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We report on recent calculations of the total cross section and differential distributions of
top quark pair production at hardon colliders, including the invariant mass distribution,
the transverse momentum and rapidity distributions, as well as the forward-backward
asymmetry. The calculations are based on soft gluon resummation at the next-to-next-to-
leading logarithmic accuracy.

1 Introduction
Top quark pair production is a benchmark process at hadron colliders such as the Tevatron
and the LHC. Its special role in the physics program of these experiments makes it crucial to
have precise QCD predictions for the total and differential cross sections. The starting point
for such predictions is the next-to-leading order (NLO) calculations of the total and differential
cross sections carried out more than two decades ago [1]. Since higher-order corrections to these
results as estimated through scale variations are expected to be as large as 10-15%, it would be
desirable to extend the calculations beyond NLO. Here there are two paths. One is to calculate
the full next-to-next-to-leading order (NNLO) cross section. This is indeed an active area of
research and was discussed at this conference by Alexander Mitov, with the first numerical
result for the total cross section in the qq̄ channel available in [2]. Another is to use techniques
from soft gluon resummation to calculate what are argued to be the dominant corrections at
NNLO and beyond. Such resummed calculations are the subject of this talk.

2 Soft gluon resummation and approximate NNLO
Soft gluon resummation is a rich field with a long history and it is far beyond the scope of this
talk to give a detailed review. Instead, we will briefly explain the main ideas and the different
conventions used in the literature.

The basic idea of resummation can be conveyed through the following schematic picture.
In certain kinematic regions (the so-called “threshold” regions), the differential partonic cross
sections dσ̂ receive logarithmically enhanced corrections in the form αn

sL
m at each order in

perturbation theory, where m ≤ 2n and L represent some logarithms1 which become large in
1usually of some conjugate variable in the Mellin or Laplace moment space
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the limit of soft gluon emission. When L is so large such that αsL ∼ 1, the perturbation series
needs to be re-organized so that these large terms are resummed to all orders in αs. This is
achieved using techniques of re-factorization and renormalization-group evolution, and in the
end one can show that the partonic cross section can be written in the form (with L counted
as 1/αs)

dσ̂ = (c0 + αsc1 + · · · ) exp

[
g0

αs
+ g1 + αsg2 + · · ·

]
,

where the coefficients ci and gi do not contain any large logarithms. The number of terms
included in the exponent and in the prefactor defines a certain “logarithmic accuracy”, with the
terms shown above being the next-to-next-to-leading logarithmic (NNLL) order. Alternative
to resummation, one can also use the knowledge to recover the leading terms at higher orders.
With the information from the exact NLO result and the NNLL resummation (as is the case
for top quark pair production), one can determine the terms α2

sL
m with m = 1, 2, 3, 4 in the

NNLO corrections. These “NLO+NNLL resummed” and “approximate NNLO” results are the
starting point of our phenomenological analyses in [4], which will be presented in the next
section. Finally, a method to obtain some information about the missing constant term α2

sL
0

was proposed in [5], with numerical results in preparation.

Name Observable Threshold limit

production threshold σ β =
√

1− 4m2
t/ŝ→ 0

pair-invariant-mass (PIM) dσ/dMtt̄dθ (1− z) ≡ (1−M2
tt̄/ŝ)→ 0

single-particle-inclusive (1PI) dσ/dpT dy s4 ≡ ŝ+ t̂1 + û1 → 0

Table 1: The three cases in which soft gluon resummation has been applied in top quark pair
production.

Before going into numerics, let us emphasize that soft gluon resummation is a very generic
method which can be applied to many observables, where each observable is associated with
a specific definition of “threshold”. In top quark pair production at hadron colliders, all ap-
plications in the literature can be grouped into one of the three cases listed in Table 1. The
production threshold is the limit where the top and anti-top quarks are nearly at rest, which can
only be applied for the total inclusive cross section. Besides logarithmic enhancement from soft
gluon emissions, one must take into account Coulomb gluon exchanges in this case, which result
in terms of the form lnβm/βn. A simultaneous resummation of both type of contributions at
NNLL accuracy has been performed in [3]. The PIM and 1PI threshold, on the other hand,
can be applied to certain differential distributions as indicated in Table 1. Of course, starting
from these two distributions, one may also perform a partial integration or full integration to
obtain observables such as the forward-backward asymmetry and the total cross section. In the
following, we will employ PIM and 1PI kinematics, whichever is appropriate for the specific
observables.

3 Total and differential cross sections
In this section we present our predictions for the total and differential cross sections, which are
based on the series of works in [4]. In all numerical results we adopt mt = 173.1 GeV, and use
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Tevatron LHC7 LHC8 LHC14

NLO 6.72+0.41+0.47
−0.76−0.45 159+20+14

−21−13 228+28+19
−30−17 889+107+66

−106−58

NNLO approx. 6.63+0.07+0.63
−0.41−0.48 155+8+14

−9−14 221+12+19
−12−19 855+52+60

−38−59

Table 2: The total cross sections (in pb) at the Tevatron and the LHC for different collider
energies. The first errors are perturbative uncertainties, and the second errors are PDF+αs

uncertainties.

MSTW2008 PDF sets.
We first show our results for the total cross sections2 in Table 2. The approximate NNLO

results are computed by combining the approximate NNLO formula from PIM and 1PI kine-
matics. The first errors are perturbative uncertainties, which for the NLO results are estimated
by varying µf and µr up and down by a factor of 2, with the default being µf = µr = mt.
For the approximate NNLO results, besides scale variation, we also use the difference between
PIM and 1PI kinematics as an additional source of perturbative uncertainties. We also show
the uncertainties associated with the experimental determination of the PDFs and the strong
coupling constant, which are estimated following the prescription in [6] at 90% CL. Compared
to the NLO results, the approximate NNLO corrections do not change the central values very
much, while the perturbative uncertainties are reduced a lot.
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Figure 11: Distributions dσ/dβt at the Tevatron (left) and LHC (right).
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Figure 12: Comparison of the RG-improved predictions for the invariant mass spectrum with
CDF data [9]. The value mt = 173.1 GeV has been used. No fit to the data has been performed.

very useful distribution dσ/dβt, with βt defined as in (4). A simple change of variables yields

dσ

dβt
=

2mtβt

(1 − β2
t )

3
2

dσ

dM
. (106)

The resulting spectra for the Tevatron and LHC, obtained using RG-improved perturbation
theory, are shown in Figure 11. As before, the distributions are normalized such that the area
under the curves corresponds to the total cross section. Recall that the physical meaning of
the variable βt is that of the 3-velocity of the top quarks in the tt̄ rest frame. The distributions
show that the dominant contributions to the cross section arise from the region of relativistic
top quarks, with velocities of order 0.4–0.8 at the Tevatron and 0.5–0.9 at the LHC. We will
come back to the significance of this observation in the next section.

In Figure 12, we compare our RG-improved prediction for the invariant mass spectrum
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Figure 1: The invariant mass distributions at the Tevatron compared with CDF data (left) and
at the LHC with

√
s = 7 TeV (right).

We now turn to differential distributions. A particularly interesting observable is the invari-
ant mass distribution of the tt̄ pair, which is very sensitive to contributions from new heavy
resonances. We show in Figure 1 our NLO+NNLL predictions at the Tevatron (left) and the
LHC with

√
s = 7 TeV (right). Our predictions at the Tevatron agree quite well with the

measurements from the CDF collaboration [7]. For the LHC, we observe large corrections over

2These are obtained using the numerical program TopNNLO, which can be downloaded at http://www.
physik.uzh.ch/~llyang/TopNNLO.tar.gz
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Figure 11: Left: Fixed-order predictions for the pT distribution at LO (light), NLO (darker),
and approximate NNLO (dark bands) at the Tevatron. Right: Corresponding predictions at
NLL (light) and NLO+NNLL (darker bands) in resummed perturbation theory. The width
of the bands reflects the uncertainty of the distributions under variations of the matching and
factorization scales, as explained in the text.
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Figure 12: Comparison between our NLO+NNLL predictions, NLO results and recent mea-
surements from the D0 collaboration [79]. The error bands refers to perturbative uncertainties
related to scale variations. Furthermore we have enlarged the region of bigger pT for better
comparison.

36

7

NLO!NNLL

NLO

s " 1.96 TeV

400 500 600 700 8000.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

d
∆

σ
tt̄ F
B
/
d
M

tt̄
[f
b
/
G

eV
]

Mtt̄[GeV]

NLO!NNLL

NLO

s " 1.96 TeV

400 600 800 1000 12000.0

0.1

0.2

0.3

0.4

A
tt̄ F
B
(M

tt̄
)

Mtt̄ [GeV]

FIG. 2: Left: The asymmetric cross section d∆σtt̄
FB/dMtt̄ as a function of the invariant mass at NLO and NLO+NNLL order.

Right: The asymmetry Att̄
FB(Mtt̄). The bands show the uncertainties related to scale variation as explained in the text.
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FIG. 3: The asymmetry in the high and low invariant-mass region as measured in [5], compared to our predictions at
NLO+NNLL order. The bands in the NLO+NNLL results are related to uncertainties from scale variation, while the NLO
result in the higher bin is evaluated at µf = mt.

evaluate the binned asymmetry

Att̄
FB(m1, m2) =

∫ m2

m1

dMtt̄

(
d∆σtt̄

FB/dMtt̄

)

∫ m2

m1

dMtt̄ (dσ/dMtt̄)

, (12)

for Mtt̄ ≤ 450 GeV and for Mtt̄ ≥ 450 GeV. Our findings are given in Table III, along with their visual representation
in Figure 3, which shows the NLO+NNLL calculation with an error band from scale variations along with the default
NLO number in the high invariant-mass bin. In both bins, the NLO+NNLL predictions for the asymmetric cross
sections have considerably smaller scale uncertainties than the NLO ones, but the results for the FB asymmetries are
essentially unchanged. As with all other results obtained in the tt̄ frame, the scale uncertainties in the FB asymmetries
are larger in the NLO+NNLL calculation that at NLO. However, if we had not expanded the ratio, the predicted FB
asymmetry in the high invariant-mass bin would be 9.0% at NLO and 10.6% at NLO+NNLL order3, showing the

3 Using MSTW2008 PDFs as an example.

Figure 2: Left: the transverse momentum distribution of the top quark at the Tevatron com-
pared with D0 data. Right: The invariant mass dependent forward-backward asymmetry at
the Tevatron.

the NLO predictions in the high invariant mass region, with the shape being slightly distorted,
which is important for new physics searches. In Figure 2 we show another two distributions at
the Tevatron: the transverse momentum (pT ) distribution of the top quark, and the invariant-
mass-dependent forward-backward asymmetry. Our result for the pT distribution is shown
together with the NLO result and the D0 data [8]. It is apparent that the NNLL resummation
improves the agreement between the theoretical prediction and the experimental measurement.
The forward-backward asymmetry, on the other hand, was found by the CDF and D0 col-
laborations [9] to be in tension with theoretical predictions, especially in the high invariant
mass region. Here resummation only mildly increases the asymmetry, so that the discrepancy
between theory and experiment calls for other explanations.
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