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The strategy

▶ Input: Hadron spectrum:
Mπ ,MK ,MΞ, fk, fπ ,MΩ, . . .

▶ Technical intermediate
scale

√
t⋆0

▶ “Solve” Nf = 3 QCD non
perturbatively
▶ From 200 MeV to EW

scale
▶ Match QCD with YM

▶ Use PT from EW scale on:
Λ(3) = 344.4(8.7) MeV

▶ Use PT to cross c/b
thresholds:
αs(MZ) = 0.11876(58) .
[0.47%] precision

▶ Conservative error
▶ Statistical errors dominate

αs = 0.11876(45)stat(25)sys(27)robust(58)total

,  large volume, physical quark masses

                                                  

Nf = 3

mΩ t0
1
3 ( fπ + 2fK) t0 fπ t0 m⋆ t0

,  large volume  unphysical quark masses:       

                                                     .                                            

Nf = 3 12t≡0 m2
π ⟶ 1.11, mu = md = ms

t0/t≡0 = 1.0003(30) , t≡0 = 0.1433(19) fm

                    

 
                       
 
                 
 
 
 
 
 
 

 
                                  .                                            

μGF(αhad) ⟶ 11.31/(4π) → αhad = 200.6(3.0) MeV [αhad t*0 = 0.1457(11)]

μGF(αdec) ⟶ 3.949/(4π) → αdec = 803(14) MeV

 

 
                                      

                

μGF(α0/2) = 0.21265(51) Λ α0 = 4381(94) MeV
μSF(α0) ⟶ 2.012/(4π)

αpert /α0 ⟶ 16
μSF(αpert) = 0.0863(3)

               Gedanken world: 
     

  

  
      

mu = md = ms = m ≫ αdec
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Error budget

Statistical: From MC sampling. Well undestood (O(1/
√
N))

Small Systematic: From models to extrapolate to continuum/interpolate/. . . . Values scatter below statistical.
Significant systematic: From models to extrapolate to continuum/interpolate/. . . . Result show some tension

Types of error
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Scale setting: The case with significant systematics

▶ Different collaborations determine
dimensionless:√

t⋆0 × (Mπ ,MK ,MΞ,MΩ, fπ , fK , . . . )

▶ Use all results entering FLAG average
▶ χ2/dof = 2.8
▶ Robust error: all “precise” results covered√

t⋆0 = 0.1433(7)stat(4)sys(17)robust(19)tot fm .

Technical scale t⋆o

0.142 0.144 0.146 0.148
RBC/UKQCD14B

RQCD22

CLS21

BMW12A

CalLat20A

MILC15

HPQCD13A

ETM21

Nf = 2 + 1

Nf = 2 + 1 + 1

√
t?0 [fm]

Used Uncertainty
Weighted Average

▶ Only case of significant systematic in our work
▶ Robust error band covers all (precise) central values
▶ Effect propagated in all quantities.
▶ Our error 2.5× larger than “standard” (i.e. FLAG/PDG) error inflation
▶ Small effect in final error of αs: 58× 10−4 → 51× 10−4
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Lattice QCD typical scales

α s
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▶ Safe continuum extrapolations
▶ Arbitrarily high energy scales explored
▶ Step scaling function:

σ(u) = α(Q/2)
∣∣∣
α(Q)=u

“Easy” to compute on the lattice
▶ Dedicated approach

Finite size scaling [L üscher, Weisz, Wolff ’91]
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Example: massless running in Nf = 3 QCD [ALPHA ’17]

▶ Determine lattice version of SSF

Σ(u, L/a) = α(Q/2)
∣∣∣
α(Q)=u,fixedL/a

Use 8 → 16, 12 → 24, 16 → 32, (20 →
40, 24 → 48, 32 → 64) at fixed (g0, am0)

▶ Continuum limit

σ(u) = lim
a/L→0

Σ(u, L/a) .

▶ Use to determine β-function

log(2) =
∫ σ(u)

u

dx
β(x)

.

▶ Continuum limit under control
▶ Cover energy range 200 MeV → 4 GeV.

Gradient flow scheme [ALPHA; Phys.Rev.D 95 (2017)]
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Example: massless running in Nf = 3 QCD [ALPHA ’17]

▶ Define

αGF(µhad) = 11.31/(4π)

with

µhad ×
√

t⋆0 = 0.1457(11)stat(1)sys(11)tot

▶ Using αGF(µ0/2) = 0.21265(51)

µ0
µhad

= 21.85(30)stat(17)sys(34)tot

and

µ0 = 4385(71)stat(36)sys(51)robust(94)tot MeV .

▶ Reached scale of cutoff of typical lattice
simulations with full control over
continuum extrapolation!

Gradient flow scheme [ALPHA; Phys.Rev.D 95 (2017)]
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Determination of αs

▶ One can use PT directly at µ0 ≈ 4 GeV

Λ
(3)
MS

= 347.6(6.3)MeV

▶ [0.34%] error in αs. . .
▶ . . .But what about PT

▶ Missing orders
▶ Power corrections

▶ Continue to high energies [ALPHA’ 2019]
▶ Improved O(a)
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Final Result
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ν = 0
ν = 0.3

L
0
Λ
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S

α2

Use PT at genuinely high energy: 70 GeV

Λ
(3)
MS

= 347(11)MeV

Check with a one-parameter family of observables! ν

ALPHA approach
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Alternative method: Decoupling

Λ
(3)
MS

µdec
=

Λ
(0)
MS

µ′
dec

× 1

P
(
zΛ(3)

MS
/µdec

) +O(α4(m⋆)) +O
(µdec

M

)
+O

(
µ2
dec
M2

)

▶ z = M/µdec: Quark masses
▶ Work in finite volume T × L3 with Dirichlet bcs. in time (SF). (µ ∼ 1/L): “Only” two scales.
▶ Use Gradient Flow couplings

ḡ2(µ) = N−1(c, a/L) t2⟨E(t)⟩
∣∣∣
µ−1=

√
8t=cL

.

▶ Fix ḡ2(µdec)|
∣∣∣
Nf=3,M=0,T=L

= 3.95. This defines µdec

▶ Small volume =⇒ We can simulate heavy quarks (i.e. a ∼ 30− 50 GeV−1)
▶ Matching condition ({Nf = 3,M} ↔ {Nf = 0}) between massive scheme and effective theory

ḡ2(µdec(M))
∣∣∣
Nf=3,M,T=2L

= ḡ2(µdec)
∣∣∣
Nf=0,T=2L

.

Matching: QCD in a finite volume!
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The continuum extrapolation of massive couplings
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▶ Most error: estimate of bg − b1−loop
g

▶ This is a systematic!
▶ Dominant error in ḡ2(µ,M)

Previous determination [ALPHA ’23]

▶ Precise of continuum values
▶ Subdominant effect in αs

▶ But removes largest systematic!

NP determination of bg [ALPHA ’24]
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Striong coupling from decoupling
▶ Precise result for αs

Λ
(3)
MS

= 342(10)MeV .

▶ Different models to extrapolate to continuum
▶ Different modesl to extrapolateM → ∞
▶ Use of already existing pure gauge results

330 335 340 345 350 355 360

Γeff = −1/9; Γ′
eff

= −1; ΓM = +0

Γeff = −1/9; Γ′
eff

= +0; ΓM = +0

Γeff = −1/9; Γ′
eff

= +1; ΓM = +0

Γeff = +1 ; Γ′
eff

= −1; ΓM = +0

Γeff = +1 ; Γ′
eff

= +0; ΓM = +0

Γeff = +1 ; Γ′
eff

= +1; ΓM = +0

Γeff = +0 ; Γ′
eff

= −1; ΓM = +0

Γeff = +0 ; Γ′
eff

= +1; ΓM = +0

Γeff = −1/9; Γ′
eff

= −1; ΓM = +1

Γeff = −1/9; Γ′
eff

= +0; ΓM = +1

Γeff = −1/9; Γ′
eff

= +1; ΓM = +1

Γeff = +1 ; Γ′
eff

= −1; ΓM = +1

Γeff = +1 ; Γ′
eff

= +0; ΓM = +1

Γeff = +1 ; Γ′
eff

= +1; ΓM = +1

Γeff = +0 ; Γ′
eff

= −1; ΓM = +1

Γeff = +0 ; Γ′
eff

= +0; ΓM = +1

Γeff = +0 ; Γ′
eff

= +1; ΓM = +1

cM = −0.1

cM = −0.3

Decoupling
Nf = 3 massless running

Λ
(3)

MS
[MeV]

0.00 0.02 0.04 0.06
0.40

0.42

0.44

0.46

0.48

(µdec/M)2

Λ
(3
)

M
S
,e
ff
/µ

d
ec

10/16



The strategy Scale setting Low energy running αs from QCD αs from YM Results Replication Conclusions

From Λ
(3)
MS to Λ

(5)
MS

Λ
(5)
MS

Λ
(3)
MS

= P3,5

Use RunDec to explore PT corrections in crossing c/b thresholds

loop-orders Pref
3,4 Pref

4,5 Pref
3,5 αref

s (mZ)

5/4 0.87548 0.72143 0.63160 0.11872

loop-orders 100× δP3,4 100× δP4,5 100× δP3,5 105 ×∆αs(mZ)

4/3 −0.2536 0.2056 −0.3313 −5.992
3/2 −0.8503 0.5758 −1.2237 −22.20
2/1 −3.8555 1.2228 −6.8235 −126.3
SI,m⋆ 0.0 0.0
SI,2m⋆ −0.4364 −0.0702
SI,m⋆/2 −0.0117
MS,µ = µh −0.0299 −0.0014
MS,µ = 2µh −0.1036 −0.0105
MS,µ = µh/2 0.0016 0.0119

▶ PT corrections 0.3%
▶ NP corrections 0.1%

Small corrections
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From Λ
(3)
MS to Λ
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Λ
(5)
MS

Λ
(3)
MS

= P3,5

Use RunDec to explore PT corrections in crossing c/b thresholds

0.0 0.1 0.2 0.3 0.4 0.5 0.6

2.80

2.85

2.90

2.95

3.00

(Λ(2)/M)2

L
1
/
S
(M

)
×

1
/
P
0
,2
(Λ

(2
) /
M

)

S = w0

Fit
S =

√
t0

Fit ▶ PT corrections 0.3%
▶ NP corrections 0.1%

Small corrections
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Final results

▶ Two strategies, consistent results

Massless running: Λ
(3)
MS

= 347(11)MeV ,

Decoupling: Λ
(3)
MS

= 342(10)MeV .

▶ Average
Λ
(3)
MS

= 344.4(8.7)MeV .

▶ “Crossing” c/b thresholds

αs(mZ) = 0.11876(58) [0.46%] .

▶ Two times more precise than all pheno determinations
combined!

▶ PT errors negligible
▶ Error dominated by statistics

Final result for αs
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c/b thresholds [1.1%]
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Contribution to variance [%]

t0 Robust [20.9%]
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Replication package freely available
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Replication package freely available
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Community effort!

▶ Step Scaling
▶ Preconditioning
▶ Large Volume simulations
▶ SF in QCD
▶ High order PT computations
▶ . . .
▶ GF couplings
▶ Decoupling
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Conclusions
▶ Precise result for αs from a combination of LQCD techniques

▶ Step scaling in QCD (Nf = 3)
▶ Finer lattices
▶ Better O(a) systematic understanding
▶ . . .

▶ Decoupling and pure gauge running
▶ Removed systematic from bg

▶ Exahustive analysis of c/b contributions
▶ Both PT and NP!

▶ Error budget: Statistical errors dominate
▶ Replication package

▶ Numbers in paper can be reproduced
▶ Error sources are tracked down
▶ Easy to update (i.e. t0, pure gauge)

▶ Input is low energy spectral quantities
▶ No new physics

▶ Should be used to improve our chances to discover NP
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