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Outline Introduction Lattice Calculations Results Summary

Outline

I Introduction: what insights can the lattice give?
I Lattice calculations.
I Results for ∆q, focus on ∆s.
I Summary and outlook.

Based on arXiv:1112.3354 (QCDSF Collaboration).
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Spin of the nucleon

1
2 =

1
2∆Σ + Lψ + Jg

Composed of the contribution of the quark spin,

∆Σ = ∆u + ∆d + ∆s + · · · ,

the quark orbital and gluon total angular momentum, Lψ, and Jg .

Notation: ∆q contains both, the spin of the quarks q and of the
antiquarks q̄.

Naïve non-relativistic SU(6) quark model: ∆Σ = 1, Lψ = Jg = ∆s = 0
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What can be calculated on the lattice?

The individual quark spin contributions (q = u, d , s)

∆q
2 sµ =

1
mN
〈N, s|q̄γµγ5

1
2q|N, s〉

So that one can construct the axial charges:

a3 = −sµ
1

mN
〈N, s|ψ̄γµγ5λ3ψ|N, s〉 = ∆u −∆d = gA

a8 = −sµ
√
3

mN
〈N, s|ψ̄γµγ5λ8ψ|N, s〉 = ∆u + ∆d − 2∆s

a0(Q2) = −sµ
1

mN
〈N, s|ψ̄γµγ51ψ|N, s〉 = ∆u + ∆d + ∆s = ∆Σ(Q2)

where ψ = (u, d , s), λj are Gell-Mann flavour matrices.
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Total quark angular momentum, Jq = 1
2∆q + Lq, can be extracted from

generalized form factors at q2 = 0,

Jq =
1
2
[
Aq

20(0) + Bq
20(0)

]
where Aq

20(q2) and Bq
20(q2) extracted from matrix elements of the form

〈N, s ′, p + q|q̄γ{µ1 i
←→
D µ2}q|N, s, p〉.

Can infer Lq and Jg .

Also, 〈x〉∆ and 〈x〉δ. For review of recent results see, e.g. C. Alexandrou
arXiv:1111.5960.

Focus on ∆q and ∆s in particular.
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Extraction of ∆u, ∆d , ∆s from experiment

DIS expt. measures spin structure function of proton and neutron,
gp,n

1 (x ,Q2).

First moment related to ai ’s via OPE (leading twist),

Γp,n
1 (Q2) =

∫ 1

0
dx gp,n

1 (x ,Q2) =
1
36 [(a8 ± 3a3)CNS + 4a0CS ]

Use models to extrapolate g1 from expt. xmin to x = 0.

CS/NS = CS/NS(αs(Q2)). a3 known from neutron β decay.

Hyperon β decays, assuming SU(3) flavour symmetry, used to obtain a8.

Combinations of ai give ∆q’s.
e.g. ∆s(5GeV 2) = 1

3(a0 − a8) = −0.085(13)(8)(9) HERMES (2006).
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SIDIS offers direct measurement of ∆q(x)s using pion and kaon beams.

Limitation is knowledge of fragmentation functions.
COMPASS (2010)
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Lattice QCD
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site
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a
aL

continuum limit: a→ 0, La fixed

infinite volume: La→∞

〈O〉 =
1
Z

∫
[dU] [dψ][dψ̄] O[U]e−S[U,ψ,ψ̄]

“Measurement”: average over a representative ensemble of gluon
configurations {Ui} with probability P(Ui ) ∝

∫
[dψ][dψ̄]e−S[U,ψ,ψ̄]

〈O〉 =
1
n

n∑
i=1

O(Ui ) + ∆O ∆O ∝ 1√
n

n→∞−→ 0
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Systematic uncertainties

I Sea quarks: present simulations with Nf = 2 (u/d),
Nf = 2 + 1 (u/d + s), Nf = 2 + 1 + 1 (u/d + s + c).

I Finite lattice spacing: need results for several a (> 3) in order to
perform a→ 0.

I Finite volume: need to perform simulations on several volumes, want
Lmπ ≥ 3.5− 4.

I Non-physical quark masses: typically mπ > 200 MeV, requiring
chiral extrapolation of results.

I Renormalisation constants: needed to relate lattice matrix elements
to continuum results in the MS scheme.

Small a, large V , mπ → 138 MeV, simulation costs increase very rapidly.

However, balance between statistical and systematic error, for some
quantities (stat.)>(sys.).
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Landscape of current lattice simulations

Figures taken from C Hölbling, Lattice
2010

Results will be presented with a ≈
0.072 fm, La ≈ 2.9 fm, mπ ≈ 285 MeV.
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Spin Content

〈N, s|(q̄γµγ5q)lat |N, s〉 = 2mNsµ
∆qlat

2
On the lattice extracted using ratio of (3pt fn)/(2pt fn)

γ  γ
µ    5

tt 0
t

f

(a) connected, Rcon(t0, t, tf ) (b) disconnected, Rdis(t0, t, tf )

For ∆s lat ∃ only the disconnected contribution.
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Extract matrix element from ratios (at zero momentum):

For tf � t � t0:

Rcon(t0, t, tf ) + Rdis(t0, t, tf )→ 2〈N, s|(q̄γjγ5q)lat |N, s〉
2mN

= ∆qlat

Disconnected quark line diagrams computationally expensive: involves
calculating quark propagators from (~x , t)→ (~y , t ′), “all-to-all”.

In the past:
I Contribution ignored or quote differences. e.g. gA = ∆u −∆d , Ju−d ,
〈x〉∆u−∆d .

Methods now developed to calculate these disconnected terms: e.g. ∆s!
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Simulation details

Quark action: Non-perturbatively improved (clover) action. O(a2)
leading order discretisation effects.

Configurations: QCDSF, Nf = 2 (u/d) sea quarks, a ∼ 0.072 fm,
mπ ∼ 285 MeV.

Volumes: La ∼ 2.3 fm (Lmπ = 3.4) and 2.9 fm (Lmπ = 4.2).

Statistics: approx. 2000× 8 for disconnected quark line diagram,
2000× 2 for connected.

Quark mass: input mass parameter in quark action such that,
I disconnected loop, mπ ∼ 285 (u/d sea), 449 and 720 (s) MeV,
I valence quark, mπ ∼ 285, 449 and 720 MeV.
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Rcon(t0 = 0, t, tf = 15a)

I Create all states (g.s. + excited) with same QNs, ground state
dominates for tf � t � t0.

I Reduce excited state contribution using “smeared” source (t0 = 0)
and sink (tf = 15a) nucleon operators.

I No renormalisation.
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Rdis(t0 = 0, t = 4a, tf )

I tf � t, t fixed.
I No renormalisation.
I ∆s in sss nucleon.
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Dependence on loop and valence quark masses

I All loop and valence quark mass combinations shown.
I No statistically significant dependence seen, suggests our results may

also approx. apply to physical light-quark masses.
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Volume dependence of ∆s lat

I No statistically significant finite size effects.
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Renormalisation

NF = 2 + 1:

a0 = ∆ΣMS(µ) = (∆u + ∆d + ∆s)MS(µ) = Z s
A(µ, a)(∆u + ∆d + ∆s)lat(a) ,

a8 = (∆u + ∆d − 2∆s)MS = Z ns
A (a)(∆u + ∆d − 2∆s)lat(a) ,

a3 = gA = (∆u − ∆d)MS = Z ns
A (a)(∆u − ∆d)lat(a) ,(

∆u(µ)
∆d(µ)
∆s(µ)

)MS

=

 Z ns
A + z(µ)

3
z(µ)

3
z(µ)

3
z(µ)

3 Z ns
A + z(µ)

3
z(µ)

3
z(µ)

3
z(µ)

3 Z ns
A + z(µ)

3

( ∆u
∆d
∆s

)lat

,

where z(µ) = Z s
A(µ) − Z ns

A .
NF = 2: (∆u + ∆d is now the singlet.)(

∆u(µ)
∆d(µ)
∆s(µ)

)MS

=

 Z ns
A + z(µ)

2
z(µ)

2 0
z(µ)

2 Z ns
A + z(µ)

2 0
z(µ)

2
z(µ)

2 Z ns
A

( ∆u
∆d
∆s

)lat

.
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O(a) improvement:

Zns
A 7→ Zns

A (1 + bAam) ,

z(µ) 7→ z(µ)[1 + (bs
A − bA)am] ,

where bA = bs
A + O(α2

s ). In total,

∆qMS(µ) = Zns
A (1 + bAamq)∆qlat +

z(µ)

2 (∆u + ∆d)lat

I Zns
A = 0.76485(64)(73) determined non-perturbatively.

I 1 + bAam = 1.004− 1.032 to O(α) for quark mass range. Omit
bs

A − bA.
I z(µ =

√
7.4GeV) = 0.0055(27) to O(α2), very slow running with µ.

I We allow for a 50% error on all perturbative results.
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∆qMS(µ =
√

7.4GeV )

For La = 2.9 fm, first error statistical, second is from renormalisation.

q ∆qlat
con ∆qlat

dis ∆qMS(µ) DSSV xmin DSSV 0
u 1.071(15) -0.049(17) 0.787(18)(2) 0.793(12) 0.814
d -0.369( 9) -0.049(17) -0.319(15)(1) -0.416(11) -0.458
s 0 -0.027(12) -0.020(10)(1) -0.012(24) -0.114
a3 1.439(17) 0 1.105(13)(2) 1.21 1.272
a8 0.702(18) -0.044(19) 0.507(20)(1) 0.401 0.583
Σ 0.702(18) -0.124(44) 0.448(37)(2) 0.366(17) 0.242

Mixing effects are very small. DSSV : de Florian et al. (2009),
xmin = 0.001.
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Systematic uncertainties

I Uncertainty from finite volume and renormalisation not significant.
I Non physical light quark mass (mu/d ∼ 4mphys

u/d ) likely to be dominant
source: a3 = gA = ∆u −∆d underestimated.
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Similar underestimates seen in results from other collaborations.

Review by C. Alexandrou (2011)

We underestimate gA by 13%. We add 20% systematic certainty for finite
a effects, mu/d 6= mphys

u/d and neglecting strange sea quark.
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We find for MS at µ =
√
7.4 GeV:

∆Σ = ∆u + ∆d + ∆s = 0.45(4)(9)

∆s = −0.020(10)(4)

For the strange spin content the statistical error dominates.
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Other modern lattice calculation of ∆s
Babich et al. (2010), unrenormalised, for Nf = 2, mπ = 400 MeV,
at ∼ 0.036 fm, as = 0.108 fm.
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Ju = 1
2[Au

20(0) + Bu
20(0)] and Jd

〈N(p′, s ′)|Oµν |N(p, s)〉 = ūN(p′, s ′)
[
A20(q2) γ{µ(p + p′)ν}+

B20(q2) iσ{µαqα(p+p′)ν}

2m + C20(q2) 1
mq{µqν}

]
uN(p, s)

Assuming sea quark contribution small down to mπ ∼ 300 MeV:
Ju ∼ 0.2 and Jd ∼ 0.
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FIG. 42: Chiral extrapolations of Ju,d using
BChPT. Note that the displayed lattice data
points were not directly employed in the chiral fits.
Details are given in the text.
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FIG. 43: Chiral extrapolation of Ju+d using
HBChPT including the ∆ resonance, Eq. (74).
The fit and error bands are explained in the text.

Since the GFF B20(t) cannot be extracted directly at t = 0, we have first performed separate dipole extrapolations

of Bu20(t) and Bd20(t) to t = 0, and combined this with our values for 〈x〉u+d = Au+d
20 (0) to obtain Ju+d = (Au+d

20 (0) +

Bu+d
20 (0))/2. The resulting lattice data points, including the full jackknife errors from the extrapolations of the

B20(t) to the forward limit, are displayed in Fig. 43. Chiral fits based on Eq. (74), with the three free parameters

bqN ≡ (A + B)0,u+d
20 , bq∆ and Jmπ,u+d, to the data with mπ ≤ 600MeV and mπ ≤ 700MeV are represented by the

shaded error band and the curves (representing the upper and lower bounds of an error band) respectively. In both
cases, we have fixed ∆ = 0.3GeV and used the large-Nc relation gπN∆ = 3/(23/2)gA as given in Tab. VIII.

The fit to our lattice results with mπ ≤ 600 MeV gives (A + B)0,u+d
20 = bqN = 0.514(41), bq∆ = 0.486(55) and

Ju+d
HBChPT+∆(mphys

π ) = 0.245(30) at the physical pion mass. Including the data point at mπ = 687MeV in the fit,

we find consistent values with somewhat smaller errors, (A + B)0,u+d
20 = bqN = 0.546(24) and bq∆ = 0.449(39) and

Ju+d
HBChPT+∆(mphys

π ) = 0.226(22). It is encouraging to see that these values fully agree within statistical errors with the
results from the global simultaneous BChPT extrapolations of the GFFs A20(t), B20(t) and C20(t) discussed above.

2. Quark spin and orbital angular momentum contributions

For a consistent decomposition of the quark angular momentum, Jq, into quark spin, ∆Σq, and orbital angular

momentum, Lq, contributions, we need in addition lattice results for Ãu+d
10 (t = 0) = ∆Σu+d and Ãu−d10 (t = 0) =

∆Σu−d.
Our lattice data for ∆Σu+d/2 is displayed in Fig. 44, together with a 2-parameter HBChPT-fit represented by the

upper shaded error band. The chiral extrapolation leads to a value of Ãu+d
10 /2(t = 0) = ∆Σu+d/2 = 0.208(10) at the

physical pion mass, perfectly matching the recent results from HERMES [92] indicated by the cross. However, since
this is a leading 1-loop HBChPT fit at comparatively large pion masses, the agreement with the experimental value
should be considered with great caution and seen as indicative. Combining this with the results from the previous
section for Ju+d and the corresponding BChPT extrapolation, we find a remarkably small quark orbital angular
momentum Lu+d = Ju+d −∆Σu+d/2 contribution to the nucleon spin for a wide range of pion masses, as indicated
by the filled diamonds and the lower error band in Fig. 44. From the combined covariant and heavy baryon chiral
extrapolations, we obtain a value of Lu+d = 0.030(12) at the physical pion mass.

Superficially seen, such a small OAM contribution from u + d quarks of only ≈ 6% to the nucleon spin is in
clear conflict with general expectations from relativistic quark models, which suggest that Lu+d = 30 − 40% of 1/2.
Moreover, from quite general arguments, e.g. based on light cone wave function representations of hadrons, substantial
quark orbital motion is essential for the Pauli form factor F2 to be non-vanishing in general, and also for the formation
of azimuthal single spin asymmetries in semi-inclusive deep inelastic scattering related to, e.g., the Sivers effect [99–
101]. As we will see in the following, these apparent inconsistencies may be explained by studying on the one hand the
renormalization scale dependence of quark OAM, and on the other the contributions from individual quark flavors.

We begin with the latter by noting that a study of the separate up- and down-quark OAM contributions requires in

ETMC (2011). LHPC (2010).
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Summary and Outlook

I Lattice calculations have an important role to play in determining the
spin content of the nucleon: ∆q, ∆Σ, Jq, . . ..

I Previously, the disconnected quark line diagrams were not calculated:
differences quoted, gA, Ju−d , . . ., and no ∆s, ∆Σ or a8.

I New methods now make it possible to calculate these diagrams.
I We suggest to use ∆s result to constrain polarized PDFs.

In the future:
I Investigate lattice spacing and light quark mass dependence of the

results. Also move to Nf = 2 + 1 and improve statistical uncertainty.
I Calculate other quantities, Jq, 〈x〉∆ and 〈x〉δ.
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