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Lecture 2

Simulation-Based Inference in High Dimensions

Disclaimer: these slides are just one part of the lectures which used slides + whiteboard
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A continuous, high-dimensional generalization of traditional histogram-based techniques



Is this the best we can do?
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Is this the best we can do?
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Is this the best we can do?

e

o ——

Photons

Physics objects & their momentum:

p; = (E;, p;) ~10-100 dimensional vector

'
p(x10)

Directly model as a function of high-
dimensional space x ?

Retain maxmimum & sensitivity



Simulation-Based Inference

® Deep learning models can be effective surrogates for the probability density
and density ratio models, as a function of the full multi-variate input space.

® No need for low-dimensional summaries that lose statistical power.
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Data / Simulation Machine Learning Inference

Proposed by Cranmer, et al. in the CARL [ 1506.02169 | & MadMiner papers [ 1805.00020, 1805.00013 |
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Simulation-Based Inference
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Simulation-Based Inference
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Neural Likelihood Estimation:

e Estimate directly the likelihood p(x | 0)

Neural Ratio Estimation:

. . . p(x|0)
o Esfimate ratio with respect to arbitrary reference r(x| ) =———
pref(x)
x|0 0| x
o Esfimate likelihood / evidence = posterior / prior r(x | 0) = px19) = P19
p(x) p@)

Neural Posterior Estimation:

® Directly estimate the posterior p(€ | x) when performing Bayesian inference



Simulation-Based Inference
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Neural Likelihood Estimation: 1 L(p, @) /LX) L(y,a) PG, | 1, @)
t,=—log ; ~||——
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® Estimate directly the likelihood p(x | 0)

Neural Ratio Estimation:

o Estimate ratio with respect to arbitrary reference r(x | 6) ;”

What we will focus on
0 0 for the LHC example
o Esfimate likelihood / evidence = posterior / prior r(x | 0) = p16) = CAED
p() p©0)

Neural Posterior Estimation:

® Directly estimate the posterior p(€ | x) when performing Bayesian inference



Neural Ratio Estimation

- Training a binary classifier for hypothesis 6, and 8, by minimizing the cross-entropy loss function converges to the posterior
given infinite data and model flexibility:

p@)px|6)

S0, 1 x) =
PO, | x) p(0) p(x | 6)) + p(0y) p(x | O

- With equal class priors p(0,) = p(6,), the posterior reduces to

p(x|6)
px|6)+px| 6y

S$(x; 9(), 91) i13(91 | x) =

- where §(x; 6, 6,) is commonly referred to as the classification score function, from which the likelihood ratio can be recovered
via the likelihood-ratio trick or the CARL approach,,
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Neural Ratio Estimation

- Goal is to estimate density ratios as a function of &

r(x | 0) = p(x—lﬁ)
pref(x)

L(pd) Ly Lgra) ypp@lme)
L(2,@)/Lp(x)  Prep@) L1 propx)

t, = —log

« To this end, we sample from a continuously parameterized hypothesis x ~ p(x | @) and from some fixed reference hypothesis
X ~ pref(x) - training a parameterized classifer, which learns the density ratio as a function of high-dimensional x

conditioned on the model parameters 0.

Q
O~p0) et =30
& \\'Q'l!
l b [ s 'w«{ O
latent 2 N observable 554 qu\.
[ \\\\\\\\\\\* x_} : = A 9
Pl & R p(x | 09)
arg min L[g] —> S(X' H) —
g b A (x)
\ P ref
Data / Simulation v Machine Learning \

X~ p(x | 6), pros(x) ZLuce == Byt [7108500) + (1 — ylog(l — §(x))



Overview: Simulation-Based Inference

Full test statistic function for frequentist parameter estimation on parameter y

Pois(N., .| . & Now  p(x |y Q) prpe) Nt >
( Obsll/t )_zzlog N 2210 psubs( )

t(p) = —2-log —— — — - g -
POIS(NObS | Hs a) i—1 p(xi | Hs a)/pﬁ]ixi) k psubs(a)
Extended Sum of event-by-event

Poisson term log-likelihood ratios Constraint terms

DPaups — likelihood from

N, — total observed events subsidiary measurements of
the nuisance parameters
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Overview: Simulation-Based Inference

Full test statistic function for frequentist parameter estimation on parameter p

N,

syst

t(p) =—=2-1

o POIS(N, | 11, @) Dy % log POl p, ) prry) - Z log Do)
Pois(N, .. | 4, &) 7 p(xi| i, @)/ Prpxy) ~ " Douns(@)

parameter-
Sum over processes independent ratio
c =9, B, etc.
p(x; |, ) 1 Pe(x;)
- £ - gl @) - v, -
Prof(X) | 2, Gel@) - fe() - v, zc: R )]

Parameterized per-event ratios
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Overview: Simulation-Based Inference

Full test statistic function for frequentist parameter estimation on parameter p

PO|S N ’ 2 Nopg p(xilﬂ, /&)/ ~ 'xi) Nsyst A

() = — 2 log oo Cape 1o ®) _y gy PP 3 g Lt

POIS(Nobs | Hs a) i—1 p(xi | M a)/pﬁ]{xi) k psubs(a)
parameter-

sum over processes independent ratio
c =35, B, etc.
px; | p, @) 1 Px;)
= T - x| @) - v, -

pref(xi) Zc Gc(a) fc(/’t) "Ue ; ] ) o ) pref(xi) |

Parameterized per-event ratios

E.g. in stat-only model:

Parameter dependancies are factorized out 1
P px|p) = Tﬂ) [ﬂ * Vg - ps(x) + vg ’PB(X)]
"Morphing Aware Estimation - MadMiner"
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Overview: Simulation-Based Inference

Full test statistic function for frequentist parameter estimation on parameter p

Pois(N., .| . & Now  p(x |y Q) prpe) Nt >
Z(M)=— ( obsll’t )_2zlg N _2’210 psubs()

08 5~ ~ A O ~ A g ~
POIS(Nobs | Hs a) i—1 p(xi | M a)/PkaCi) k psubs(a)

parameter-
sum over processes independent ratio
c =S, B, etc.
POl p.a) | 1 PL%)
£ - g x| @) - v 4——
pref(x) 2 G(a) fc(//t) U, pref(xi) |

Parameterized per-event ratios

Factorized nuisance parameter a-dependence:

ela@) = px|a)
Parameter dependancies are factorized out S - p(x)

"Morphing Aware Estimation - MadMiner®  Tq pe discussed in Lecture 4 - ignore for now
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Overview: Simulation-Based Inference

Full test statistic function for frequentist parameter estimation on parameter p

POIS(N, ,, | 4, & W o pOnlu Db &
t(u) = —2-log — ( Obsl'lf A)—Z-Zlog — Prr%i) Z ogpS”bS(A)
POIS(Nobs | Hs a) i—1 p(xi | M a)/pﬁ]ixi) k psubs(a)
sum over processes
c = S, B, etc.
px; | u, a) 1 P(x;)
- £ - g @) - v, -
pref(xi) Zc Gc(a) fc(/’t) Ve ; ] ) o ) pref(xi) |
X ~ multi-dimensional
kinematic inputs
X~ P
S=1 \{{Ag!g‘}\!g . §(x) = P ) D, S
IR XL @~ argmin L —> = N — (x) = 0= 400
& "'i*‘( w Pref ™ Pe Pref :
X ~ pref \ // \\ // \\ Binary Cross-Entropy loss
S=0 W
"Likelihood ratio trick" or CARL approach [ ]

Classification NN
Two hypothesis:

Pc and pref 16


https://arxiv.org/abs/1506.02169

Calibration, Calibration, Calibration..

Is this really the profile negative log-likelihood ratio test statistic of our dreams?

t(u)=—2-1o

Yesterday we checked the modeling of

But this only tells us about how well modeled our likelihood ratios are as a function of high-dim x

Pulls

Normalized events
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using reweighting diagnostics.

pref(x)

Normalized events

Pulls

10° e B
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B —t— Prer(X) ]
10_15 —— RX)Predx) ]

102
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Calibration, Calibration, Calibration..

Is this really the profile negative log-likelihood ratio test statistic of our dreams?

t(u)=—2-1o

Pois(N, . | i, & Now — pOy | ) Ipg(x) Xy &
g ( obsllil\ A)_z'ZIOg — f _2zlogpsLs(A)
POIS(Nobs |,bl, a) i—1 p(xi |/’ta a)/pref(xi) k psubs(a)

To use this as a test statistic and enjoy the nice properties of the profile likelihood ratio test,
we must ensure that the estimated density ratios have a probabilistic interpretation

150

1251 —L -

1.00F -

( ignoring nuisance parameters for now )

Monte Carlo prediction

Tl

N Ll

p(z[6o)

7 (z) = log p(z|0) ] ~ |:log ] T 075)
o MC :

0.50F

0.25F

By checking for various values of 0 = (u, ), 6, = (4, ),

we ensure that the composite test using 000F

-0.25L

Ngbs p(xi | /’l7 &> 4:'
-2 Z log — of E
= p(xla,Q) R YRR NRRRRRRN I RAE - E
£ of =
is a true profile negative log-likelihood ratio test and thus.. | O T Sy

Predicted log p(xip =5.0)]

X =10
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Calibration, Calibration, Calibration..

150

1251 —L -

1.00F a

(ignoring nuisance parameters for now )

Monte Carlo prediction

. N @) _
|:T(£L') _ log p(ﬂ?'o) ] ~ log 0 i — 0-75: E
p(z|0o) I N NI :
B MC 0.50f -

0.25¢

By checking for various values of 0 = (u, o), 6, = (yy, @), we ensure

. . 0.00:
that the composite test using B

NObS p (xi | /’ta 2%)
-2 Z log

Residual

is a true profile negative log-likelihood ratio test and thus.. implies _ 04 05__—G6 07
that the following asymptotic properties hold for the final test Predicted log [2 =50}

X =10)

o Asymptotically optimal hypothesis testing (maximum power locally near the null hypothesis u).

e The maximum likelihood estimator /i is asymptotically efficient - i.e. it saturates the Cramer-Rao bound in the
large-sample limit.

1
Var[p] — m

e Nice asymptotic properties - Wilks theorem ensures )(z-dis’rribu’rion of the test 7,.
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Calibration, Calibration, Calibration..

What if the estimated likelihood ratios are not calibrated? But we are certain that the estimation is a
monotonic function of the true likelihood ratio:

exp T (x;0,0p) = m (p(x|6p)/ p(x|6,) )

In this case we can perform this monotonic transformation using post-hoc calibration techinques

c 150 T T T T T T T T
.S ‘ .
- .
o & Lt . & 125 -
(o] ~ .
sotonic It . o o0 . = - .
car Bt . * ... “_'( g B 7
- 2 100 -
% " e o~ ~ é - -
' * ‘. ¢ ..'.:‘f'.o’_ & '. B
LR ) ]
.\s,__'._.-1_..d_. . " es 0.75
I» > El
.’ o ’ . @ “‘ e s " OR
J ™" B
fFos% o 0.50 -
Lo .
VLA 0.25 .
e
‘ o
il e 0.00 3
"
"“ -0.25 * '
) {0 ) _:
Use bins for 02 03 04 05 08 07
TH , (xi =5.0)
probab“'ty Predicted log [ﬁ(xIZ:LO)]

Details in CARL paper: https://arxiv.org/pdf/1506.02169 predicitons


https://arxiv.org/pdf/1506.02169

No likelihood ratio test

What if the estimated likelihood ratios are not calibrated, even after post-hoc calibration?

We can just use the estimated test statistic 7, as some test statistic that is not the profile negative log-

likelihood ratio and build confidence intervals explicitly.

This is still valid frequentist inference!

Event-level (local) posteriors

> ‘qW(z’i | :I?Z',Q)

Frequentist setting ¢

Global parameters Likelihood-ratio test
0 statistic

\ Observations
\ ——>t,({z} | 0
Simulator |- XT; [T | S¢p — - ‘P({ }| )
| SN
Per-event
Exd e (6 ) [ DL —={ 0,0 ] {o)

network A Set-level
network Dataset-level (global)

posterior

Per-event (local) parameters

A true likelihood-free inference, where the test statistic is optimized on the full set of events & = {x}. This
converges roughly to the profile negative log-likelihood ratio test statistic, but no guarantees! Still possible to
do inference using this. 21



Results

The model used in the exercises:

p(x | /4) — [ﬂ ’ VS | phTT(x) + th ) ptf(x) + Uzn ’ pzrr(x)]

V()

The fit results show huge reduction in uncertainties on not just
the parameters of interest but also background normalization
uncertainties.

The high-dimensional fit captures the dependence on all the
parameters of the model, not just the POL.
More in Lecture 4
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—— Unbinned high-dimensional SBI Fit

:_ —— Binned Score Fit ]

- From Exercise 3 ]

0 05 1.0 15 2.0 25 3.0
,Uhrr

Compare the high-dimensional unbinned
approach with traditional one:

) 1y
A hist ,C N
S x —
F C ( ( )) I/C ‘ , C DC ’

22



Lecture 3

Systematic Uncertainties In Histogram Fits

Disclaimer: these slides are just one part of the lectures which used slides + whiteboard



Systematic Uncertainties

® The test statistic typical of the LHC can be written as

A

PoiS(N, . | u. & & X, | s G T D@y
) 2 -log _( ObS“f A)—Z-Zlogp(el'lf A)—Z-Zlog ’ L
POIS(NobS | Mo a) p(xe |/’t9 a) D psubs(ap)

e=1

® The probability model we are working with have the form:

1 _ |
plx|p,a) = pevd@ - Y px @)+ ) @ - pyx | )
| : - |

Zc fc(/’l) ) Uc(a)

where the sum runs over all signals (s) and all backgrounds (b) in the model,
together making up all the components (c).



Systematic Uncertainties

® The probability model we are working with have the form:

1

Pl ) = s | Z vy(@) - pyx | @) + ; () Py | o)

e |n a typical traditional analysis we build summary observable s(x) : RY > R
from simulated events x ~ p_(x) and use histogram estimators

> | I I | I I I I l I I I I I T } T I I I I I I I I I I
()] L ® Data _
(5 - ATLAS [ Higgs boson (125 GeV) -
o 120FH - 77* - 4l —— -

~hist 1 UC,[? ; | Vs=13TeV, 139 fo’! XX, VWV

p— — B ; B Z+jets, tt -
pC(‘x) — pC (S(‘x)) - G.C) 100 % 7 Unlcertainty ]
Ve Ab i f j

But what about p (x| &) ?
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Systematic Uncertainties

® The probability model we are working with have the form:

1 | |
plx| p, a) = ue ) u@ - px @)+ ) @) - pyx | )
C - - |

> () - vl

e |n a typical traditional analysis we build summary observable s(x) : RY > R
from simulated events x ~ p_(x) and use histogram estimators

> B LI | L I 1T 177 L I L I 1T 17
8 : ATLAS ; E?gt:s boson (125 GeV) :
o 120H —» 2Z* - 4 e ]

~hist 1 I/c,b P [ Vs=13TeV, 139 o™ XX, WV
p— i - B Zijets, tt .
pc(x) — pc (S(x)) — A % 100 B 2 77/ Uncertainty ]
% 2
c =b i

80t

60

But what about p (x| &) ? :

40}

20/

. 1 v.(@) 3
Ah A L C’ e e o e s e e e B e s B s s e
plx|a)—pr (S(x) | a) = 07110 120 130 140 150 160

Vc(a) Ab

m,, [GeV]
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Systematic Uncertainties

1 v @)

el @) = B (s0) | @) = — 2
C b

But the parameter space for uncertainties at the LHC is huge a €

RlOO—lOOO
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Systematic Uncertainties

ANhist

px|a) = p;

But the parameter space for uncertainties at the LHC is huge a €

(S(x) | a) =

1 Vc,b(a)
Dc(a) Ab

RlOO—lOOO

The statistical model is designed to identify and parameterize using independent sources of
uncertainties - or orthogonal directions in the high-dimensional parameter space.

22)

Nominal

|

* s 4 L 4

a
v

Simulations are available along each
of these orthogonal axes

Simulation points

Each of these parameters are constrained by
independent auxiliary or subsidiary
measurements (for experimental uncertainties)
and some theoretical prior (for theoretical
uncertainties)

% subs(ap)
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HistFactory Model

150
100
50 I I
10 2 30 40 50 60

The binned template model we are familiar with:

Nbins Nsysts
pn,alpu,a) = HPois (nb ||vp(u, @) - Hpsubs (ap | ap>
b D

Nominal vyield

e
I/b(,l/t, (1) — ch(ﬂ) ) Ab,c(a) ' yl?,c

?
| / e

A, (o) =
Norm factors b.e() vy
e.g. POIs, lumi, MC stat

high-dimensional space
o € [R100-1000

29




Traditional HistFactory Model

I/b(/l, a) — ch(ﬂ) ) Ab,c(a) . I/Ig),c
c | |

a € RlOO—lOOO

Traditional HistFactory model relies on two key assumptions:

Assumption 1: Factorization

The impact factorize:

NS S
A _Upl@) 1 Veay)
(@) = 0o H 0
ycb p ch

o, Available
simulations
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Traditional HistFactory Model

I/b(//t, a) — ch(//t) ’ Ab,c(a) ' I/Ig),c
c | |

a € RIOO—IOOO

Traditional HistFactory model relies on two key assumptions:

Assumption 1: Factorization Assumption 2: Parametric Form
. . RN AR RS RN R RS RN R
The ImpaCt faCtorlze: :2_2;— piecewise linear "
N T 2F 21?;521?25?5‘;?3222 oxtrap :
- poly-interp, expo extrap =
U (a) syst 1, b(a ) 1.8E ]
_ ¢cb — Rl v,(a) 16- E
Ap@) === =] %) _;
I/O UO 0 C ]
cb p cb Uy, 1.2} : =
1 = ' .
0.8 ! ' =
@ 0.65 : :
¢ 0.4 ' ' E
0.2 : 50‘17 : 0 :6% =
03...1|1.1.ll.l.|l.l.|[1..|u.1FH.1|H..
«— ¢ . . > 15 -1 05 0 05 1 15 2
| a;  Available — 2 —
simulations | | |
Available simulations at @, = {0, * 5%}
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Traditional HistFactory Model

Assumption 2: Parametric Form

~2_4:ﬂ|||||||||II|I|IIII|IIII|III|III|I|1—_

piecewise linear

piecewise exponential

2.2
2 — quadratic-interp, linear extrap

poly-interp, expo extrap

_IL_'----
I
7]
=
O:'_---

Available simulations at @, = {0,£6,}
P

Example parameterization used by HistFactory:

( @p
v'P
ab op > 1
Vc,b

Vc,b(ap) — < 1—|—Z6 C ‘az —1§ap§1

Vc,b Ldn —Qp
b ap < _1
L\ Ve

In compact form:

Ape@ = [T lronten <a; 1,A, (), Ab’c(ap‘)>
p
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Traditional HistFactory Model

..(2 1062‘ : L | : ot LI ot L L L LI L L L L LI L L ot ! |§
§ - —— htautau .
- s ——- htautau (JES +1 sigma) ]|
. . 10 = —-—~- htautau ( JES -1 sigma)
Example parameterization used by - —— ttbar £
. . — - == ttbar ( JES +1 sigma) -
HistFactory: 104 ——- ttbar (JES -1sigma)  —
— — ztautau -
N — - —~- ztautau ( JES +1 sigma) |
103 = -—=- ztautau ( JES -1 sigma)
(( w\ *P S ==TTTT &
( ;‘;b) a, > 1 - ]
Vc,b 2 e
veb(@p) _ )14 5 n _1<a,<1 0 _'—Ll—'_ “““ =
0 :{ +dpoiCnray —l1<ap< s -
Vc’b pdn _ap B %W
b op < —1 0% |  TTTTTTTTITTTTEEEEETEEEEETE =
L\ Ve = e
0_...1....|....1....|....|....|....|....—
19,05 0.00 005 010 015 020 025 030 035
N, tx|p=1)
[
b V?,b . .
The sufficient summary we discussed yesterday
0
+ v 1| pyer = 1) = o log p(x|p) -
1 v @)

~hist _ —
prs (txlp=1) | a) = e
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Traditional HistFactory Model

o 1065' LN R A L L L L A R L L L N L AL R R R AL L L L R L L L L Y RN AL RN R R L E
§ E —— htautau E w3t 12— _' ]
- 5| --- htautau ( JES +1 sigma) ]| - — Stat-Only Fit -
10 = -=—=- htautau ( JES -1 sigma) 10“_ —-—= Stat+Syst Fit y
B — fttbar - - N
~ —-== ttbar ( JES +1 sigma) - - -
104 -—- ttbar (JES -1sigma)  —= - :
= —— Zztautau = 8__ ]
N ——~- ztautau ( JES +1 sigma) ] n N
108 ——- ztautau (JES -1 sigma) — 6_ -
- 1 — - P
1025_ E 4__ ]
o | T ) gl -
O_A TR | NSNS TN TN SRR (NN SN N TR TN (SN SRS SHNNT SN SN Y SRS SR SR SR S SN TN TR SN (S SR SN SN S N S S ._ :
190,05 000 005 010 015 020 025 0830 035 et e
tx|p=1) Uher
The sufficient summary we discussed yesterday The sensitivity drops when simultaneously
0 measuring POls and NPs - the NPs are profiled
(X e = 1) = o log p(x|p) ‘le in the test statistic
A hist I vep(@) t, =—1lo L{pa)
p (t(x|ﬂ=1)|a)= B u= &~ A
‘ A L(4,a)
VC(CZ) b ’

34



