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Simple Harmonic Oscillator 

• Equation of motion: 𝑚 ሷ𝑥 + 𝑘𝑥 = 0 → ሷ𝑥 + 𝜔2𝑥 = 0 𝜔 =
𝑘

𝑚

• General solution: 
𝑥 𝑡 = 𝐴𝑐𝑜𝑠 𝜔𝑡 + 𝜙

ሶ𝑥 𝑡 = −𝐴𝜔 ∙ 𝑠𝑖𝑛 𝜔𝑡 + 𝜙

• Energy: 𝐸 =
1

2
𝑚 ሶ𝑥2 +

1

2
𝑘𝑥2 → conserved quantity

• Phase space trajectory is an ellipse in 𝑥, ሶ𝑥 : 
𝑘𝑥2

2𝐸
+

𝑚 ሶ𝑥2

2𝐸
= 1

Harmonic Oscillation Refresher
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ሶ𝑥

𝑥



Area of Phase Space Ellipse

• Let: 𝑥𝑚𝑎𝑥 = 𝐴, 𝑝𝑚𝑎𝑥 = 𝑚𝜔𝐴

• Phase space area: 𝒜 = 𝜋𝑥𝑚𝑎𝑥𝑝𝑚𝑎𝑥 = 𝜋 ∙ 𝑚𝜔𝐴2 = 2𝜋 ∙ 𝐽

• Action variable: 𝐽 =
1

2𝜋
𝑝𝑑𝑞ׯ =

𝐸

𝜔
(conserved)

• In beam physics: 𝐽 ∝ 𝜀, the emittance

Phase Space Area and Action Variable
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𝑝𝑥

𝑥𝐴

𝑚𝜔𝐴



Canonical Variables and Hamiltonian

• Hamiltonian: 𝐻 𝑞, 𝑝 =
𝑝2

2𝑚
+

1

2
𝑘𝑞2

• Equations of motion: ሶ𝑞 =
𝜕𝐻

𝜕𝑝
=

𝑝

𝑚
, ሶ𝑝 = −

𝜕𝐻

𝜕𝑞
= −𝑘𝑞

Canonical Transformation to Action-Angle Coordinates:

• Define: 𝑞 =
2𝐽

𝑚𝜔
𝑐𝑜𝑠𝜓, 𝑝 = − 2𝐽𝑚𝜔 𝑠𝑖𝑛𝜓

• Then: 𝐻 = 𝜔𝐽, ሶ𝜓 = 𝜔 (uniform phase advance)

Hamiltonian and Canonical Transformation
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• Action angle 𝐽 and 𝜔 are constant in harmonic oscillation
• Particle trajectory 𝑞, 𝑝 is described with action angle 

and initial condition 𝑝𝑥

𝑥

𝐽

𝜔

Ellipse Single point



• Action angle in beam optics is 𝜀 𝐽 and መ𝛽

Transition to Beam Optics
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𝑝𝑥 ≡ መ𝛽𝑥𝑥
′ + ො𝛼𝑥𝑥 = − 2 መ𝛽𝑥𝐽𝑥 sin𝜓𝑥 .

𝑥 = 2 መ𝛽𝑥𝐽𝑥 cos 𝜓𝑥 ,

ො𝛼𝑥 = −
1

2
መ𝛽𝑥
′
, ො𝛾𝑥 =

1 + ො𝛼𝑥
2

መ𝛽𝑥
→ መ𝛽𝑥 ො𝛾𝑥 − ො𝛼𝑥

2 = 1,

Basic equation of motion is Hill’s equation: 𝑥′′ + 𝐾 𝑠 𝑥 = 0,
which is similar form as ሷ𝑥 + 𝜔2𝑥 = 0
• 𝑥 usually presents the deviation from the reference orbit
• Also note that 𝐾 is a function of 𝑠 while 𝜔 is a constant value

Reference orbit

Deviation from reference



What is a Symplectic Matrix?

• A 2×2 matrix is symplectic if: 𝑀𝑇Ω𝑀 = Ω, where Ω =
0 1
−1 0

• This preserves phase space area (Liouville’s theorem)

• Important property for transport matrices and Twiss formalism 

𝐾 =
መ𝛽 − ො𝛼

− ො𝛼 ො𝛾
, with መ𝛽 ො𝛾 − ො𝛼2 = 1

• This matrix is symmetric and symplectic: 𝐾𝑇Ω𝐾 = Ω

Why it matters

• Symplecticity confirms that Twiss parameters are canonical, 

preserving the Hamiltonian structure of beam motion even 

after transformation 

• Symplecticity also ensures that beam emittance is conserved

Reminder on Symplectic Matrices
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• Emittance evolution in Ionization cooling

• Transverse phase space stability

• Thin lens & paraxial approximations

• Longitudinal phase space stability

Discussion item for lecture 2
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Normalized emittance
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𝜀𝑛 = 𝛽𝛾 ∙ 𝜀
𝜀: Mechanical emittance
𝛽, 𝛾: Lorentz factors

𝜀𝑥,𝑟𝑚𝑠 =
𝑥 ∙ 𝑥 𝑥 ∙ 𝑥′

𝑥 ∙ 𝑥′ 𝑥′ ∙ 𝑥′
= 𝜀𝑟𝑚𝑠

መ𝛽 − ො𝛼
−ො𝛼 ො𝛾

= 𝐷𝑒𝑡 𝜎2 = 𝜎𝑥
2 ∙ 𝜎𝑥′

2 − 𝜎𝑥𝑥′
2 .

Mechanical emittance (kinetic energy included)

Normalized emittance (no change by kinetic energy)

𝜀𝑥,𝑛 =
𝑥 ∙ 𝑥 𝑥 ∙ 𝛾𝛽𝑥
𝑥 ∙ 𝛾𝛽𝑥 𝛾𝛽𝑥 ∙ 𝛾𝛽𝑥

NB: we extract መ𝛽, ො𝛼, ො𝛾 (Twiss parameter) from mechanical emittance

NB: Normalized emittance is 
invariant under acceleration, 
whereas mechanical 
emittance shrinks with 
increasing beam energy



Emittance evolution (Transverse)
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𝑑𝜀𝑛
𝑑𝑠

=
𝑑 𝛽𝛾 ∙ 𝜀

𝑑𝑠
= 𝛽𝛾

𝑑𝜀

𝑑𝑠
+ 𝜀

𝑑𝛽𝛾

𝑑𝑠
.

First term,

𝛽𝛾
𝑑𝜀𝑥
𝑑𝑠

=
𝛽𝛾

2𝜀𝑥
∙
𝑑𝜀𝑥

2

𝑑𝑠
=

𝛽𝛾

2𝜀𝑥
𝜎𝑥
2
𝑑𝜎𝑥′

2

𝑑𝑠
+ 𝜎𝑥′

2 𝑑𝜎𝑥
2

𝑑𝑠
− 2𝜎𝑥𝑥′

𝑑𝜎𝑥𝑥′

𝑑𝑠

Assume there is no beam spot size variation  

𝑑𝜎𝑥
2

𝑑𝑠
~0 →

𝑑𝜀𝑥 መ𝛽

𝑑𝑠
~0

We further assume that there is no coupling between 𝑥
and 𝑥′ during ionization cooling 

𝑑𝜎𝑥𝑥′

𝑑𝑠
~0 → −

𝑑𝜀𝑥 ො𝛼

𝑑𝑠
~0 .

NB: We assume that Liouville's 
theorem is adiabatically preserved 
during ionization cooling (slide 18)



Emittance evolution (Transverse)
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𝛽𝛾
𝑑𝜀𝑥
𝑑𝑠

≈
𝛽𝛾

2𝜀𝑥
∙ 𝜎𝑥

2
𝑑𝜎𝑥′

2

𝑑𝑠

We involve multiple scattering process, 

𝛽𝛾

2𝜀𝑥
∙ 𝜎𝑥

2
𝑑𝜎𝑥′

2

𝑑𝑠
~
𝛽𝛾

2𝜀𝑥
∙ መ𝛽𝑥𝜀𝑥 ∙ 𝜎𝜃

2.

𝜎𝜃
2~

13.8 𝑀𝑒𝑉

𝛽𝑐𝑝

2
𝑧2

𝐿𝑅
.

𝛽𝛾
𝑑𝜀𝑥
𝑑𝑠

~
𝛽𝛾

2𝜀𝑥
∙ መ𝛽𝑥𝜀𝑥 ∙

13.8 𝑀𝑒𝑉

𝛽𝑐𝑝

2
𝑧2

𝐿𝑅
.

Thus, we finally gain

We will investigate multiple 
scattering in later session

Residual term



Emittance evolution (Transverse)
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𝑑𝜀𝑛
𝑑𝑠

=
𝑑 𝛽𝛾 ∙ 𝜀

𝑑𝑠
= 𝛽𝛾

𝑑𝜀

𝑑𝑠
+ 𝜀

𝑑𝛽𝛾

𝑑𝑠
.

Second term,

𝜀𝑥
𝑑𝛽𝛾

𝑑𝑠
=

𝜀𝑥
𝛽 ∙ 𝑚𝑐2

𝑑𝐸

𝑑𝑠
=

𝛽𝛾 ∙ 𝜀𝑥
𝛽2 ∙ 𝛾𝑚𝑐2

∙
𝑑𝐸

𝑑𝑠
=
𝜀𝑛,𝑥
𝛽2𝐸

∙
𝑑𝐸

𝑑𝑠
.

Since 
𝑑𝐸

𝑑𝑠
is negative for ionization loss, we define it as a 

positive quantity by adding minus sign explicitly:  
𝑑𝐸

𝑑𝑠
→-

𝑑𝐸

𝑑𝑠

in the emittance evolution equation



Emittance evolution (Transverse)
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𝑑𝜀𝑛,𝑥
𝑑𝑠

=
𝛽𝛾

2
∙ መ𝛽𝑥𝜎𝜃

2 −
𝜀𝑛,𝑥
𝛽2𝐸

∙
𝑑𝐸

𝑑𝑠
.

Final form is

The equilibrium emittance is obtained from this, 

Τ𝑑𝜀𝑛,𝑥 𝑑𝑠 = 0,

𝜀𝑛,𝑥,𝑒𝑞 =

𝛽𝛾
2

መ𝛽𝑥𝜎𝜃
2

𝛽2𝐸 ∙
𝑑𝐸
𝑑𝑠

=
መ𝛽𝑥 13.6 𝑀𝑒𝑉 2 ∙ 𝑧2

2𝛽𝑚𝐿𝑅 ∙
𝑑𝐸
𝑑𝑠

To reach low emittance: low መ𝛽𝑥, large 
𝑑𝐸

𝑑𝑠
, and long 𝐿𝑅



Emittance evolution (Longitudinal)
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𝑑𝜀𝑛
𝑑𝑠

=
𝑑 𝛽𝛾 ∙ 𝜀

𝑑𝑠
= 𝛽𝛾

𝑑𝜀

𝑑𝑠
+ 𝜀

𝑑𝛽𝛾

𝑑𝑠
.

First term for longitudinal,

𝛽𝛾
𝑑𝜀𝑙
𝑑𝑠

=
𝛽𝛾

2𝜀𝑙
∙
𝑑𝜀𝑙

2

𝑑𝑠
=
𝛽𝛾

2𝜀𝑙
𝜎 Τ𝛿𝑝 𝑝
2 𝑑𝜎𝛿𝑡

2

𝑑𝑠
+ 𝜎𝛿𝑡

2
𝑑𝜎 Τ𝛿𝑝 𝑝

2

𝑑𝑠
− 2𝜎 Τ𝛿𝑝 𝑝∙𝛿𝑡

𝑑𝜎 Τ𝛿𝑝 𝑝∙𝛿𝑡

𝑑𝑠

Again, in this toy model, there is no mechanism to change 
time structure and no coupling between 𝛿𝑡 and Τ𝛿𝑝 𝑝
𝑑𝜎𝛿𝑡

2

𝑑𝑠
~
𝑑𝜎 Τ𝛿𝑝 𝑝∙𝛿𝑡

𝑑𝑠
~0.

While the energy straggling effect is included, 
𝛽𝛾

2𝜀𝑙
∙ 𝜎 Τ𝛿𝑝 𝑝

2 𝑑𝜎 Τ𝛿𝑝 𝑝
2

𝑑𝑠
~

𝛽𝛾

2
መ𝛽𝐿 ∙

1

𝛽2𝑐2𝑝2
𝑑 ∆𝐸𝑟𝑚𝑠

2

𝑑𝑠

~
𝛽𝛾

2
መ𝛽𝐿 ∙

1

𝛽2𝑐2𝑝2
∙ 𝜉𝑊𝑚𝑎𝑥 1 −

𝛽2

2

𝜉 = 153.4
𝑧2

𝛽2
𝑍

𝐴

𝑊𝑚𝑎𝑥 =
2𝑚𝑒𝛽

2𝛾2

1 + 2𝛾 Τ𝑚𝑒 𝑚𝜇 + Τ𝑚𝑒 𝑚𝜇
2

keV g/cm2



Emittance evolution (Dispersion coupling)
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𝑑𝜀𝑛,𝑥,𝑦

𝑑𝑠
= −

𝑔𝑥,𝑦 ∙ 𝜀𝑛,𝑥,𝑦

𝛽2𝐸
∙
𝑑𝐸

𝑑𝑠
+

13.6 𝑀𝑒𝑉 2𝛽𝑥,𝑦

2𝑚𝜇𝐸𝛽
3𝐿𝑅

,

𝑑𝜀𝑛,𝐿
𝑑𝑠

= −
𝑔𝐿 ∙ 𝜀𝑛,𝐿
𝛽2𝐸

∙
𝑑𝐸

𝑑𝑠
+
𝛽𝛾

2
መ𝛽𝐿 ∙

1

𝛽2𝑐2𝑝2
∙ 𝜉𝑊𝑚𝑎𝑥 1 −

𝛽2

2

Where 𝑔𝑥,𝑦 and 𝑔𝐿 are a partition number

𝑔𝐿 → 𝑔𝐿,0 +
𝐷𝜌′

𝜌0
, 𝑔𝑥 → 1 −

𝐷𝜌′

𝜌0
.

𝑑
𝑑𝐸
𝑑𝑠

𝑑𝑠
= 𝑔𝐿= −

2

𝛾2
+ 2

1 −
𝛽2

𝛾2

𝑙𝑛
2𝑚𝑒𝑐

2𝛽2𝛾2

𝐼 𝑍
− 𝛽2

.

Σ𝑔 = 𝑔𝑥 + 𝑔𝑦 + 𝑔𝐿 = 2 + 𝑔𝐿,0.

𝑔𝐿,0 𝑎𝑡 𝑝~350 MeV/c
where 𝑔𝐿 = 0

To compensate positive 𝑔𝐿,0, dispersion + wedge absorber 

Indeed, dispersion induces coupling 
between transverse and longitudinal

Add coupling parameter



Emittance exchange with Dispersion
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𝑝
𝑝 − 𝛿𝑝

𝑝 + 𝛿𝑝

𝜌

𝜌 − 𝛿𝜌

𝜌 + 𝛿𝜌

𝐷 = 𝑝
𝑑𝜌

𝑑𝑝

This phenomenon is 
called dispersion

𝑚
𝑣2

𝜌
= 𝑞𝑣 × 𝐵 →

𝑝

𝜌
= 𝑞𝐵

for uniform dipole field

→
𝑝 + 𝛿𝑝

𝜌 + 𝛿𝜌
= 𝑞𝐵 = const

→
𝑝

𝜌
1 +

𝛿𝑝

𝑝
1 −

𝛿𝜌

𝜌
=
𝑝

𝜌

→ 1 +
𝛿𝑝

𝑝
−
𝛿𝜌

𝜌
= 1

→
𝛿𝑝

𝛿𝜌
=
𝑝

𝜌
in a uniform dipole field

𝐷 = 𝑝
𝑑𝜌

𝑑𝑝
= 𝑝

𝜌

𝑝
= 𝜌

Particle position 
is distributed by 
Τ𝛿𝑝 𝑝

Top view of 
dipole magnet

Beam momentum is translated into beam position by dipole magnet

NB: Beam emittance 
is not exchanged  
without absorber



Longitudinal cooling with emittance exchange
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Wedge absorber

𝑝 − 𝛿𝑝 particle traverses with 
shorter path length than 
reference in wedge absorber

𝑝 − 𝛿𝑝 particle traverses with 
longer path length than 
reference in wedge absorber

𝑝 particle is a reference particle

𝛿𝑝 becomes smaller after 
passing wedge absorber
→ Longitudinal cooling

𝛼

𝑤 −𝛿𝑥

+𝛿𝑥

Dave’s definition: 1 − 𝐷
𝜌′

𝜌

→ 1 −
𝐷

𝑤

𝑑𝑝

𝑝

𝑙 = 2𝑤 tan
𝛼

2

𝑙 = 2𝑤 1 +
𝑑𝑝

𝑤𝑝
𝐷 tan

𝛼

2

𝑙 = 2𝑤 1 −
𝑑𝑝

𝑤𝑝
𝐷 tan

𝛼

2



Emittance evolution
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𝑑𝜀𝑛,𝑥,𝑦

𝑑𝑠
= −

𝑔𝑥,𝑦 ∙ 𝜀𝑛,𝑥,𝑦

𝛽2𝐸
∙
𝑑𝐸

𝑑𝑠
+

13.6 𝑀𝑒𝑉 2𝛽𝑥,𝑦

2𝑚𝜇𝐸𝛽
3𝐿𝑅

,

𝑑𝜀𝑛,𝐿
𝑑𝑠

= −
𝑔𝐿 ∙ 𝜀𝑛,𝐿
𝛽2𝐸

∙
𝑑𝐸

𝑑𝑠
+
𝛽𝛾

2
መ𝛽𝐿 ∙

1

𝛽2𝑐2𝑝2
∙ 𝜉𝑊𝑚𝑎𝑥 1 −

𝛽2

2

𝑑𝜀𝑛
𝑑𝑠

= −𝑐1 ∙ 𝜀𝑛 + 𝑐2

→ 𝜀𝑛 𝑠 = 𝜀𝑛,0 − 𝜀𝑛,𝑒𝑞 ∙ exp[−𝜆𝑥,𝑦,𝑧
−1 ∙ 𝑠] + 𝜀𝑛,𝑒𝑞

𝜀𝑛,𝑒𝑞 =
𝑐2
𝑐1

Constant term

LH2

𝜆−1 = 0.18 m-1Plot shows that the required cooling channel length is < 
100 m in LH2 if the equilibrium emittance is 10-6  (initial 
emittance is 1.0) unit is arbitrary in this discussion



• Regarding Liouville’s theorem, the phase space volume 

remains constant for energy conservative Hamiltonian

– ∇ ∙ 𝑛 Ԧ𝑣 +
𝜕𝑛

𝜕𝑡
= 0

• where 𝑛 𝑞, 𝑝 is a density function and Ԧ𝑣 = ሶ𝑞, 𝑝 denotes phase 

space velocity (continuity equation)

– Preserving this theorem requires symplectic integration, which 

is both a necessary and sufficient condition

• Liouville’s theorem is not strictly satisfied in beam cooling 

systems, such as ionization cooling, due to non-Hamiltonian 

effects

• Nevertheless, if the phase space evolution is close to 

adiabatic, the theorem remains approximately valid

– There is a paper to solve the evolution of emittance in cooling 

by solving Fokker-Planck equation (G. Dugan, PRSTAB4,104001 (2001))

How do we treat Liouville's theorem in cooling?
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Transverse Phase Space Stability
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Beam dynamics and stability condition
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𝑥 𝑠 = 𝑎𝑥0 + 𝑏𝑥0
′

𝑥′ 𝑠 = 𝑐 𝑥0 + 𝑑𝑥0
′

Solution of Hill’s equation 𝑥′′ 𝑠 + 𝜅 𝑠 𝑥 𝑠 = 0 is in general

As we usually do for the harmonic oscillation, 

𝑋 →
𝑥 𝑠

𝑥′ 𝑠
=

𝑎 𝑏
𝑐 𝑑

𝑥0
𝑥′0

→ ෩𝑀 ∙ 𝑋0

Extracting eigenvalues from ෩𝑀,

𝑑𝑒𝑡 ෩𝑀 − 𝜆𝐼 =
𝑎 − 𝜆 𝑏
𝑐 𝑑 − 𝜆

= 0

𝜆2 − 𝑎 + 𝑑 𝜆 + 𝑎𝑑 − 𝑏𝑐 = 0 → 𝜆2 − 𝑇𝑟 ෩𝑀 𝜆 + 𝑑𝑒𝑡 ෩𝑀 = 0

𝑇𝑟 ෩𝑀 = 𝑎 + 𝑑

𝑑𝑒𝑡 ෩𝑀 = 𝑎𝑑 − 𝑏𝑑

Equation of motion can be solved 
if initial condition is known



Beam dynamics and stability condition
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If there is no energy change, 
𝑑𝐻

𝑑𝑠
= 0, 

𝑑𝑒𝑡 ෩𝑀 = 𝑎𝑑 − 𝑏𝑑 = 1

→ 𝜆2 − 𝑎 + 𝑑 + 1 = 0 → 𝜆2 − 𝑇𝑟 ෩𝑀 𝜆 + 1 = 0

Solution of this equation is

𝜆 =
𝑇𝑟 ෩𝑀 ± 𝑇𝑟 ෩𝑀

2
− 4

2
=

𝑎 + 𝑑 ± 𝑎 + 𝑑 2 − 4

2

We notice if cos 𝜎 =
1

2
𝑇𝑟 ෩𝑀 =

𝑎+𝑑

2
,

𝜆 =
𝑎 + 𝑑 ± 𝑎 + 𝑑 2 − 4

2
=

𝑎 + 𝑑

2
±

𝑎 + 𝑑 2

4
− 1

→ 𝜆1,2 = cos 𝜎 ± 𝑐𝑜𝑠2 𝜎 − 1 = cos 𝜎 ± 𝑖 sin 𝜎 = 𝑒±𝑖𝜎

෩𝑀𝑇Ω ෩𝑀 = Ω

→
𝑎 𝑏
𝑐 𝑑

𝑇

∙
0 1
−1 0

∙
𝑎 𝑏
𝑐 𝑑

=
0 1
−1 0

→ 𝑎𝑑 − 𝑏𝑐 = 1 (if energy conservation is 
required, then using symplectic integration is a 
sufficient condition)



Beam dynamics and stability condition
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If 𝑎 + 𝑑 ≤ 2, 𝜆1,2 is a periodic solution→Beam motion is stable

For our convenience, we use following relations, 

𝑎 + 𝑑 = 2 cos 𝜎
𝑎 − 𝑑 = 2 ො𝛼 sin 𝜎

𝑏 = መ𝛽 sin 𝜎
𝑐 = −ො𝛾 sin 𝜎

→ ෩𝑀 =
cos 𝜎 + ො𝛼 sin 𝜎 መ𝛽 sin 𝜎

−ො𝛾 sin 𝜎 cos 𝜎 − ො𝛼 sin 𝜎

Or ෩𝑀 = ሚ𝐼 cos 𝜎 + ሚ𝐽 sin 𝜎

where ሚ𝐼 =
1 0
0 1

, ሚ𝐽 =
ො𝛼 መ𝛽
−ො𝛾 − ො𝛼

𝑑𝑒𝑡 ෩𝑀 = 𝑎𝑑 − 𝑏𝑐

= cos 𝜎 + ො𝛼 sin 𝜎 ∙ cos 𝜎 − ො𝛼 sin 𝜎 − መ𝛽 sin 𝜎 ∙ −ො𝛾 sin 𝜎

= መ𝛽 ො𝛾 − ො𝛼2 = 1

These relations are still within a canonical framework!



Beam dynamics and stability condition
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Investigate ሚ𝐽

ሚ𝐽 2 =
ො𝛼 መ𝛽
−ො𝛾 − ො𝛼

∙
ො𝛼 መ𝛽
−ො𝛾 − ො𝛼

=
−1 0
0 −1

= −ሚ𝐼

෩𝑀
2
= ሚ𝐼 cos 𝜎 + ሚ𝐽 sin 𝜎 2

= ሚ𝐼2𝑐𝑜𝑠2𝜎 + 2ሚ𝐼 ∙ ሚ𝐽 ∙ 𝑠𝑖𝑛𝜎 ∙ 𝑐𝑜𝑠𝜎 + ሚ𝐽2𝑠𝑖𝑛2𝜎
= ሚ𝐼 𝑐𝑜𝑠2𝜎 − 𝑠𝑖𝑛2𝜎 + 2ሚ𝐽𝑠𝑖𝑛𝜎 ∙ 𝑐𝑜𝑠𝜎

= ሚ𝐼𝑐𝑜𝑠2𝜎 + ሚ𝐽𝑠𝑖𝑛2𝜎

→ ෩𝑀
𝑁
= ሚ𝐼 cos 𝜎 + ሚ𝐽 sin 𝜎 𝑁 = ሚ𝐼𝑐𝑜𝑠𝑁𝜎 + ሚ𝐽𝑠𝑖𝑛𝑁𝜎

This statement is the same general solution 
from a parametric oscillator, especially it is 
called Floquet’s theorem

𝜆1,2 = cos 𝜎 ± 𝑖 sin 𝜎 = 𝑒±𝑖𝜎

→ 𝜆1 =
1

𝜆2

෩𝑀
3
= ෩𝑀

2
∙ ෩𝑀

= ሚ𝐼𝑐𝑜𝑠2𝜎 + ሚ𝐽𝑠𝑖𝑛2𝜎 ∙ ሚ𝐼𝑐𝑜𝑠𝜎 + ሚ𝐽𝑠𝑖𝑛𝜎
= ሚ𝐼2𝑐𝑜𝑠2𝜎 ∙ 𝑐𝑜𝑠𝜎 + ሚ𝐽2𝑠𝑖𝑛2𝜎 ∙ 𝑠𝑖𝑛𝜎
+ሚ𝐼 ሚ𝐽𝑐𝑜𝑠2𝜎 ∙ 𝑠𝑖𝑛𝜎 + ሚ𝐼 ሚ𝐽𝑠𝑖𝑛2𝜎 ∙ 𝑐𝑜𝑠𝜎

𝑐𝑜𝑠2𝜎 ∙ 𝑐𝑜𝑠𝜎 =
1

2
𝑐𝑜𝑠3𝜎 + 𝑐𝑜𝑠𝜎 …

= ሚ𝐼𝑐𝑜𝑠3𝜎 + ሚ𝐽𝑠𝑖𝑛3𝜎



Stability of Periodic Phase Space from Mathieu 

equation
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Floquet function 
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Floquet’s theorem is applicable to linear differential 
equations with periodic coefficients

𝑑𝑋

𝑑𝑡
= 𝐴 𝑡 𝑋

A general solution will be

𝑋 𝑡 = 𝑒𝜇𝑡𝑝 𝑡

where 𝐴 𝑡 + 𝑇 = 𝐴 𝑡 , 𝑇 is a period

where p 𝑡 + 𝑇 = 𝑝 𝑡 , 𝑝 𝑡 is called Floquet function, 
𝜇 is the Floquet exponent

As we notice, it is similar as a forced oscillator

→ 𝜇 is pure imaginary, then 𝑋 𝑡 is a stable oscillation
→ 𝜇 contains real, then 𝑋 𝑡 is a forced oscillation, 
growing or decaying exponentially over time

This is 𝜆1,2 in our case



Mathieu equation with Floquet’s theorem

4/28/25 Lecture 2: Phase stability, Yonehara26

As you may have noticed, our process is the reverse of the 
conventional forced harmonic oscillator problem. The general 
equation of forced harmonic oscillator in the beam dynamics is so 
called Mathieu equation, 

𝑑2𝑥

𝑑𝑡2
+ 𝛿 + 𝜖 ∙ 𝑐𝑜𝑠 𝑡 𝑥 = 0

𝛿: stiffness parameter
𝜖: no specific name given

In the case 𝜖 = 0, it is a condition to obtain Hill’s equation

𝑑2𝑥

𝑑𝑡2
+ 𝑓 𝑡 ∙ 𝑥 = 0, 𝑓 𝑡 + 𝑇 = 𝑓 𝑡

Introduce Floquet function, 

𝑋 𝑡 = 𝑒𝜇𝑡𝑝 𝑡 , X 𝑡 =
𝑥
𝑥′

For the stable condition, 𝜇 → ±𝑖𝜎
as we evaluated 

Stable phase space (𝑆)
Unstable phase space (𝑈)

Stable phase space from Mathieu equation



Envelope equation
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Single particle tracking

Multi particle tracking

Here is an envelope 
of beam



Phase amplitude form
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Therefore, Hill’s equation yields the differential equation,  

𝑢 = 𝑤 𝑠 𝑒𝑖𝜓 𝑠

𝑣 = 𝑤 𝑠 𝑒−𝑖𝜓 𝑠 → ൮

𝑢 𝑠 + 𝑆 = 𝜆1𝑢 𝑠

𝑣 𝑠 + 𝑆 =
1

𝜆1
𝑣 𝑠

Those are any solutions of 𝑥 𝑠 as linear combination of 𝑢 and 𝑣, 

𝑥 𝑠 = 𝐴 ∙ 𝑤 𝑠 𝑐𝑜𝑠 𝜓 𝑠 + 𝜙

Use Wronskian, 𝑊 = 𝑢𝑣′ − 𝑣𝑢′ as a constant (symplectic condition),

𝑊 = −2𝑖𝑤2𝜓′ ≡ −2𝑖 (as constant)

→
𝑑𝜓

𝑑𝑠
= 𝜓′ =

1

𝑤2

From Floquet’s theorem, 

𝑤′′ + 𝜅𝑤 −
1

𝑤3
= 0 This is another forms of envelope equation



Envelope equation
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Use following, 

𝑥 = 𝐴 ∙ 𝑤𝑐𝑜𝑠 𝜓 + 𝜙

𝑥′ = 𝐴 𝑤′𝑐𝑜𝑠 𝜓 + 𝜙 −𝑤𝜓′𝑠𝑖𝑛 𝜓 + 𝜙

→
𝑥2

𝑤2
+ 𝑤𝑥′ −𝑤′𝑥 2 = 𝐴2

𝜓′ =
1

𝑤2

By comparing, 

ො𝛾𝑥2 + 2 ො𝛼𝑥𝑥′ + መ𝛽𝑥′2 = 𝜀 →

መ𝛽 = 𝑤2

ො𝛼 = −𝑤𝑤′

ො𝛾 =
1

𝑤2
+𝑤′2 =

1 + ො𝛼2

መ𝛽

𝜀 = 𝐴2



Envelope equation
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The maximum point  

𝑥𝑚 𝑠 = 𝜀 ∙ መ𝛽 𝑠 = 𝜀 ∙ 𝑤 𝑠

→ 𝑥𝑚
′′ +𝜅𝑥𝑚 −

𝜀2

𝑥𝑚
3 = 0

Sometimes the matrix transformation is written by 𝑤
for envelop calculation 

෩𝑀 =

𝑐𝑜𝑠 𝜓 − 𝑤𝑤′𝑠𝑖𝑛 𝜓 𝑤2𝑠𝑖𝑛 𝜓

−
1 + 𝑤2𝑤′2

𝑤2
𝑠𝑖𝑛 𝜓 𝑐𝑜𝑠 𝜓 + 𝑤𝑤′𝑠𝑖𝑛 𝜓

𝜎 = න
𝑠

𝑠+𝑆 𝑑𝑠

𝑤2
= න

𝑠

𝑠+𝑆 𝑑𝑠

መ𝛽
𝜈 =

𝑁𝜎

2𝜋
=

1

2𝜋
න
𝑠

𝑠+𝐶 𝑑𝑠

መ𝛽

Betatron tune
(number of betatron
oscillations per 𝐶)



• Emittance evolution with ionization cooling

– Longitudinal cooling is induced by dispersion, which is so called 

emittance exchange

• Phase space stability

– Stability condition, 𝑇𝑟 ෩𝑀 ≤ 2, where ෩𝑀 is a transfer matrix

– Stability condition is identified from Mathieu equation

• Thin lens and paraxial approximations to examine a simple 

transfer matrix

Summary
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𝑑𝜀𝑛,𝑥,𝑦

𝑑𝑠
= −

𝑔𝑥,𝑦 ∙ 𝜀𝑛,𝑥,𝑦

𝛽2𝐸
∙
𝑑𝐸

𝑑𝑠
+

13.6 𝑀𝑒𝑉 2𝛽𝑥,𝑦

2𝑚𝜇𝐸𝛽
3𝐿𝑅

,

𝑑𝜀𝑛,𝐿
𝑑𝑠

= −
𝑔𝐿 ∙ 𝜀𝑛,𝐿
𝛽2𝐸

∙
𝑑𝐸

𝑑𝑠
+
𝛽𝛾

2
መ𝛽𝐿 ∙

1

𝛽2𝑐2𝑝2
∙ 𝜉𝑊𝑚𝑎𝑥 1 −

𝛽2

2



Longitudinal beam dynamics
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• Define beam parameters related to longitudinal motion
• Find stable phase space



RF acceleration (I) (General concept)
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Reference particle

Reference particle

RF cavity 1
s = s1

RF cavity 2
s = s1+s2

Most channel designs, the RF 
phase of reference particle is the 
same for each RF cavity. 

𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

RF cavity 1

RF cavity 2

Start point
𝐸 𝑠, 𝑡 = 𝐸0𝑠𝑖𝑛 𝑘𝑠 + 𝜔𝑡 + 𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

Standing wave electric field
generated in a pill-box (cylinder) 
metal wall resonator (detail will be 
discussed in later session)

NB: In a cooling channel, the RF cavity is used to compensate
Energy loss in absorber, thus the particle’s kinetic energy is constant



RF acceleration (II) (General concept)
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Reference particle
Particle 1

Particle 1

Reference particle

RF cavity 1
s = s1

RF cavity 2
s = s1+s2

On the other hand, non-reference 
particles have a different RF phase 
at each RF cavity. 

𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒



• Particle 1 gains higher energy than the reference particle at 

RF cavity 1 since the RF gradient of Particle 1 is higher than 

the reference particle

• At RF cavity 2, Particle 1 arrives earlier than the reference 

particle since Particle 1 has more kinetic energy at RF cavity 

1, then Particle 1 gain less energy than the reference particle

• As a result, Particle 1 is oscillated around the reference 

particle

• This is referred as synchrotron motion

Synchrotron motion (General concept)

4/28/25 Lecture 2: Phase stability, Yonehara35

RF cavity 1 RF cavity 2

ref

p1



Analogy of Pedram (General concept)
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From wikipedia
Reference particle

𝜙𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑑𝑡𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 1

𝑑𝐸𝑘𝑖𝑛,𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 1

Longitudinal phase space 
of particle 1

NB: Early arrival particle gains low energy while 
late arrival particle gains high energy



Separatrix 
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Stational rf bucket

rf bucket for acceleration

rf bucket for acceleration



Traveling path length variation with momentum 
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Circumference
𝐶 = 2𝜋𝑅

𝑝

𝑝 + 𝛿𝑝

• Momentum compaction factor
(path length variation by 𝑝)

𝛼𝑐 =
𝑝

2𝜋𝑅

2𝜋𝑑𝑅

𝑑𝑝
=
𝑝

𝑅

𝑑𝑅

𝑑𝑝
=
𝑝

𝐶

𝑑𝐶

𝑑𝑝

• (Phase) Slip factor
(particle revolution variation by 𝑝)

𝜂 =
𝑝

𝑓𝑟

𝑑𝑓𝑟
𝑑𝑝

𝑝 = 𝑚𝑣 = 𝛽𝛾𝑚𝑐 →
𝑑𝑝

𝑝
=
𝑑𝛽

𝛽
+
𝑑 1 − 𝛽2 −1/2

1 − 𝛽2 −1/2
= 1 − 𝛽2 −1

𝑑𝛽

𝛽
= 𝛾2

𝑑𝛽

𝛽

R=bending radius



Dispersion, Momentum compaction and Slip factor
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For individual dipole, a particle position 
is varied by its momentum

𝑑𝑠0 = 𝜌𝑑𝜃 → 𝑑𝑠 = 𝜌 + 𝑥 𝑑𝜃

Dispersion is given

𝑑𝑠 − 𝑑𝑠0
𝑑𝑠0

=
𝑥

𝜌
=
𝐷

𝜌

𝑑𝑝

𝑝
→ 𝐷 = 𝑥

𝑝

𝑑𝑝

In circular periodic motion, 

𝑑𝑙 = 𝑑𝑠 − 𝑑𝑠0

Δ𝐶 = ර𝑑𝑙 = ර𝑥 ∙ 𝑑𝜃 = ර𝑥 ∙
𝑑𝑠0
𝜌

= ර𝑥 ∙
𝑝

𝑑𝑝
∙
𝑑𝑝

𝑝

𝑑𝑠0
𝜌

= ර𝐷 ∙
𝑑𝑝

𝑝

𝑑𝑠0
𝜌

𝛼𝑐 =
𝑝

𝐶

𝑑𝐶

𝑑𝑝
=
1

𝐶
ර𝐷 ∙

𝑑𝑠0
𝜌

→
1

𝐶
෍

𝑖

ഥ𝐷𝑖 ∙ 𝜃𝑖
ഥ𝐷𝑖: Average dispersion 
per beam element

(see slide 15, where 𝑥 = 𝑑𝜌 )



Dispersion, Momentum compaction and Slip factor
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𝑓𝑟 =
𝑣

2𝜋𝑅
=

𝛽𝛾

2𝜋𝑅
→
𝑑𝑓𝑟
𝑓𝑟

=
𝑑𝛽

𝛽
−
𝑑𝑅

𝑅
=
𝑑𝛽

𝛽
− 𝛼𝑐

𝑑𝑝

𝑝

𝑝 = 𝛽𝛾𝑚𝑐 →
𝑑𝑝

𝑝
=
𝑑𝛽

𝛽
+
𝑑𝛾

𝛾
= 𝛾2

𝑑𝛽

𝛽

𝑑𝑓𝑟
𝑓𝑟

=
𝑑𝛽

𝛽
− 𝛼𝑐

𝑑𝑝

𝑝
=

1

𝛾2
𝑑𝑝

𝑝
− 𝛼𝑐

𝑑𝑝

𝑝
=

1

𝛾2
− 𝛼𝑐

𝑑𝑝

𝑝

𝜂 =
1

𝛾2
− 𝛼𝑐

(Phase) Slip factor

Number of revolutions

NB: We use a circulator motion to introduce the 
momentum compaction factor and slip factor, but those 
can be defined for any periodic channel, e.g. 𝑅 and 𝑓𝑟
are a Larmor radius and Larmor frequency, respectively



Interpret momentum compaction and slip factor
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𝛼𝑐 =
𝑝

𝐶

𝑑𝐶

𝑑𝑝

𝑑𝑓𝑟
𝑓𝑟

=
1

𝛾2
− 𝛼𝑐

𝑑𝑝

𝑝
= 𝜂

𝑑𝑝

𝑝

p

C 𝑑𝐶

𝑑𝑝
> 0 → 𝛼𝑐 > 0

𝑑𝐶

𝑑𝑝
< 0 → 𝛼𝑐 < 0

Reference particle 
for η > 0

Reference particle 
for η < 0

p

𝑓𝑟 𝑑𝑓𝑟
𝑑𝑝

> 0 → 𝜂 > 0

𝑑𝑓𝑟
𝑑𝑝

< 0 → 𝜂 < 0

• 𝜂 = 0: Transition, isochronous
• 𝜂 > 0: Below transition, higher 

momentum particle revolute 
faster

• 𝜂 < 0: Above transition, higher 
momentum particle revolve 
slower



• Energy gain for synchrotron particle (reference particle) is

–
𝑑𝐸𝑠

𝑑𝑧
=

𝑑𝑝𝑠

𝑑𝑡
= 𝑒 ∙ 𝐸0𝑠𝑖𝑛 𝜙𝑠

– For non-reference particle

–
𝑑𝐸𝑘𝑖𝑛

𝑑𝑧
= 𝑒𝐸0 𝑠𝑖𝑛 𝜙𝑠 − 𝜙 − 𝑠𝑖𝑛𝜙𝑠

~𝑒𝐸0𝑐𝑜𝑠 𝜙𝑠 ∙ 𝜙

• The rate of change of the phase is

–
𝑑𝜙

𝑑𝑧
= 𝜔𝑟𝑓

𝑑𝑡

𝑑𝑧
−

𝑑𝑡

𝑑𝑧 𝑠
= 𝜔𝑟𝑓

1

𝑣
−

1

𝑣𝑠
~ −

𝜔𝑟𝑓

𝑣𝑠
2 𝑣 − 𝑣𝑠

• Using 𝑑𝛾 = 𝛾3𝛽 ∙ 𝑑𝛽,

– ∆𝐸𝑘𝑖𝑛= 𝐸 − 𝐸𝑠 = 𝑚0𝑐
2 𝛾 − 𝛾𝑠 = 𝑚0𝑐

2𝛾𝑠
3𝛽𝑠 ∙ 𝑑𝛽 = 𝑚0𝛾𝑠

3𝑣𝑠 𝑣 − 𝑣𝑠

–
𝑑𝜙

𝑑𝑧
= −

𝜔𝑟𝑓

𝑚0𝑣𝑠
3𝛾𝑠

3 ∙ ∆𝐸𝑘𝑖𝑛

Longitudinal phase space
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Reference particle
𝐸0

𝜙𝑠



• Apply differentiation of 𝑧 on both terms

–
𝑑2𝜙

𝑑𝑧2
= −

𝜔𝑟𝑓

𝑚0𝑣𝑠
3𝛾𝑠

3

𝑑𝐸𝑘𝑖𝑛

𝑑𝑧

= −
𝜔𝑟𝑓

𝑚0𝑣𝑠
3𝛾𝑠

3 𝑒𝐸0𝑐𝑜𝑠 𝜙𝑠 ∙ 𝜙

–
𝑑2𝜙

𝑑𝑧2
+ Ω𝑠

2𝜙 = 0

– Ω𝑠
2 =

𝜔𝑟𝑓

𝑚0𝑣𝑠
3𝛾𝑠

3 𝑒𝐸0𝑐𝑜𝑠 𝜙𝑠

• These show the synchrotron motion for linac where 

dispersion is assumed to be zero

Longitudinal phase space
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Reference particle
𝐸0

𝜙𝑠



• If the beam magnet and rf cavity are positioned with period, 

following relation must be satisfied

– 𝜔𝑟𝑓 = ℎ ∙ 𝜔𝑟 ,

• 𝜔𝑟𝑓is rf frequency, 𝜔𝑟 is a revolution frequency, and ℎ is a 

harmonic number (ℎ must be integer)

Longitudinal phase space
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1 2

3

4

5
6

7

8

9

10

ℎ = 10

Accelerator ring

Red ellipse is rf bucket



Longitudinal phase space
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RF phaseΔ𝜙 changes as 

𝑓𝑅𝐹 = ℎ ∙ 𝑓𝑟 → Δ𝜙 = −ℎ ∙ Δ𝜃 with 𝜃 = 𝜔𝑟𝑑𝑡׬

For a given particle with respect to the reference one, the 
change in angular revolution frequency is

∆𝜔𝑟 =
𝑑

𝑑𝑡
Δ𝜃 = −

1

ℎ

𝑑

𝑑𝑡
Δ𝜙 = −

1

ℎ

𝑑𝜙

𝑑𝑡

Download citation

https://cds.cern.ch/record/1982417/files/1-21%20Tecker.pdf


Longitudinal phase space
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Since 𝜂 =
𝑝𝑠

𝜔𝑟𝑠

𝑑𝜔𝑟

𝑑𝑝 𝑠
, 𝐸2 = 𝐸0

2 + 𝑝2𝑐2 and ∆𝐸 = 𝑣𝑠Δ𝑝 =

𝜔𝑟𝑠𝑅𝑠Δ𝑝, one gets the first order equation

Δ𝐸

𝜔𝑟𝑠
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

𝑑 Δ𝜙

𝑑𝑡
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

ሶ𝜙

The second first-order equation follows from the energy gain of 
a particle:

𝑑𝐸

𝑑𝑡
=
𝜔𝑟

2𝜋
𝑒 ෠𝑉𝑠𝑖𝑛 𝜙 ,

→ 2𝜋
𝑑

𝑑𝑡

Δ𝐸

𝜔𝑟𝑠
= 𝑒 ෠𝑉 𝑠𝑖𝑛 𝜙 − 𝑠𝑖𝑛 𝜙𝑠



Longitudinal phase space
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Therefore, we obtain following 2nd order differential 
equation:

𝑑

𝑑𝑡

𝑅𝑠𝑝𝑠
ℎ𝜂𝜔𝑟𝑠

𝑑𝜙

𝑑𝑡
+
𝑒 ෠𝑉

2𝜋
𝑠𝑖𝑛 𝜙 − 𝑠𝑖𝑛 𝜙𝑠 = 0

ሷ𝜙 +
Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑠𝑖𝑛 𝜙 − 𝑠𝑖𝑛 𝜙𝑠 = 0

→ ሷ𝜙 + Ω𝑠
2𝜙 = 0 (if 𝜙 is small)

Ω𝑠
2 =

ℎ𝜂𝜔𝑟𝑠𝑒 ෠𝑉𝑐𝑜𝑠 𝜙𝑠
2𝜋𝑅𝑠𝑝𝑠

Since a cooling channel is periodic structure, we often use 
this synchrotron frequency and set ℎ = 1

Stability condition when Ω𝑠
is real→𝜂 ∙ 𝑐𝑜𝑠 𝜙𝑠 > 0



Longitudinal phase space
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Let us extract the Hamiltonian of the longitudinal motion

ሷ𝜙 ∙ ሶ𝜙 +
Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
ሶ𝜙 ∙ 𝑠𝑖𝑛 𝜙 − ሶ𝜙 ∙ 𝑠𝑖𝑛 𝜙𝑠 = 0

→
ሶ𝜙2

2
−

Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑐𝑜𝑠 𝜙 + 𝜙 ∙ 𝑠𝑖𝑛 𝜙𝑠 = I

→
ሶ𝜙2

2
+ Ω𝑠

2
Δ𝜙 2

2
= I′



Longitudinal phase space
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Hamiltonian shows the separatrix

𝜙𝑚

Transition point 
of the separatrix



Longitudinal phase space
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Hamiltonian is constant at 𝜙𝑚

ሶ𝜙2

2
−

Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑐𝑜𝑠 𝜙 + 𝜙 ∙ 𝑠𝑖𝑛 𝜙𝑠

= −
Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑐𝑜𝑠 𝜋 − 𝜙𝑠 + 𝜋 − 𝜙𝑠 ∙ 𝑠𝑖𝑛 𝜙𝑠

Maximum phase ሷ𝜙 = 0 happens with 𝜙 = 𝜙𝑠,
ሶ𝜙𝑚𝑎𝑥
2

2
−

Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑐𝑜𝑠 𝜙𝑠 + 𝜙𝑠 ∙ 𝑠𝑖𝑛 𝜙𝑠

= −
Ω𝑠
2

𝑐𝑜𝑠 𝜙𝑠
𝑐𝑜𝑠 𝜋 − 𝜙𝑠 + 𝜋 − 𝜙𝑠 ∙ 𝑠𝑖𝑛 𝜙𝑠



Longitudinal phase space
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ሶ𝜙𝑚𝑎𝑥
2 = 2Ω𝑠

2 2 + 2𝜙𝑠 − 𝜋 𝑡𝑎𝑛 𝜙𝑠

Maximum phase 

Which translates into the acceptance in energy 

Δ𝐸

𝐸𝑠 𝑚𝑎𝑥

= ±𝛽 −
𝑒 ෠𝑉

𝜋ℎ𝜂𝐸𝑠
2 𝑐𝑜𝑠 𝜙𝑠 + 2𝜙𝑠 − 𝜋 𝑠𝑖𝑛 𝜙𝑠

For a cooling channel, we set ℎ = 1



Extra slide
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Thin lens & paraxial approximations
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Focusing magnet functions to kick particle into transverse direction
Transverse kick is an impulse force, 𝑓⊥ = 𝑝⊥ ∙ 𝛿 𝑧 , i.e. thin lens approximation
We also apply a paraxial approximation where 𝑝𝑧 is constant

𝑥
𝑥′ 𝑎𝑓𝑡𝑒𝑟 𝑘𝑖𝑐𝑘=2

=

1 0

−
1

𝑓
1 ∙

𝑥
𝑥′ 𝑏𝑒𝑓𝑜𝑟𝑒 𝑘𝑖𝑐𝑘=1

Lens

Transverse kick

Kick strength is proportional for most focusing lens

𝑥2 = 1 ∙ 𝑥1

𝑥2
′ = −

1

𝑓
∙ 𝑥1 + 1 ∙ 𝑥1′

𝑥2: Transverse beam position does not change right after lens

𝑥2’: Transverse beam angle is changed by 
transverse kick plus initial angle

Note: Focusing length is defined below
Parallel beam
𝑥1, 𝑥1′ = (𝑥1, 0)

𝑓

𝑥1 𝑥2 = 0

focused beam
𝑥2, 𝑥2′ = (0, 𝑥2′)

𝑓⊥
𝛼

0
𝑥2′

=

1 0

−
1

𝑓
1 ∙

𝑥1
0

=

𝑥1

−
𝑥1
𝑓

𝑥2
′ = −

𝑥1
𝑓
= −𝑡𝑎𝑛𝛼



FODO cell in collider ring
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FODO cell consists of Focusing-Drift-Defocusing-Drift component

F D
D

F

6.5 cell to form one betatron period



FODO cell in collider ring
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FODO cell consists of Focusing-Drift-Defocusing-Drift component

෩𝑀𝐹𝑂𝐷𝑂 = ෩𝑀ℎ𝑎𝑙𝑓 𝑑𝑟𝑖𝑓𝑡 ∙ ෩𝑀𝐷𝑒𝑓𝑜𝑐𝑢𝑠 ∙ ෩𝑀ℎ𝑎𝑙𝑓 𝑑𝑟𝑖𝑓𝑡 ∙ ෩𝑀𝑓𝑜𝑐𝑢𝑠

= 1
𝐿

2
0 1

∙

1 0
1

𝑓
1 ∙ 1

𝐿

2
0 1

∙

1 0

−
1

𝑓
1

=

1 −
𝐿

2𝑓
−

𝐿2

4𝑓2
𝐿 +

𝐿2

4𝑓

−
𝐿

2𝑓2
1 +

𝐿

2𝑓

= 𝑐𝑜𝑠 𝜇 ∙ ሚ𝐼 + 𝑠𝑖𝑛 𝜇 ∙ ሚ𝐽

Stability condition, 𝑇𝑟 ෩𝑀 ≤ 2

2 −
𝐿2

4𝑓2
= 2𝑐𝑜𝑠 𝜇 = 2 − 4𝑠𝑖𝑛2

𝜇

2
→ 𝑠𝑖𝑛

𝜇

2
= ±

𝐿

4𝑓

ሚ𝐼 =
1 0
0 1

ሚ𝐽 =
ො𝛼 መ𝛽
−ො𝛾 − ො𝛼



FODO cell in collider ring
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In the FODO cell, maximum መ𝛽 appears in the center of focusing 
magnet to the next center of focusing magnet,

෩𝑀𝑓 𝑡𝑜 𝑓 = ෩𝑀ℎ𝑎𝑙𝑓 𝑓𝑜𝑐𝑢𝑠 ∙ ෩𝑀ℎ𝑎𝑙𝑓 𝑑𝑟𝑖𝑓𝑡 ∙ ෩𝑀𝐷𝑒𝑓𝑜𝑐𝑢𝑠 ∙ ෩𝑀ℎ𝑎𝑙𝑓 𝑑𝑟𝑖𝑓𝑡 ∙ ෩𝑀ℎ𝑎𝑙𝑓 𝑓𝑜𝑐𝑢𝑠

=

1 0

−
1

2𝑓
1 ∙ 1

𝐿

2
0 1

∙

1 0
1

𝑓
1 ∙ 1

𝐿

2
0 1

∙

1 0

−
1

2𝑓
1

=

1 −
𝐿2

8𝑓2
𝐿 +

𝐿2

4𝑓

𝐿

4𝑓2
𝐿

4𝑓
− 1 1 −

𝐿2

8𝑓2



FODO cell in collider ring
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Because maximum መ𝛽, ො𝛼 =
෡𝛽′

2
= 0

෩𝑀𝑓 𝑡𝑜 𝑓 =

𝑐𝑜𝑠 𝜇 መ𝛽𝑚𝑎𝑥𝑠𝑖𝑛 𝜇

−
𝑠𝑖𝑛 𝜇

መ𝛽𝑚𝑎𝑥

𝑐𝑜𝑠 𝜇
=

1 −
𝐿2

8𝑓2
𝐿 +

𝐿2

4𝑓

𝐿

4𝑓2
𝐿

4𝑓
− 1 1 −

𝐿2

8𝑓2

𝑐𝑜𝑠 𝜇 = 1 −
𝐿2

8𝑓2
→ 𝑠𝑖𝑛

𝜇

2
=

𝐿

4𝑓

መ𝛽𝑚𝑎𝑥 =
𝐿 1 +

𝐿
4𝑓

𝑠𝑖𝑛 𝜇
= 𝐿

1 + 𝑠𝑖𝑛
𝜇
2

𝑠𝑖𝑛 𝜇
Minimum መ𝛽 occurs in defocusing-to-defocusing magnets, 

መ𝛽𝑚𝑖𝑛 = 𝐿
1 − 𝑠𝑖𝑛

𝜇
2

𝑠𝑖𝑛 𝜇



• Low beta insertion is designed for making a long straight 

section, which is needed to locate RF cavities, beam 

injection/extraction, and collider detectors

Low ෡𝜷 insertion section
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We would like to make a long 𝐿2 line as a long straight section



Low ෡𝜷 insertion section
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෩𝑀𝑓 𝑡𝑜 𝑓 = ෩𝑀𝐿1 ∙
෩𝑀𝐹 ∙ ෩𝑀𝐿2 ∙

෩𝑀𝐷 ∙ ෩𝑀𝐿1

=
1 𝐿1
0 1

∙

1 0

−
1

𝑓
1 ∙

1 𝐿2
0 1

∙

1 0
1

𝑓
1 ∙

1 𝐿1
0 1

=
1 −

𝐿1𝐿2
𝑓2

+
𝐿2
𝑓

2𝐿1 + 𝐿2 −
𝐿1
2𝐿2
𝑓2

−
𝐿2
𝑓2

1 −
𝐿1𝐿2
𝑓2

−
𝐿2
𝑓



Low ෡𝜷 insertion section
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1 −
𝐿1𝐿2
𝑓2

+
𝐿2
𝑓

2𝐿1 + 𝐿2 −
𝐿1
2𝐿2
𝑓2

−
𝐿2
𝑓2

1 −
𝐿1𝐿2
𝑓2

−
𝐿2
𝑓

=
𝑐𝑜𝑠 𝜇 + ො𝛼𝑠𝑖𝑛 𝜇 መ𝛽𝑠𝑖𝑛 𝜇

−ො𝛾𝑠𝑖𝑛 𝜇 𝑐𝑜𝑠 𝜇 − ො𝛼𝑠𝑖𝑛 𝜇

𝐿2
𝑓
= ො𝛼𝑠𝑖𝑛 𝜇 → 𝐿2 = ො𝛼𝑓𝑠𝑖𝑛 𝜇

To maximize 𝐿2, 𝜇 =
𝜋

2

𝑐𝑜𝑠
𝜋

2
= 0 → 1 −

𝐿1𝐿2
𝑓2

= 0,

𝑓2 = 𝐿1𝐿2, ො𝛼 =
𝐿2
𝑓
, ො𝛾 =

𝐿2
𝑓2

, መ𝛽 = 𝐿1 + 𝐿2

It is worth to note that the transfer matrix 
at a Τ𝜋 2 insertion is ෩𝑀 = ሚ𝐽

Common for ee collider



Unstable condition
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If 𝑎 + 𝑑 > 2, we could have different condition
We will use following conditions

𝑎 + 𝑑 = 2 cosh 𝜎
𝑎 − 𝑑 = 2 ො𝛼 sinh 𝜎

𝑏 = መ𝛽 sinh 𝜎
𝑐 = −ො𝛾 sinh 𝜎

→ ෩𝑀 =
cosh 𝜎 + ො𝛼 sinh 𝜎 መ𝛽 sinh 𝜎

−ො𝛾 sinh 𝜎 cosh 𝜎 − ො𝛼 sinh 𝜎
Or ෩𝑀 = ሚ𝐼cosh 𝜎 + ሚ𝐽 sinh𝜎

where ሚ𝐼 =
1 0
0 1

, ሚ𝐽 =
ො𝛼 መ𝛽
−ො𝛾 − ො𝛼

𝑇𝑟 ෩𝑀 = 1 → 1 − ො𝛼2 + መ𝛽ො𝛾 = 0
We still have

Hyperbolic functions represent that particle motions are 
divergence along 𝑠

Note: ሚ𝐽 is still a symplectic
matrix, i.e. ሚ𝐽𝑇Ω ሚ𝐽 = Ω



• Demonstrate analogy of harmonic oscillators

– How the canonical transformation is useful by using an example 

of simple harmonic oscillator

Harmonic oscillator
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Simple Harmonic Oscillator
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Let us begin from Hamiltonian for a simple harmonic oscillator

𝐻 =
𝑝2

2𝑚
+
𝑚𝜔2𝑥2

2
→

ሶ𝑥 =
𝜕𝐻

𝜕𝑝
=
𝑝

𝑚

ሶ𝑝 = −
𝜕𝐻

𝜕𝑥
= −𝑚𝜔2𝑥

Of course, we can solve these from ሷ𝑥 + 𝜔0
2𝑥 = 0,

but  𝑥 and 𝑝 are coupled
We approach different way using different canonical variables

𝑑

𝑑𝑡

𝑥
𝑝 = 0

1

𝑚
−𝑚𝜔2 0

∙
𝑥
𝑝 →

𝑑 Ԧ𝜂

𝑑𝑡
= ෩𝑀 ∙ Ԧ𝜂

This shows that the matrix ෩𝑀 is transforming Ԧሶ𝜂 → Ԧ𝜂



Simple Harmonic Oscillator
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Obtain eigenvalue of ෩𝑀 via solving 𝑑𝑒𝑡 ෩𝑀 − 𝜆 ∙ 𝐼 = 0

𝜆2 −
1

𝑚
∙ −𝑚𝜔2 = 0 → 𝜆 = ±𝑖𝜔

Corresponding eigenvector is

Ԧ𝑣± = 𝛼
1

±𝑖𝑚𝜔

We would like to convert the original canonical basis 

from Ԧ𝑒𝑥 , Ԧ𝑒𝑝 to eigenvector basis Ԧ𝑒𝑣+ , Ԧ𝑒𝑣− , We introduce 

𝑇 = Ԧ𝑣+, Ԧ𝑣− = 𝛼
1 1

+𝑖𝑚𝜔 −𝑖𝑚𝜔
, 𝑇−1 =

1

2𝛼

1 −
1

𝑖𝑚𝜔

1
1

𝑖𝑚𝜔
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Then the new basis is

Ԧ𝑎 =
Ԧ𝑎−
Ԧ𝑎+

= 𝑇−1 ∙ Ԧ𝜂 =
1

2𝛼

𝑥 −
𝑖𝑝

𝑚𝜔

𝑥 +
𝑖𝑝

𝑚𝜔

Note Ԧ𝑎− = Ԧ𝑎+
∗
, complex conjugate

So, let us redefine 𝑎 = 𝑎+, 𝑎
∗ = 𝑎−

2𝛼2𝑎∗𝑎 = 2𝛼2
1

2𝛼
𝑥 −

𝑖𝑝

𝑚𝜔
∙
1

2𝛼
𝑥 +

𝑖𝑝

𝑚𝜔
=

𝑝2

2𝑚2𝜔2
+
𝑥2

2
=

𝐻

𝑚𝜔2

Let us put 𝛼 =
1

2𝑚𝜔
, then 𝐻 = 𝜔𝐽, new basis is 

𝑎 =
𝑚𝜔

2
𝑥 +

𝑖𝑝

𝑚𝜔

𝑎∗ =
𝑚𝜔

2
𝑥 −

𝑖𝑝

𝑚𝜔
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The time evolution of the new basis are

ሶ𝑎 = 𝑎, 𝐻 = −𝑖𝜔𝑎
ሶ𝑎∗ = 𝑎∗, 𝐻 = +𝑖𝜔𝑎∗

where we use 𝐻 = 𝜔𝑎𝑎∗ and 𝑎, 𝑎∗ = −𝑖

→
𝑑

𝑑𝑡

𝑎∗

𝑎
=

+𝑖𝜔 0
0 −𝑖𝜔

𝑎∗

𝑎

These can be easily solved

൭
𝑎 𝑡 = 𝑎 𝑡0 𝑒−𝑖𝜔 𝑡−𝑡0

𝑎∗ 𝑡 = 𝑎∗ 𝑡0 𝑒−𝑖𝜔 𝑡−𝑡0

Let us put back 𝑥 and 𝑝
𝑥 =

1

2𝑚𝜔
𝑎∗ + 𝑎 =

2

𝑚𝜔
𝑅𝑒 𝑎

𝑝 = 𝑖
1

2𝑚𝜔
𝑎∗ − 𝑎 = 2𝑚𝜔𝐼𝑚 𝑎
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Implement an initial condition, 

𝑎 𝑡0 =
𝑚𝜔

2
𝑥0 + 𝑖

𝑝0
𝑚𝜔

→ ቌ
𝑥 𝑡 = 𝑥0 cos 𝜔𝑡 +

𝑝0
𝑚𝜔

sin 𝜔𝑡

𝑝 𝑡 = 𝑝0 cos 𝜔𝑡 − 𝑚𝜔𝑥0 sin 𝜔𝑡

→
𝑥 𝑡
𝑝 𝑡

=
cos 𝜔𝑡

1

𝑚𝜔
sin 𝜔𝑡

−𝑚𝜔sin 𝜔𝑡 cos 𝜔𝑡
∙
𝑥0
𝑝0

For 2nd order quantization (quantize field) in Quantum mechanics, 

𝑎, 𝑎∗ = −𝑖 → ො𝑎, ො𝑎† =
ℎ

2𝜋

෡𝑁 = ො𝑎† ො𝑎

Annihilation
operator

Creation
operator


