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Introduction

e Strong coupling a, 1s a fundamental parameter of the Standard Model.
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Introduction

e Strong coupling a, 1s a fundamental parameter of the Standard Model.

e Can be computed in lattice QCD (and, 1n fact, lattice strongly

influences the global average).

e TUMQCD collaboration has determined «, from the static energy in

2+1 flavor QCD.

Work 1n progress:
e 2+1+1 flavor QCD,

e One-loop improvement of the

static energy,
¢ Minimal renormalon
subtraction (MRS) scheme.
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Our computation strategy

o Compute the static energy Ey(r) of quark and antiquark at separation r
in lattice QCD from large-time behavior of the Wilson loops:

E() = — lim 1H<T1‘(Wr><T)>, W

ST = exp(i() dz, gA )}
T— o0 T { J T K H
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Our computation strategy

o Compute the static energy Ey(r) of quark and antiquark at separation r

in lattice QCD from large-time behavior of the Wilson loops:

E() = — lim 1H<T1‘(Wr><T)>, W

=P{exp(i(> dz gA)}.
rXT
T—o0 T J T K H

e Fit to the perturbative expression known to N3LL:
Cra

r

S (1 + #a, + #a? + #a? +#a§1nas+#as41n2as+#aflnas...)

e Determine the (dimensionless) r;Axgs, ;1S the lattice scale.

e Compute a,(M,).
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Static energy on the lattice

e Compute correlators of Wilson lines in Coulomb gauge C(7, 7, a).
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Static energy on the lattice

e Compute correlators of Wilson lines in Coulomb gauge C(7, 7, a).

e Extract the ground state from multi-exponential fits of the form:

Nst_l n
C(7r,0) =B (¢ (Fa) + ¥ G, (Fa)[[ e
n=1

m=1
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Static energy on the lattice

e Compute correlators of Wilson lines in Coulomb gauge C(7, 7, a).

e Extract the ground state from multi—exponential fits of the form:

C(?, T,CZ) — e—TEO(7,a) + Z C H —TAm(7,a)

m=1

e The ry, 1|, 1, scales are also determined from the static force

, dE
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Static energy on the lattice

e Compute correlators of Wilson lines in Coulomb gauge C(7, 7, a).

e Extract the ground state from multi-exponential fits of the form:

N —1 "
C (?, T,CZ) — ¢~Fo(7:a) (CO (?,a) + Z C, (?,a)HeTAm(7’“>).

n=1 m=1
e The ry, 1|, 1, scales are also determined from the static force

dL,
2F(r)—r - = C;

i withcy=1.65,c,=1andc, = 1/2.
dr

7‘=7‘i

e Four-dimensional smearing (replacing the gauge links with weighted
averages over suitable passes) may be applied to improve the signal at

large distances.
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e Extract the ground state from multi—exponential fits of the form:

C(?, T,CZ) — e—TEO(7,a) + Z C H —TAm(7,a)

m=1

e The ry, 1|, 1, scales are also determined from the static force

, dE
2F(r) = r 0 = ¢

i withcy=1.65,c,=1andc, = 1/2.
dr

7‘=7‘i

e Four-dimensional smearing (replacing the gauge links with weighted
averages over suitable passes) may be applied to improve the signal at
large distances.

e Corrections at short distances to improve rotational symmetry.
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Static energy on the lattice
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e An example in 2+1+1 flavor QCD.
Brambilla et al. (TUMQCD), Phys. Rev. D 107 (2023)
e Simulations with the one-loop
Symanzik-improved gauge action and

the Highly Improved Staggered
Quarks (HISQ) action.

Liischer, Weisz, Phys. Lett. B (1985)
Follana et al. (HPQCD), Phys. Rev. D 75 (2007)
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Connecting with perturbation theory

e Dimensional regularization: requires a renormalon subtraction.
e Lattice regularization: need to deal with the 1/a divergence.
e Two approaches to reduce the renormalon effects:

e Integrated force:
rr

Ey(r) = | dr'F(r') +const, F(r)hasno renormalon effects,
J ¥ Bazavov et al. (TUMQCD), Phys.Rev.D 90 (2014)

const 1s chosen by matching at some r.
e Minimal renormalon subtraction:
relate the factorial growth of perturbative series to a power

correction. Komijani, JHEP0S (2017)

Brambilla et al., Phys. Rev. D 97 (2018)
Kronfeld, JHEP12 (2023)
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Improvements: ensembles

e Previous TUMQCD work (2012, 2014, 2019):
2+1 flavor QCD, HISQ action.
e Current work:
2+1+1 flavor QCD, 1.e. dynamical charm quark, HISQ action.
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Improvements: scale setting
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Improvements: rotational symmetry

e Lattice breaks the rotational symmetry.

o E,(7) is direction-dependent, strongly affected at short distance.
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Improvements: rotational symmetry

e Lattice breaks the rotational symmetry.

o E,(7) is direction-dependent, strongly affected at short distance.

e Tree-level improvement has been known for a while:

I’k Dk, = 0,k)e™" Cro? :
— U,R)€ = — - 9
R S 4nr(F)

[ 2 2
ant,tree(r) — _ CFg

3
k; k;
D; (ko = 0.K) = 42 (Sin2 El + ¢, sin® é), c, =0 or 1/3.

i=1
e One-loop improvement with HISQ has been recently computed by
von Hippel, Leino, Steinbasser (1n preparation).
e Calculation of one-loop diagrams 1s done with the HPsrc and HiPPy

programs.
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Improvements: rotational symmetry

—0.14{
preliminary
—0.16
S
LUy ™
L 5
—0.18; o5y,
O
63%
oo
| oy,
—0.20 m%@%
™
M¢
—022 2 4 6 8
r/a
e Fit:

N.C
rk, = 2, (4;)2 (ln(r/ a) + B) + rC

Alexei Bazavov (MSU) Dec 15, 2025 11



Improvements: rotational symmetry
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Improvements: rotational symmetry

e Static energy in lattice perturbation theory:
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Improvements: rotational symmetry

e Static energy in lattice perturbation theory:

- da - .
aEy(r,a) = aNy — Cp— Z allggl(l/ )V, (T, a), with
" =0
a2

B, r 3
Vat (7 @) = P Via (7> @) + ﬁxl(r/ a).

Alexei Bazavov (MSU) Dec 15, 2025

12



Improvements: rotational symmetry

e Static energy in lattice perturbation theory:
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Improvements: rotational symmetry

e Static energy in lattice perturbation theory:

aEy(F,a) = ahy — Cp— Z alt\(1/ayv, (7, a), with

" =0
@ r a’
Viae (7> @) = gul + vhit,,(r, a) + ?xl(r/ a).
e The series can be rearranged:
- a
aky(r/a) =a-const — Cp— |1 + — 2 alatxk(r/a) R(r),
r

R(r) = 2 a1 (1/ayvy, (rla) = Za’“vas (ur).

e Known information is x,, x; (new one-loop) and v, v, v5, v3 (MS).
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Improvements: MRS scheme

e Static energy 1n Potential NRQCD:

C
Eq(r) = A — TF D vilunalt ().
[=0
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Improvements: MRS scheme

e Static energy 1n Potential NRQCD:

C
Ey(r) = Ay — il Z vl(,ur)asl“(,u).
" =0
e MRS prescription:

e construct a related series by differentiation, the force:

dk Cr .
F(I") = = — —2 Z fl(ﬂr)%{ﬂ(//l), Komijani, JHEPOS8 (2017)
4 [

d 7 Brambilla et al., Phys. Rev. D 97 (2018)
Kronfeld, JHEP12 (2023)
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e solve for v, in terms of f; — this reproduces v; up to known order L

and approximates v, for [ > L,
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Improvements: MRS scheme

e Static energy 1n Potential NRQCD:

C
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e MRS prescription:

e construct a related series by differentiation, the force:

dk Cr .
F(I") = = — —2 Z fl(ﬂr)%{ﬂ(//l), Komijani, JHEPOS8 (2017)
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Kronfeld, JHEP12 (2023)

e solve for v, in terms of f; — this reproduces v; up to known order L

and approximates v, for [ > L,

o0

o cvaluate Z valt! ie., truncate on f;, not v,
=0
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Improvements: MRS scheme
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Improvements: MRS scheme
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e Factorially resummed with MRS scheme.

Alexei Bazavov (MSU) Dec 15, 2025

15



Some results

0.03 0.06 0.09 0.12 0.15fm
~027- — 1oposozsce | @ Revisiting previous work.
~0.28- " e Global fit to 2+1 flavor HISQ
—0.29 . . // & . .

preliminary % data, 4 lattice spacings.
—030] A * One-loop improvement.
Som /;" e MRS scheme.
'
~0.32- . ,'/#*
= \\\ /‘,#
—0.33 0\ ""(‘O
%
—0.341 ™ /
o
[ S N N EN L ) i
0.02] © Di; T (,HL Tﬂ> Il

* om | Jaﬁi‘ﬁ

| osop—an b L
—0.02 -

010 015 020 025 030 035 0.40 045 0.50
rirl

Alexei Bazavov (MSU) Dec 15, 2025 16



—0.34 1

—0.36 -

—

= —0.38 1

—0.40 -

—0.42 -

0.010 -

o
o
)
o

Residuals

0.000

—0.005 -

Alexei Bazavov (MSU)

Some results
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Fit to the fines 2+1+1 flavor
HISQ ensemble.

One-loop improvement.
MRS scheme.

Including massive charm vs

four massless flavors.



Conclusion

e Previous TUMQCD a, extraction was done in 2+1 flavor QCD with

the integrated force approach.
e The ongoing work focuses on several improvements:
e 2+]1+1 flavor QCD,
e one-loop improvement of the static energy to better handle the
discretization effects,
e minimal renormalon subtraction (MRS) scheme for the static
energy directly, rather than integrated force.

e revisiting the scale setting for 2+1 and 2+1+1 flavors.
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