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Motivation Canonical LQG

Canonical LQG

Dirac Program: Hkin
Ĉψ=0−−−−→ Hphys

Constraints

Hamiltonian/
Diffeomorphismn: Ha, H

Gauss-constraint : Ga

Hilbert space

Hkin =
⊕

ΓHkin,Γ

where

HΓ ' L2
(
SU (2)|Γ

(1)| , dµH

)

Gauss =⇒ Hinv ,Γ ' L2
(
SU (2)|Γ

(1)| /SU (2)|Γ
(0)|
)
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Ĉψ=0−−−−→ Hphys

Constraints

Hamiltonian/
Diffeomorphismn: Ha, H

Gauss-constraint : Ga

Hilbert space

Hkin =
⊕

ΓHkin,Γ

where

HΓ ' L2
(
SU (2)|Γ

(1)| , dµH

)

Gauss =⇒ Hinv ,Γ ' L2
(
SU (2)|Γ

(1)| /SU (2)|Γ
(0)|
)

Antonia Zipfel (FAU Erlangen) Erlangen, October 2011 3 / 26



Motivation Canonical LQG

Canonical LQG

Dirac Program: Hkin
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Ĉψ=0−−−−→ Hphys

Constraints

Hamiltonian/
Diffeomorphismn: Ha, H

Gauss-constraint : Ga

Hilbert space

Hkin =
⊕

ΓHkin,Γ

where

HΓ ' L2
(
SU (2)|Γ

(1)| , dµH

)

Gauss =⇒ Hinv ,Γ ' L2
(
SU (2)|Γ

(1)| /SU (2)|Γ
(0)|
)

Antonia Zipfel (FAU Erlangen) Erlangen, October 2011 3 / 26



Motivation Canonical LQG

Canonical LQG

Dirac Program: Hkin
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Motivation The Rigging Map

The Rigging Map I

(CI )I∈I self-adjoint set of first-class, densely defined operators on
Dkin; Lie-algebra closed

Null in general not in the point spectrum of CI

Consider Gelfand Triple

Dkin ↪→ Hkin ↪→ D∗kin

Generalized solutions: l ∈ D∗kin such that[
(CI )

′l
]

(f ) := l(C †I f ) = 0 ∀f ∈ Hkin
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Motivation The Rigging Map

The Rigging Map II

Equip D∗phys with Hilbert space structure

Dphys ↪→ Hphys ↪→ D∗phys

Define rigging map η : Hkin → D∗phys such that
1 〈η(f ), η(f ′)〉phys = [η(f ′)](f )

2 [Ô ′η(f )](f ′) = [η(f )](Ô†f ′)

Physical Hilbert space: Completion of η(Dkin)/ker(η)

Works for Diff constraint

Heuristically: η(f ) =
∫

dtI exp (t iCi ) f

[Thiemann]

Antonia Zipfel (FAU Erlangen) Erlangen, October 2011 5 / 26



Motivation The Rigging Map

The Rigging Map II

Equip D∗phys with Hilbert space structure

Dphys ↪→ Hphys ↪→ D∗phys

Define rigging map η : Hkin → D∗phys such that
1 〈η(f ), η(f ′)〉phys = [η(f ′)](f )

2 [Ô ′η(f )](f ′) = [η(f )](Ô†f ′)
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Motivation Spin-Foams

Spin-Foams I

Time evolution of spin-network produces a two-complex

v

m

ji

jk

jj

Define a Partition-function∫
exp (tH) 

∑
κ

Z [κ]︸︷︷︸
Feynman
Diagramms

[Reisenberger, Rovelli]
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Motivation Spin-Foams

Spin-Foams II

GR constrained BF theory Discretization−−−−−−−−→ Spin-Foam model

Z [κ] =
∏
v

Av
∏
e

Ae
∏
f

Af

First quantize then constrain

Problems:
Second-class system

Discretization breaks Diff -invariance

Anyway:

[η(T )] =
∑
T ′

∑
κ:T→T ′

Z [κ]〈T ′|
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Spin-Foam Projector Construction
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Spin-Foam Projector Construction

BF-Action

BF-action

SBF =

∫
M

TrB ∧ F (A)

A SO (4) connection onM, F = dA + [A,A] curvature, B Lie-algebra valued 2-form

Obtain GR if B = e ∧ e  Simplicity constraints

BF-partition function:

Z (M) =

∫ ∫
DADB exp

(
i
∫
M

TrB ∧ F
)

=

∫
DA δ(F )
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Spin-Foam Projector Construction

Discretization I

Consider an abstract two-complex κ with boundary ∂κ

Each face of κ

Uf

1 8

7

6

54

3

g34

2

g12

g23

δ(F ) δ

(∏
ef

Uef

)
Uef ∈ SO (4)

ZBF [κ] =

∫ ∏
e∈κint

dUe
∏
f

δ

(∏
ef

Uef

)
[Kaminski, Kisielowski,Lewandowski],[Ding,Han, Rovelli]
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Spin-Foam Projector Construction

Discretization II

gvf

v′v

g−1e′v e

gev g−1ev′

e′

gfv := (gevg−1
e′v )εef

ZBF [κ] =

∫
dgfv

∏
f

δ

(∏
v∈∂f

gfv

)∏
v

Av (gfv )
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Spin-Foam Projector Construction

Discretization II

ZBF [κ] =

∫
dgfv

∏
f

δ

(∏
v∈∂f

gfv

)∏
v

Av (gfv )

Expansion of Av (g)

Av (gfv ) =
∑
ρf ,Ie

(∏
f

√
dimρf

)
Trv [

⊗
ev

Ie ] TBF
Γv ,ρf ,Ie (gf )

where TBF
Γ,ρ,I (g) = TΓ,j+,ι+(g+)︸ ︷︷ ︸

SU(2)

⊗TΓ,j−,ι−(g−)︸ ︷︷ ︸
SU(2)
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Spin-Foam Projector Construction

Simplicity Constraint

Simplicity constraint restricts representations to j± = |γ±1|
2 j

Barbero-Immirzi parameter γ ∈ R; here γ = (2n + 1) n ∈ N

Solution space spanned by

TE
Γv ,jf ,ιe (gef ) =

∏
fv

√
dj+

fv
dj−fv

∏
ev

[
ιAe1···AeF
e

∏
f ∈∂v

C
m+

ef
m−ef

Aef

]
∏

(e,f )∈∂v

[
ε
n+
ef

n+
e′f ε

n−ef n−
e′f R

j+
f

m+
ef n+

ef
(g+

ef
) R

j+
f

m−ef n−ef
(g−ef

)

]

Projection of vertex Amplitude

AE
v (gf ) =

∑
jf ,ιe

〈TE
Γv ,jf ,ιe |Av 〉 TE

Γv ,jf ,ιe (gf )
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Spin-Foam Projector Construction
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Spin-Foam Projector Construction

EPRL-Partition Function I

Integration only over bulk variables =⇒ spin-network structure on ∂κ

Note: TE (g) reduces to SU (2) spin-network functions

when g → h ∈ SU (2)

Z [κ] defines operator on Hkin with matrix elements

〈ψout |Z [κ]|ψin〉 =
∑
jf ,ιe

∏
f

dj+
f
dj−f

∏
l∈∂κ(1)

1√
djl

∏
v∈Vint

AE
v (jf , ιe) .
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Spin-Foam Projector SF-Projector
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Spin-Foam Projector SF-Projector

SF-Projector

Use the matrix elements to define a ’rigging map’

η[TΓ,ιe ,jl ] :=
∑

Γ′

∑
T ′

Γ′∈Hkin,Γ′

∑
κ:Γ→Γ′

〈TΓ,ιe ,jl |Z [κ]|T ′Γ′,ι′e ,j ′l 〉〈TΓ′,ι′e ,j ′l
|

{T ′
Γ′} is a basis in Hkin,Γ′

κ is a two-complex with boundary ∂κ = Γ ∪ Γ′

Sum over κ also includes a sum over all colorings of κ

Do the constraint vanish?

0 !
= η[T ](ĈT ′)
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Hamiltonian Constraint Quantization

Hamiltonian Constraint

Hamiltonian Constraint

C = − 2
κ

Tr[( (γ)F − (γ2 − s)K ∧ K ) ∧ e]

e inverse triad, K extrinsic curvature, F curvature of A

Thiemann’s Trick

H[N] =

∫
Σ
d3x N(x)H(x) = −2

∫
Σ
N Tr(F ∧ {A,V })

N Lapse function, V 3d Volume

[Thiemann:QSD]
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Hamiltonian Constraint Quantization

Regularization

aki

n si

sj
sk aij

ajk

Elementary tetrahedron ∆ ∈ T
adapted to a graph Γ

Curvature regularized along the loop

αij := si ◦ aij ◦ s−1
j

Regularized Hamiltonian

HT [N] :=
∑
∆∈T

H∆[N]

with

H∆[N] : = −2
3
N(n) εijk Tr

[
hαijhsk

{
h−1
sk ,V

}]

Quantization

Ĥm
∆ [N] :=

N(n)

N2
m

εijk Tr
[
ĥ(m)
αij

ĥ(m)
sk

[
ĥ(m)−1
sk , V̂

] ]
[Gaul,Rovelli]
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Ĥm
∆ [N] :=

N(n)

N2
m

εijk Tr
[
ĥ(m)
αij
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Hamiltonian Constraint Action on trivalent nodes
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Hamiltonian Constraint Action on trivalent nodes

Trivalent Node I

Tri-valent node

+

jk

ji jj

Ĥm
∆ [N] :=

N(n)

N2
m

εijk Tr
[
ĥ(m)
αij

ĥ(m)
sk

[
ĥ(m)−1
sk , V̂

] ]

∑
a,b

A(m)(ji , a|jj , b|jk)
+

jk

ji

+

jj

+

a b

m

+ · · ·
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Hamiltonian Constraint Action on trivalent nodes

Trivalent Node II

∑
a,b

A(m)(ji , a|jj , b|jk)
+

jk

ji

+

jj

+

a b

m

+ · · ·

A(m)(ji , a|jj , b|jk) :=
∑

c

Λ
∑

β(ji ,jj ,m,c)

V jk
β(ji , jj ,m, c)

×
[
(−)x { a jj c

β m ji
}{ a b jk

m c jj } − (−)y{ ji b c
m β jj }{

a b jk
c m ji

}
]
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One-vertex Expansion
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One-vertex Expansion

One-vertex Expansion I

We want to show:∑
S

〈Tout |Z [κ]|S〉〈S |Ĥ(m)|Tin〉 = 0

Easiest case

Tin = Tout =

∣∣∣∣∣ + −

jk

jj

ji

〉

Only need to consider

S =

∣∣∣∣∣ ji

jk

jj
a

b m

〉
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One-vertex Expansion

Trivalent Node I

Tri-valent node

+

jk

ji jj

Ĥm
∆ [N] :=

N(n)

N2
m

εijk Tr
[
ĥ(m)
αij

ĥ(m)
sk

[
ĥ(m)−1
sk , V̂

] ]

∑
a,b

A(m)(ji , a|jj , b|jk)
+

jk

ji

+

jj

+

a b

m

+ · · ·
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One-vertex Expansion

One-vertex Expansion I

v

m

ji

jk

jj

Two-complex κ

We want to show:∑
S

〈Tout |Z [κ]|S〉〈S |Ĥ(m)|Tin〉 = 0

Easiest case

Tin = Tout =
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jk

jj
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One-vertex Expansion

One-vertex Expansion II

ji

jk

jj
a

b m

Boundary
graph Γv

Each node contributes a 9j symbol of the type

√
dadbdc


a b c
a+ b+ c+

a− b− c−


The vertex trace gives:{

j+
i j+

j j+
k

b+ a+ m+

}{
j−i j−j j−k
b− a− m−

}

Complete spin-foam amplitude for γ = 1

(j+, j−)
γ=1−−→ (j , 0)

WE (κ,Θ, s)|γ=1 = (da db dm)1/2(−)ji +jj−jk

{
ji jj jk
b a m

}
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One-vertex Expansion

Projection

∑
S

WE (κ, S ,Θ)|γ=1〈S |Ĥ(m)|Θ〉

=
∑

c

dc
∑
β

V jk
β(ji , jj ,m, c)

×

∑
b

db(−)2β


ji β jj
jk c m
jj m b

−∑
a

da(−)jk+β


jj jk ji
β c m
ji m a




+ · · ·
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Projection
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WE (κ, S ,Θ)|γ=1〈S |Ĥ(m)|Θ〉

=
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c
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∑
β

V jk
β(ji , jj ,m, c)

×

∑
b

db(−)2β


ji β jj
jk c m
jj m b

−∑
a

da(−)jk+β


jj jk ji
β c m
ji m a




+ · · ·

=
∑

c

dc (−1)2jk
∑
β

V jk
β(ji , jj ,m, c)

[
δβjk
djk
− δβjk

djk

]
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Discusion

Plan of the Talk

1 Motivation
Canonical LQG
The Rigging Map
Spin-Foams

2 Spin-Foam Projector
Construction
SF-Projector

3 Hamiltonian Constraint
Quantization
Action on trivalent nodes

4 One-vertex Expansion

5 Discusion

Antonia Zipfel (FAU Erlangen) Erlangen, October 2011 23 / 26



Discusion

The Role of the Volume I

Do not need to compute the volume, since SF- amplitude yields to
V jk

β(ji , jj ,m, c)δβjk

Same behavior for four-valent an thus n-valent vertices

Main Result
The states

∑
S WE (κ, S ,Θn)|γ=1〈S | are weak solutions of the euclidean

Hamiltonian constraint!

However, solutions are special
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Discusion

The Role of the Volume II

+ −

jk

jj

ji

ww�Ĥ
ji

jk

jj
a

b m

Each term associated to the triple (ji , jk ,m) vanish
separately

Volume is “passive observer”; Curvature F is crucial

Setting γ = 1 reduces EPRL-Amplitude
to SU (2)-BF theory
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Discusion

Generalization/Outlook

Arbitrary complex

v

m

ψ

ji

jk

jj Computation not sensible to choice of Tout

Counterexample: Trivial evolution
Even for more internal vertices we obtain the
crucial 6j

Arbitrary γ

In general does not work!
For tri-valent vertex with ji = jj : Hamiltonian is
annihilated
Projected spin-networks?

Different Ĥ∆ E.g Tetrahedral decomposition [Alesci,Rovelli]
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Discusion

Thank you for your attention!
Contents
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