated 4-point
function. Since the reduction from Eq. (2.27) to Eq. (4.3) is valid for the 1PI Green’s function, this must also hold
for the amputated Green’s function. We will explicitly verify that this is satisfied, and will analyze the position of
the poles and show that they relate to the Bethe-Salpeter equation for physical states.
The appropriate Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s function can

thus be obtained from the formula Eq. (4.3), by replacing the 1PI Green’s function Γ(4) with the amputated Green’s
function G(4) using the expression Eq. (2.29) and cutting the legs. This equation is the inhomogeneous ladder Bethe-
Salpeter equation and writing it in terms of the usual variables reads, in momentum space (see also Fig. 8):

G(4)
αγ;τη(p+, p−; k+, k−) = W ab

σσ(!p− !k)
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In the above, the momenta of the quarks are given by p+ = p+ ξP , p− = p− (1− ξ)P (similarly for k and q), and
ξ is the momentum sharing fraction. P indicates the dependence on the total four momentum, which will become
important for the investigation of the bound-state contributions to the Green’s function. It comes as no surprise that
the inhomogeneous Bethe-Salpeter equation is already in the ladder truncation, similar to Eq. (4.3).
The right hand side of equation Eq. (4.15) does not depend on the external energy p0, implying that the 4-point

function G(4)(p+, p−; k+, k−) has to be independent on the relative energies p0, k0, and we further assume that G(4)

depends on the relative spatial momentum !p − !k. We then identify the antiquark line as before, replace the heavy
quark and antiquark propagators and vertices with the expressions Eqs. (3.9, 3.16, 3.11, 3.17), and perform the energy
integration. We arrive at the following expression:

G(4)
αγ;τη(P0; !p− !k) = g2T a

αηT
a
τγWσσ(!p− !k) + g2T a

ακT
a
µγ

ı

P0 − 2Ir + 2ıε

∫

d̄ !qWσσ(!p− !q)G(4)
κµ;τη(P0; !q − !k). (4.16)

Having integrated out the energy, it is convenient to rewrite the above formula back into coordinate space. Using
the definition Eq. (4.4) and noting that the Fourier transform is as before given via Eq. (4.10), the equation Eq. (4.16)

simplifies to (the separation x corresponds to the momentum !p− !k):

G(4)
αγ;τη(P0;x) = g2T a

αηT
a
τγWσσ(x) + g2T a

ακT
a
µγ

ı

P0 − 2Ir + 2ıε
Wσσ(x)G

(4)
κµ;τη(P0;x). (4.17)

‣Poles:

Γ(4)
αγτη(P0; x) = i

g4

4Nc

Wσσ(x)2

P0 − g2
∫

r
d̄ !ωWA0

(!ω)CF [1− eı&ω·&x] + ıε

{

δαγδτηG
(4) + δαηδτγ

}

.

G(4) =
(P0 − 2Ir)(N2

c − 2) + ıg2CFWσσ(x)

P0 − g2
∫

r
d̄ !ωWA0

(!ω)
[

CF + 1
2Nc

eı&ω·&x
]

+ ıε

Γ(4)(P0 + ω0) ∼
ωm
0

[ω0 +X + ıε]n
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d̄ω0 ω
m
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∏
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[ω0 +Xi + ıε]
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{
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N

}

2

‣bound state (infrared confining) energy
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2

‣total energy of  the     pair 

Bethe-Salpeter equation

Γ(p;P ) = −

∫

d̄ k K(p, k;P )Wqq(k+)Γ(k;P )W T
qq(−k−)

[P0 – total energy of the q̄q pair]
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‣ temporal gluon propagator:

Γ(p;P ) = g2
∫

d̄ kW00(!p− !k)[T aΓ(k;P )T a]Wqq(k+)Wqq(k−)

Γ(p) = g2
∫

d̄ kWA0(!p− !k)[T aΓ(k)T a]Wqq(k+)Wqq(k−)

P0 = g2
∫

d̄ !ωWA0(!ω)
[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,WA0(!ω) to be identified]
P0 = σ|!r|

WA0(!ω) ∼ 1/!ω4

Γ(p1, p2, p3) =−
∫

d̄ k K(k)Wq̄q(p1+k)Wq̄q(p2−k)Γ(p1+k, p2−k, p3)+cp

Γαβγ(p1, p2, p3) =−g2T a
ατT

a
βκΨτκγ

∫
d̄ kWσσ(!k)Wq̄q(p1+k)Wq̄q

Γαβγ(pi) = ΨαβγΓt(p
0
i )Γs(!pi)

0-7



13

= !

FIG. 8: Truncated Dyson-Schwinger equation for the fully amputated quark-antiquark 4-point Green’s function in the s-channel.
See text for details.

and with the explicit gluon lines, diagrams (f), (g) coincide precisely with the internal substructure of the two terms
in the diagram Fig. 7. Hence, the perturbative series of diagram (e) has been reorganized such that although the
function Γq̄qq̄qσ itself does not vanish, this 5-point interaction vertex and the gluon line on top of it do indeed vanish
at every order perturbatively. In turn, this implies that our original assumption is correct and the solution Eq. (4.12)
is valid at every order in perturbation theory. As a side remark, we note that the nonvanishing of the 5-point function
relates to the existence of three-quark bound states in the Faddeev equation, in the ladder approximation [21].

B. Amputated Green’s function

In the following, we consider the Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s
function in the s-channel (which we denote by G(4)) and, with the simplifications outlined in the previous Section, we
will derive a solution to this equation. The motivation for studying the fully amputated Green’s function in addition
to the proper function is the fact that the homogeneous Bethe-Salpeter equation is based on the amputated 4-point
function. Since the reduction from Eq. (2.27) to Eq. (4.3) is valid for the 1PI Green’s function, this must also hold
for the amputated Green’s function. We will explicitly verify that this is satisfied, and will analyze the position of
the poles and show that they relate to the Bethe-Salpeter equation for physical states.
The appropriate Dyson-Schwinger equation for the fully amputated 4-point quark-antiquark Green’s function can

thus be obtained from the formula Eq. (4.3), by replacing the 1PI Green’s function Γ(4) with the amputated Green’s
function G(4) using the expression Eq. (2.29) and cutting the legs. This equation is the inhomogeneous ladder Bethe-
Salpeter equation and writing it in terms of the usual variables reads, in momentum space (see also Fig. 8):

G(4)
αγ;τη(p+, p−; k+, k−) = W ab

σσ(!p− !k)
[

Γa
q̄qσ

]

αη

[

Γb
q̄qσ

]

τγ

−

∫

d̄ q
[

Γa(0)
q̄qσ Wq̄q(q+)

]

ακ

[

Wq̄q(q−)Γ
b
q̄qσ

]

µγ
W ab

σσ(!p− !q)G(4)
κµ;τη(q+, q−; k+, k−).(4.15)

In the above, the momenta of the quarks are given by p+ = p+ ξP , p− = p− (1− ξ)P (similarly for k and q), and
ξ is the momentum sharing fraction. P indicates the dependence on the total four momentum, which will become
important for the investigation of the bound-state contributions to the Green’s function. It comes as no surprise that
the inhomogeneous Bethe-Salpeter equation is already in the ladder truncation, similar to Eq. (4.3).
The right hand side of equation Eq. (4.15) does not depend on the external energy p0, implying that the 4-point

function G(4)(p+, p−; k+, k−) has to be independent on the relative energies p0, k0, and we further assume that G(4)

depends on the relative spatial momentum !p − !k. We then identify the antiquark line as before, replace the heavy
quark and antiquark propagators and vertices with the expressions Eqs. (3.9, 3.16, 3.11, 3.17), and perform the energy
integration. We arrive at the following expression:

G(4)
αγ;τη(P0; !p− !k) = g2T a

αηT
a
τγWσσ(!p− !k) + g2T a

ακT
a
µγ

ı

P0 − 2Ir + 2ıε

∫

d̄ !qWσσ(!p− !q)G(4)
κµ;τη(P0; !q − !k). (4.16)

Having integrated out the energy, it is convenient to rewrite the above formula back into coordinate space. Using
the definition Eq. (4.4) and noting that the Fourier transform is as before given via Eq. (4.10), the equation Eq. (4.16)

simplifies to (the separation x corresponds to the momentum !p− !k):

G(4)
αγ;τη(P0;x) = g2T a

αηT
a
τγWσσ(x) + g2T a

ακT
a
µγ

ı

P0 − 2Ir + 2ıε
Wσσ(x)G

(4)
κµ;τη(P0;x). (4.17)
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G(4)
αγ;τη(x) =
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∫
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N
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2

‣ temporal gluon propagator:

Γ(p;P ) = g2
∫

d̄ kW00(!p− !k)[T aΓ(k;P )T a]Wqq(k+)Wqq(k−)

Γ(p) = g2
∫

d̄ kWA0(!p− !k)[T aΓ(k)T a]Wqq(k+)Wqq(k−)

P0 = g2
∫

d̄ !ωWA0(!ω)
[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,WA0(!ω) to be identified]
P0 = σ|!r|

WA0(!ω) ∼ 1/!ω4

Γ(p1, p2, p3) =−
∫

d̄ k K(k)Wq̄q(p1+k)Wq̄q(p2−k)Γ(p1+k, p2−k, p3)+cp

Γαβγ(p1, p2, p3) =−g2T a
ατT

a
βκΨτκγ

∫
d̄ kWσσ(!k)Wq̄q(p1+k)Wq̄q

Γαβγ(pi) = ΨαβγΓt(p
0
i )Γs(!pi)
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‣ part of  the normalization 
‣ does not appear in the homogeneous BSE ➔	 tetraquarks?

Amputated Green’s function

‣Poles:‣bound state (infrared confining) energy

‣total energy of  the     pair 

Bethe-Salpeter equation

Γ(p;P ) = −

∫

d̄ k K(p, k;P )Wqq(k+)Γ(k;P )W T
qq(−k−)

[P0 – total energy of the q̄q pair]
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Baryons (Faddeev Equation)

P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,W00(!ω
2) to be identified]

P0 = σ|!r|
W00(!ω

2) ∼ 1/!ω4

Γ(p1, p2, p3) =−
∫

d̄ k K(k)Wq̄q(p1+k)Wq̄q(p2−k)Γ(p1+k, p2−k, p3)+cp
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‣ Ladder kernel,  no assumption on baryon vertex

Γt(p
0
1, p

0
2, p

0
3) =

∑

i=1,2,3

1
2P0 − 3(p0i +m+ Ir) + ıε

T a
αδT

a
βηΨδηγ = CBΨαβγ

P0 = 3m+
3
2
g2

∫
d̄ "ωW00("ω)

[
CF − 2CBe

ı&ω·&r
]

CF ≡ 2CB

σ3q =
3
2
σq̄q
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‣Total energy of  qqq system:  

 (equal quark separations)

P0 = 3m+
3
2
g2

∫
d̄ !ωWA0(!ω)

[
CF − 2CBe

ı!ω·!r
]

[CF Casimir operator; CB ,WA0(!ω) to be identified]

CF ≡ 2CB

σ3q =
3
2
σq̄q

<eJ·φ>=

∫
Dφ

δ
δφ

e−S[φ]+J·φ = 0

δΓ
δφi

=
δS

δφ
′
i

∣∣∣
φ
′
i→φi+Dij

δ
δφj

Z[J ] =

∫
Dφ e−S[φ]+J·φ

Z[J ] = eW [J]

Γ[φ] = − lnZ[J ] + Jφ

V (r) = σr − α
r

Z[J ] =
∑

n

1
n!

G(f)
n Jn
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Γt(p
0
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0
2, p

0
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∑

i=1,2,3

1
2P0 − 3(p0i +m+ Ir) + ıε

T a
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′Ψα
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β
′
γ = −CBΨαβγ

P0 = 3m+
3
2
g2

∫
d̄ "ωW00("ω)

[
CF − 2CBe

ı$ω·$r
]

CF ≡ 2CB
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P0 = g2
∫

d̄ !ωW00(!ω
2)

[
CF − eı!ω·!rCM

]

[T aΓ(!r)T a]αβ = CMΓαβ(!r)

[CF Casimir operator; CM ,W00(!ω
2) to be identified]

P0 = σ|!r|
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‣ only color singlet baryon states physically allowed:
‣ temporal gluon propagator:

➡ infrared confining: 
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Summary

‣ Rainbow-ladder approximation to DS/BS/F equations exact

‣ Confinement for color singlet meson and baryon states

‣ Heavy quarks in Coulomb gauge QCD via DSEs

‣ 4-pct Green’s functions

‣ Future work:

‣ include O(1/m2) terms

‣ use off-shell information to calculate tetraquark states

‣ exact analytic solution 

‣ disentangle physical (confining) and unphysical poles 
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