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Harmonic Oscillation Refresher

Simple Harmonic Oscillator

 Equation of motion: m¥ + kx = 0 - ¥ + w?x =0 (a) = %)
* General solution:

x(t) = Acos(wt + ¢)

x(t) = —Aw - sin (wt + ¢)
« Energy: E = %ma’cz + %kx2 — conserved quantity

: : : : N, kx?  mx?
» Phase space trajectory is an ellipse in (x, x): TS = 1
x A
| x
4& Fermilab
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Phase Space Area and Action Variable

Area of Phase Space Ellipse
Let: X0 = A, gy = MwA
Phase space area: A = X, Pmax = & - MwA? = 2w -]

Action variable: J = %gﬁpdq =§ (conserved)

* In beam physics: ] « g, the emittance

Py mwA

il TN
| A X

2% Fermilab
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Hamiltonian and Canonical Transformation

Canonical Variables and Hamiltonian

2
« Hamiltonian: H(q,p) = ;—m + %qu

« Equations of motion: g = g_;l = %,p = —kq

Canonical Transformation to Action-Angle Coordinates:

* Define: g = /% cosy,p = —/2Jmw siny

« Then: H = w/,y = w (uniform phase advance)

* Action angle J and w are constant in harmonic oscillation
* Particle trajectory (g, p) is described with action angle
and initial condition

ﬁ‘\anpse J T _Single point
5 25 Farmilab
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Transition to Beam Optics

- Action angle in beam optics is € (J) and 8

Dx = :éxx, + &xx - _,/Z,BAx]x siny, .
X = leéx]x COS Yy,

~ 2

&x=__,8x'?x= A _)IBxyx_ézx =1,

2 P

Basic equation of motion is Hill’s equation: x"" + K(s)x = 0,
which is similar form as ¥ + w?x = 0

e x usually presents the deviation from the reference orbit

e Also note that K is a function of s while w is a constant value

Reference orbit
X
. SN .
Deviation from reference milab

So
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Reminder on Symplectic Matrices
What is a Symplectic Matrix?

« A 2x2 matrix is symplectic if: MTQM = Q, where Q = (_01 (1))

« This preserves phase space area (Liouville’s theorem)
« Important property for transport matrices and Twiss formalism

K=<'BA _);Z),Withﬁ]?—fﬂ:l

—a
 This matrix is symmetric and symplectic: KTQK = Q
Why it matters

« Symplecticity confirms that Twiss parameters are canonical,
preserving the Hamiltonian structure of beam motion even
after transformation

« Symplecticity also ensures that beam emittance is conserved

2% Fermilab
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Discussion item for lecture 2

Emittance evolution in lonization cooling
Transverse phase space stability

Thin lens & paraxial approximations
Longitudinal phase space stability
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Norm al | ZEd em |ttan ce NB: Normalized emittance is

invariant under acceleration,
whereas mechanical
emittance shrinks with
increasing beam energy

c: Mechanical emittance
En =Py - € B,v: Lorentz factors

Mechanical emittance (kinetic energy included)

A

(x-x) (x)_ (B -a
(X‘x,> (.X,’x,) rms _& ?

Ex,rms —

\
= \/Det[c?] = \/a,? Ol — Oy

Normalized emittance (no change by kinetic energy)

(x-x)  (x-yBx)
(x ) yﬁx) (V,Bx ) yﬁx)

gx,n

N

NB: we extract 5, &, ¥ (Twiss parameter) from mechanical emittance
& Fermilab
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Emittance evolution (Transverse)

de, d(By-e) 5 de  dfy

—— Tt & ——.
ds ds yds ds
First term,
de, Py de’® Py sz;’ Lo dof? , do,.,
Py ds 2g& ds 2g, 9x g T % g Pxx' s

Assume there is no beam spot size variation

do? dgx,é NB: We a§sume thaTt Liouville's
15 75 theorem is adiabatically preserved
S S during ionization cooling (slide 18)

We further assume that there is no coupling between x
and x' during ionization cooling

do,. de, @
ds ~0<_)_ ds ~O>'
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Emittance evolution (Transverse)

Residual term
de do?
py iz~ PV 52 0
ds 2&, ds

We involve multiple scattering process,

ﬁ_y.gzdaﬁ’Nﬁy.Bg 52
2¢, * ds 2, "XTX7O

2.2
o4~ <13'8 MeV) z ~ We will investigate multiple
pep Ly scattering in later session

Thus, we finally gain

de, By - 13.8 MeV\” 22
ds 2e, xx Lep Lp’

By

2% Fermilab
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Emittance evolution (Transverse)

_I_

den _d(By-e) _ . de  dpy
ds ds =Br g5 ds ds

Second term,

dpy = & dE By & dE &, dE
T " B-mc2ds PB2-ymc? ds B2E ds

: dE . : L .
Since — is negative for ionization loss, we define it as a

ds
dE
positive quantity by adding minus sign explicitly: —% (ds)
in the emittance evolution equation
2% Fermilab
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Emittance evolution (Transverse)

Final form is

dgn,x:&.lg"o_z_gn,x. d_E
ds 2 "9 g2 \ds )

The equilibrium emittance is obtained from this,

dey /ds =0,

%Bxﬂé ~ B(13.6 MeV)? - 22

“nxeq = dE dE
#-(g5)  2pmie-(go)

: 5 dE
To reach low emittance: low S, large (E) ,and long Lp
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Emittance evolution (Longitudinal)

de, d(By-e) 5 de  dfy

—te—.
ds ds Y ds ds
First term for longitudinal,
de, By de? ﬁy( ,  dog ., dogy daap/p.gt>
= . = _ —_— 2 ey ——
Py ds 2g ds 2g %op/p gy T 98T g Pop/pot T

Again, in this toy model, there is no mechanism to change
time structure and no coupling between 8t and dp/p

dO'(%t _ dO‘gp/p.gt _
ds ds

While the energy straggling effect is included,

0.

2
ﬂ . 0_2 do-gp/p _ BV'B" . 1 d(AEgms) &= 153.42—2z keV g/cm?
2¢&] Sp/p  ds 2 FL B?%c?p? ds B4 2m, B2y?
Brp L ey (1_3_2) Woax = — 2
2 L ,BZCZPZ max 2 1+ Zyme/mu + (me/mu)
£& Fermilab
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Emittance evolution (Dispersion coupling)

Add coupling parameter
denyy @ enxy AE_ (13.6 MeV)?B,,

- ’ ( ) + )
ds B?*E ds 2m, EB3Lg
2
dg”'L—@gn'L.( >+&’3 1 CEW, 1_'8_
ds B%E L™ B2c2p2 max 2
Where g, , and g, are a partition number | P =
(%) R
ds _ _ —£+ 7 / Jrolat p~350 MeV/c
s~y ([Prec By gy Y T
"I |
To compensate positive g o, dispersion + wedge absorber
Dp’ Dp'
gL = Ggrot 9x 2> 1——
L O py X 0o Indeed, dispersion induces coupling

Sy =0x+ gy +9,=2+ 3o between transverse and longitudinal

2% Fermilab
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Emittance exchange with Dispersion

Beam momentum is translated into beam position by dipole magnet

2

NB: Beam emittance v D
is not exchanged > m-—=4dqv XB—->—= QB
without absorber P P
5 for uniform dipole field
g +6
Particle position p 5o qb = cons
is distributed b p p+op
! 5 5p\ p
ép/p p+0p p+6 _)B<1+_p><1__):_
P p P P
: op op
Top view of —
dipole magnet -1+ D - 0 =1
This phenomenon is _ 5_19 _p
called dispersion Sp p
dp in a uniform dipole field
D = pd— d
P D = p—p = pe =p
dp " p
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Longitudinal cooling with emittance exchange

a/
dp DR =
l=2w|(1——D tanz w —5x

wp
g m—
a
Yy 2wtan;+5x
——
dp a
l=2w|(1++—D |tan—
wp 2

Wedge absorber

Dave’s definition: 1 — D%’

>1—-——
w P
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p — Op particle traverses with
shorter path length than
reference in wedge absorber

p particle is a reference particle

p — Op particle traverses with
longer path length than
reference in wedge absorber

¥

Op becomes smaller after
passing wedge absorber
- Longitudinal cooling

& Fermilab



Constant term

Emittance evolution
den x,y _ _Yxy "enxy ( (13.6 MeV)Z'Bx;J/
ds B?E ds 2myEB3Ly |
dgnL 9L EnL dE ,3)/ 132
— = — ~ . - — - EW, 1 ——
dS ﬁZE <dS> 1 ﬁL 'Bzczpz 6 max 2
C1°* &, +Cy

1

ds
Co
0.01

£10 A—

1078

Einall Einitial

- En(S) — (En,o
€neq = c
1

Plot shows that the required cooling channel length is <
100 m in LH2 if the equilibrium emittance is 10°° (initial
emittance is 1.0) unit is arbitrary in this discussion

Lecture 2: Phase stability, Yonehara
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dep,
gneq) exp Axyz S]"'gneq
LH2

001 010
z (m)

= 0.18 m1

10 100
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How do we treat Liouville's theorem in cooling?
* Regarding Liouville’s theorem, the phase space volume
remains constant for energy conservative Hamiltonian

- V-(nv) + Z—T; =0
« where n(q, p) is a density function and v = {g, p } denotes phase
space velocity (continuity equation)
— Preserving this theorem requires symplectic integration, which
IS both a necessary and sufficient condition

 Liouville’s theorem is not strictly satisfied in beam cooling
systems, such as ionization cooling, due to non-Hamiltonian
effects

* Nevertheless, if the phase space evolution is close to
adiabatic, the theorem remains approximately valid

— There is a paper to solve the evolution of emittance in cooling
by solving Fokker-Planck equation (G. bugan, PRSTAB4,104001 (2001))

2% Fermilab
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Transverse Phase Space Stability

2% Fermilab
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Beam dynamics and stability condition

Solution of Hill’s equation x"'(s) + k(s)x(s) = 0 is in general

x(s) = axy + bxg Equation of motion can be solved
x'(s) =cxy+dxg if initial condition is known

As we usually do for the harmonic oscillation,

()] _ b1[X — V) =
X_’[;C'(i) ‘[Ccl d] [x’(;]_’M'XO d::?%)= aCZer—CZd

Extracting eigenvalues from M,
~ _la—A4 b | __
det(l—a)=|""" 7 |=0

22 —(a+d)A+ (ad —bc) =0 > A2 = Tr(M)A + det(M) = 0

2% Fermilab
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Beam dynamics and stability condition

MTQM = o
. dH a b\’ a
If there is no energy change, — = 0, - (¢ Z) ‘(_01 (1))'(6 2) =(_01 (1))
. ds — ad — bc = 1 (if energy conservation is
— — required, then using symplectic integration is a
det(M) _ ad o bd o 1 su?ficienttondition? ymeied et
-2 —(a+d)+1=0->2-Tr(M)A+1=0
Solution of this equation is
~ N2
() £ [Tr() ~4 (04 ) 4 J@F DT
B 2 B 2
. . d
We notice if cos(o) = —Tr(M) (a+ ),
B (a+d)i\/(a+d)2—4_ (a+d)+ (a + d)>
B 2 2T 4
— A1, = cos(o) i\/cosz(a) — 1 = cos(0) + isin(o) = etto
£& Fermilab
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Beam dynamics and stability condition

If |a + d| < 2,44, is a periodic solution—=>Beam motion is stable

For our convenience, we use following relations,

a+d=2cos(c) Ny coso + asino Bsino
a—d = 2a&sin(o) —y sino coso — asino
b=ﬁASi¥1((0)) OrM =Icoso +Jsino
c = —y sin(o ~ A
= 1 07 5 a f
here | = =
where [O 1],] [_)7 4

det(M) = ad — bc
= (coso + @sino) - (cosg — @sino) — Bsino - (=7 sino)
=py—a*=1

These relations are still within a canonical framework!

2% Fermilab
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Beam dynamics and stability condition

Investigate

U)Zzl—&? —B&]'[—AV ] [0 —1]

= (i) -
(M) — (1 COS O _|_] sin 0-)2 = gCOSZO‘ +]Sln20'2 (Icoso + Jsino)
- - = [*cos20 - coso + J*sin20 - sino
= [%?cos?c + 21 - ] - sino - coso + J?sin’o +IJcos20 - sing + I[Jsin2o - coso

= [(cos?c — sin®c) + 2Jsino - coso

1
N ~ C0S20 * COST = 3 (cos30 + coso) ...
= Icos20 + Jsin2o

= Icos30 + Jsin3o

- (1\71)N: (Icoso + Jsino)Y = IcosNo + JsinNo

A12 = cos(o) tisin(o) = e*

1
- A == This statement is the same general solution
Az from a parametric oscillator, especially it is
called Floquet’s theorem

2% Fermilab
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Stability of Periodic Phase Space from Mathieu
eguation

2% Fermilab
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Floquet function

Floguet’s theorem is applicable to linear differential
equations with periodic coefficients

ax _ A(t)X
dt
where A(t + T) = A(t), T is a period
A general solution will be This is A1 , in our case

X(t) =(eFp(t)

where p(t + T) = p(t), p(t) is called Floquet function,
i is the Floquet exponent

As we notice, it is similar as a forced oscillator

— 1 is pure imaginary, then X (t) is a stable oscillation
— u contains real, then X (t) is a forced oscillation,
growing or decaying exponentially over time

2% Fermilab
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Mathieu equation with Floquet’s theorem

26

As you may have noticed, our process is the reverse of the
conventional forced harmonic oscillator problem. The general

equation of forced harmonic oscillator in the beam dynamics is so

called Mathieu equation,

d’x 0: stiffness parameter
g2 T (6 +€-cos(t))x =0 €: no specific name given
In the case € = 0, it is a condition to obtain Hill’s equation
d’x

P‘l‘f(t)'x =0,f(t+T)=f(t)
Introduce Floquet function,

X(©) = etp(0),X(®) = | ]

For the stable condition, u = +io
as we evaluated

Stable phase space (S)
€ Unstable phase space (U)

0 025 1.0

9



Here is an envelope

Envelope equation of beam

Single particle tracking

2% Fermilab
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Phase amplitude form
From Floquet’s theorem,

U = W(S)eiw,b(s) u(s +5) = Au(s)
v = W(s)e_il/)(s) -~ v(s+S) = iU(S)
A

Those are any solutions of x(s) as linear combination of u and v,

x(s) =A-w(s)cos[yp(s) + ¢]
Use Wronskian, W = uv’ — vu’ as a constant (symplectic condition),

W = —2iw?y’ = —2i (as constant)
dap 1

Therefore, Hill’'s equation yields the differential equation,
1

w4+ kw — — = 0 This is another forms of envelope equation
w

2% Fermilab
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Envelope equation

Use following,

x =A-wcos[yp + ¢]
x' = A|lw'cos[ + ¢] — wi'sin[yp + ¢]|
x* Y’ =i2
oot (wx' —w'x)? = A? w

By comparing,

[ g
a=-ww'
Px? +2axx' + px't =e—>| 1 ,  1+as
]/——2+W — ~
w p
\ e = A?

2% Fermilab
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Envelope equation N
., .-Slope—3
The maximum point e g
A Area e
— > X
2 P
£ _
- Xy KXy ——5 =0 / VB
xm

Sometimes the matrix transformation is written by w
for envelop calculation
cos(P) —ww'sin(y)) w?sin(y)

_ 2. 12
M 1 +MM:2 i sin(¥) cos(y) + ww'sin(y)

S+S g S+S g Betatron tune No 1 S+C s
o =f —J —  (number of betatron v =
S S

— =
w oscillations per C)

A

T2 2n), P

2% Fermilab
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Summary

« Emittance evolution with ionization cooling

— Longitudinal cooling is induced by dispersion, which is so called
emittance exchange

denyy  Yxy Enxy dE N (13.6 MeV)?By,
ds B2E ds 2m,EB3Ly

deny gL €nr AE. BV ;5 B?
ds - = ,[)’ZE <dS>+ 2 ﬁL ﬂzczpz meax 1- 2

* Phase space stability
— Stability condition, |Tr(M)| < 2, where M is a transfer matrix

— Stability condition is identified from Mathieu equation

« Thin lens and paraxial approximations to examine a simple
transfer matrix

2% Fermilab
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Longitudinal beam dynamics

* Define beam parameters related to longitudinal motion
* Find stable phase space

2% Fermilab
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RF cavity 1

RF acceleration (I) (General concept) -

E: 0( s,t) = Eys ln(kS + wt +,: Gre f erence) Start poin
| - RFcavity 1 O
5si @ Referenge particle  s=sl i

o RF cavity 2
Most channel designs, the RF

phase of reference particle is the
0 50x10701.0x10"° 1.5x10° 2.0x 10 2.5x 10 3.0x 10 same fOr eaCh RF CaVity.

t (sec.)

E (MV/m)

_5 d)reference

-10}

Standing wave electric field

generated in a pill-box (cylinder) 10
metal wall resonator (detail will be
discussed in later session) 5 Reference pa rticle
E
. S 0
RF cavity2 = "
| reference
S =51+s2 N
-10}

0 50x107'°1.0x107° 1.5x107° 2.0x10™° 2.5x10° 3.0x107°
t (sec.)

NB: In a cooling channel, the RF cavity is used to compensate
Energy loss in absorber, thus the particle’s kinetic energy is constant 2 Fermilab
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RF acceleration (IlI) (General concept)

1ol

Particle 1 - RF cavity 1
5/ Referense particle ] _
. - s=sl
s o

_5 d)reference

- On the other hand, non-reference
_1076 5.0%10-01.0x10° 1.5x10~° 2.0x10° 2.5x10° 3.0x‘107'9partiC|eS have d different RF phase

e at each RF cavity.
10*' ' | | ' ' ]
RF cavity 2 5/ Referenge particle
£
S =51+s2 s
sl ¢reference
-10}

0 50x107'°1.0x107° 1.5x107° 2.0x10™° 2.5x10° 3.0x107°
t (sec.)

2% Fermilab
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Synchrotron motion (General concept)

« Particle 1 gains higher energy than the reference particle at
RF cavity 1 since the RF gradient of Particle 1 is higher than
the reference particle

« At RF cavity 2, Particle 1 arrives earlier than the reference
particle since Particle 1 has more kinetic energy at RF cavity
1, then Particle 1 gain less energy than the reference particle

 As aresult, Particle 1 is oscillated around the reference
particle

 This is referred as synchrotron motion

—_— B —— —_—

— > —

RF cavity 1 RF cavity 2

2% Fermilab
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Analogy of Pedram (General

From wikipedia

OO

/
F
\
",
/

‘\'-\.
]
o
\\
“,
e
e
&
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FPhase Space

Velocity

concept)

E (MV/m)

10*‘v -

f ﬁ/Referen e particle
oL/ |

Ql’reference

o

-10¢

0: 50x107°1.0x107° 1.5x107° 2.0x10™° 2.5x10° 3.0x107°
t (sec.)

Longitudinal phase space
of particle 1
dEkin,particle 1

dtparticle 1

-
>

NB: Early arrival particle gains low energy while
late arrival particle gains high energy

ab
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Separatrix

dE / MeV

37

,,,,,,

................

Bunch RF Bucket

Jllll'lll
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1
N
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2 - 0 o
Phase / rad
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Traveling path length variation with momentum

 Momentum compaction factor
(path length variation by p)

_p 2mdR pdR pdC
“¢ T onR dp Rdp Cdp
* (Phase) Slip factor
(particle revolution variation by p)

Circumference

R=bending radius

+ 0
S X
fr dp
o dp dp d(1-p*)~'2 _,ap  ,dp
p=mv = fymc > p B T (1 —B2)-1/2 =(1-5% 1?—72?
$& Fermilab
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Dispersion, Momentum compaction and Slip factor

For individual dipole, a particle position
is varied by its momentum

ds, = pdf - ds = (p + x)d6b
Dispersion is given

ds —dsg

(see slide 15, where x = dp )

d dp d dp d
AC = jédl fx d@-fx i—fx P 2P%% fD-—pﬂ
p dp p p p p

a, = Bd_c _ lf dSO z D 3 D;: Average dispersion

per beam element

2% Fermilab
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Dispersion, Momentum compaction and Slip factor

Number of revolutions
df dR B dp dp

f_L_ﬁ_qu_ﬁ" q. £
" 2nR 2mR  f B R B ‘v

dp dp dy ,dp
= pymc > — = - =y°—
p=F p B v b

df, dp dp 1dp dp (1 )dp
— — — —_ = ac

ac — — —

fr B ‘p yip p  \y? p

(Phase) Slip factor : ——
NB: We use a circulator motion to introduce the

1 momentum compaction factor and slip factor, but those
> a. can be defined for any periodic channel, e.g. R and f,
)4 are a Larmor radius and Larmor frequency, respectively

2% Fermilab
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Interpret momentum compaction and slip factor

_pdC
aC_Cdp
C 1t dc
><%>O—>ac>0
E<0—>ch<0
dp
P
df, (1 )dp dp
_ = —_— _:n_
ro\v? %) op p
fT“><CZZ‘>O—>n>O
%<0—>n<0
P
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>0 v

0 50x107"°1.0x107° 1.5x107° 2.0x10™° 2.5x10° 3.0x107°
t (sec.)

E (MV/m)
\
/

=
N\
)

n = 0: Transition, isochronous
n > 0: Below transition, higher
momentum particle revolute
faster

n < 0: Above transition, higher
momentum particle revolve

slower
£& Fermilab



Longitudinal phase space

« Energy gain for synchrotron particle (reference particle) is

dEs _ dps _ .
iz ar € Egsin(os)

— For non-reference particle

dEg; . . =
— dI;m = eEy[sin(¢ps — p) — sings] * o
N€E0C05(¢s) - ¢ 1ol
° The rate O.I: Change O.I: the phase |S 0 5.0x10'101.0x10'91.?;16(();)92.0x10'92.5x10'9 3.0x107°
_ 49 _ 2_(ﬂ) _ (l_i)N_‘”rf _
iz~ S |4z dz s] — Wrr Vg V& (v =)

- Usingdy =y3p-dp,
— AEyin=E — Eg = moc?(y — ¥s) = moc?ys Bs - df = moys vs(v — vs)

¢ _ Wrf
— — = ————5 ALyn
0Vs Vs

& Fermilab
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Longitudinal phase space

« Apply differentiation of z on both terms

. d’¢ _ __Wrf dEgin
dz? movdy3 dz
(.l)‘rf
= — eEycos(¢.) - _
movsys 0 Qbs ('b é
d2¢ 2 w
— 2 T 0 =0
— 02 =" _¢E,cos(¢s) R T
S — 3.,3 0 S 0 50x107"°1.0x107° 1.5x107° 2.0x10™° 2.5x10° 3.0x107°
mO vs ys t (sec.)

e These show the synchrotron motion for linac where
dispersion is assumed to be zero

& Fermilab
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Longitudinal phase space

 If the beam magnet and rf cavity are positioned with period,
following relation must be satisfied

— Wrf = h - wy,

* w,sis If frequency, w, Is a revolution frequency, and h is a
harmonic number (h must be integer)

Accelerator ring

Red ellipse is rf bucket

2% Fermilab
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Published by CERN in the Proceedings of the CAS-CERN Accelerator School: Advanced Accelerator Physics, Trondheim,
Norway, 19-29 15t 2013, edited by W. Herr, CERN-2014-009 (CERN, Geneva, 2014)

Longitudinal phase space P .

F. Tecker
CERN, Geneva, Switzerland

v
particle RF phase: Ao = o — ¢s,
particle momentum: Ap = p — ps, 0.
particle energy: AFE =F — E, R
azimuth angle: Af =6 — 0.
RF phaseA¢ changes as Download citation

fRF:hﬁﬂ_)Aqb:—hAQWItheszrdt

For a given particle with respect to the reference one, the
change in angular revolution frequency is

d 1d 1de
Awp =—-(88) = =3 (A¢) = =5 —
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Longitudinal phase space

Sincen = (fs (dda:) ,E? = E¢ + p?c? and AE = v,Ap =
rs S

w,sR;Ap, one gets the first order equation

AE _ _ psRs dA®) __ poRs
wT'S h TI wTS d t h’r] wTS

The second first-order equation follows from the energy gain of

a particle:
dE. w, .
=5 eVsin(g),
2 = eV(sin(¢p) — si
> 21— (wr) eV (sin(¢) — sin(¢s))
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Longitudinal phase space

Therefore, we obtain following 2"? order differential

equation:
d | Rsps do
o [hrlgrs P + —(Sln(qb) - Sm(gbs)) =0
2
o + cos(c,bs (Sm(qb) - Sm(qbs)) =0

- ¢+ Q2¢ = 0 (if (¢) is small)

hnw,ceVcos(¢,) Stability condition when ()
is real>n - cos(¢p) >0

02 =

2R s

Since a cooling channel is periodic structure, we often use

this synchrotron frequency and set h = 1
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Longitudinal phase space

Let us extract the Hamiltonian of the longitudinal motion

2
b+ oy (@ sin(@) = - sin(99)) = 0
2 QZ
% T 050 (cos(qb) + ¢ - sin(eps)) =1
2
7 + .Qz (AQZI')) =T
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Longitudinal phase space

Hamiltonian shows the separatrix

A
VKF

\ /2 i P = Ol

AV 4
p
stable region
?(/\ l
P >
\J ’
unstable region

separatrix

Transition point
¢m of the separatrix
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Longitudinal phase space

Hamiltonian is constant at ¢,

2 g2
T oy o)+ 6 sin9)
Q2 S
— COS(gb (COS(T[ ¢s) + (T — @) - Sln(¢s))

Maximum phase qb = 0 happens with ¢ = ¢,

max 'Q'
i S (cos(9s) + ¢ - sin()

2 cos(gbs
2

B Qg
=~ 205 (@) (cos(n Ps) + (T — ¢s) - sin(ps))
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Longitudinal phase space

Maximum phase

Qb%mx — ZQE 12 + 2¢5 — m)tan(¢s)]

Which translates into the acceptance in energy

(%)max — iﬁV - ﬂ;lj]/ES 12 cos(ps) + (2¢ps — m)sin(¢ps)]

For a cooling channel, weseth =1
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Extra slide
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Thin lens & paraxial approximations
Focusing magnet functions to kick particle into transverse direction

Transverse kick is an impulse force, f;, = p, + §(2), i.e. thin lens approximation
We also apply a paraxial approximation where p, is constant

Transverse kick Note: Focusing length is defined below

f Parallel beam
- (g, %1") = (21, 0) X1

a x2=0

A

Y.

focused beam
Lens f (2, 72") = (0,%,")

Kick strength is proportional for most focusing lens

1 0 _ X1
lxl = 1 [X] [xz]_[__ ‘ [ ] [ ]
x' after kick=2 - ? 1 x' before kick=1 )
X, = —7 = —tana

x, =1-x; x,:Transverse beam position does not change right after lens

1 ’. i
Xy = — x4+ 1%, X5 .Transvel.’se beam :.:\r.\gle is changed by

f transverse kick plus initial angle
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FODO cell in collider ring

FODO cell consists of Focusing-Drift-Defocusing-Drift component

\
Il

f L/2 ~f L/2
ol

O \/\/\/\/\/\/\/\/\/\/
®

®

O

O

.. DFD\\“FD FDFDFDFp

00®® /\/\/W\/\/\/\/V\

6.5 cell to form one betatron period
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FODO cell in collider ring

FODO cell consists of Focusing-Drift-Defocusing-Drift component

MFODO — Mhalf drift * MDefocuS ) Mhalf drift ’ Mfocus

N U A
0o 1 [f o 1| f 7
L 12
1

_ _ZfL_4f2 4Lf = cos(u) - I + sin(u) - J
14— [

e RS N

Tr(M)| <2

Stability condition,
2 — i = 2cos(u) = 2 — 4sin? (E) — sin (E) =+—
4f2 2 2 —4f
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FODO cell in collider ring

In the FODO cell, maximum B appears in the center of focusing
magnet to the next center of focusing magnet,

\

f/2

A

L/2 —f

L/2

f/2

Mf tof — Mh_alffocus ) Mhalf drift ) MDgfocus ) Mha_lf drift’ Mhalf focus

1 0]
_ 1 ’
2f

o
.lil.ll
0 1

f
LZ
T
L L
(s
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2f
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FODO cell in collider ring

. A N\ A,
Because maximum [, & = '8? =0

B cos(1)  Brmaxsin(u) _ 1 ~am I o
Mo =|_sin() s 1= 1 /1 f L];
" L a7 (1) 1o
cos(u) =1 —8_]:2 — Sin (g) — E
A L (1 T %) (1 + sin (%))
Pmax = Gty "\ sin(o)

Minimum [ occurs in defocusing-to-defocusing magnets,

,gmin =L (1 o (%)>

sin(u)
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Low f insertion section

* Low beta insertion is designed for making a long straight
section, which is needed to locate RF cavities, beam
Injection/extraction, and collider detectors

| 4
N U

We would like to make a long L, line as a long straight section
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Low B insertion section

1 O] (1 0]
— 1 Ll 1 1 .[1 L2 . 1 1 . 1 L1]
0o 11 |—= 0o 11 |= 0 1
L.L, { ] szz l
1&~2 2 1~2
~ +f 2Ly + L, — 2
- L, LiL, L,
fe fe f
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Low B insertion section

L1L,

Ly

fZ
L,

_ [c'osm)

f?
+ asin(u)

_I_

f

—ysin(u)

Ly
f

2L, + L, —

L4l

LiL,

f2
L

f2

f

Bsin(u)
cos(u) — asin(u)

. e T
To maximize L,, u = >

os ()

fZ - Lle,&

Ly

f

— = asin(u) - L, = afsin(u)

= 0,

. Ly .
»]/=f_2»,8=L1+L2

It is worth to note that the transfer matrix
atam/2 insertionis M = J
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- % & & g 8§ 8 3 & & B8
¢ 8 3§ 5 5 5§ 3 5§ § 8

@ 3 @ 3 2
2 2 2 3 2
i L 1 | !

igure 1.

SN 3

mr

Common for ee collider |+=
) "

'A “ 2500

'I' \\ ‘3v 2000

/ . Pn )

/ / 10.00

™ o slm)

Flat-beam low-p insertion with S,

=50cm, By =1 cm

and k = 8 m-2. The distance to the first quadrupole is

d = 0.5 m, the inter-quadrupole space is 0.1 m.

s 2 z = 2z = = 3
N A

igure 2. Round-beam low-P insertion with B = B, =1 cm and

k= 8 m-2. The distance to the first quadrupole is

d =0.5 m, the inter-quadrupole space is 0.1 m.
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Unstable condition

If |a + d| > 2, we could have different condition
We will use following conditions

a+ d = 2 cosh(o) We still have

a—d =A2€x sinh(o) Tr(M) =1-(1-a>)+p7=0
b = [ sinh(o)
¢ = —y sinh(o)

— [cosh o + @ sinh(o) B sinh(o) ]

- M =
—¥ sinh(o) cosh o — @& sinh(o)
Or M = Icosh o + Jsinh o

Note: ] is still a symplectic
where [ = [O 1] [_ a] matrix, i.e. JTQJ = Q

Hyperbolic functions represent that particle motions are

divergence along s
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Harmonic oscillator

« Demonstrate analogy of harmonic oscillators

— How the canonical transformation is useful by using an example
of simple harmonic oscillator
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Simple Harmonic Oscillator

Let us begin from Hamiltonian for a simple harmonic oscillator

., _OH p
b p?  mw?x? x_ap_ﬁ
= + —
2m 2 . OH 5
p=——_=-"mwx

Of course, we can solve these from x + wozx = (,
but x and p are coupled
We approach different way using different canonical variables

d 1 i .
ibl=| °  ml bl
—mw* 0

This shows that the matrix M is transforming ﬁ) - ﬁ

2% Fermilab
63 4/28/25 Lecture 2: Phase stability, Yonehara



Simple Harmonic Oscillator

Obtain eigenvalue of M via solving det(M —A-1) =0

1
AZ—E-(—mw2)=O—>/1=iiw

Corresponding eigenvector is

Uy =a [ihlna)]

We would like to convert the original canonical basis
from {&,, é,} to eigenvector basis {&,.,é,_}, We introduce

J—

r={F,5}=af, ]T l=— e
+imw —imw T 2a 1

imw |
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Simple Harmonic Oscillator

Then the new basis is

Ip T

-> 1 X ——
o P Rt W
i M-

- - ¥ .
Note a_ = a, , complex conjugate

So, let us redefinea = a,,a” = a_
2

1 ip\ 1 ip p x? H
setara =2t (A (r- ) L (e ) 2
aaa « (Za x mw/) 2a x mw 2m2w? 2  mw?

Let us put a = Lw, then H = w/, new basis is

\V2m
mo [
a= —(x+—p)
2 mao
§ mw( ip)
a*- = |[—|x———
2 mo

& Fermilab
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Simple Harmonic Oscillator

The time evolution of the new basis are

a={a,H}=—iwa
a* ={a*",H} = +iwa”*

~alal =1 Sl

where we use H = waa* and {a,a*} = —i

These can be easily solved

( a(t) = a(to)e @t

a(£) = a* (tg)e~ (=)

Let us put back x and p /x_ ! (a* +a) = /iRe(a)
maw

2mw

\p =i ! (a* —a) = V2mwlm(a)
2mw
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Simple Harmonic Oscillator

Implement an initial condition,

a(ty) = @(xo + i&)

( x(t) = xq cos(wt) + &sin(a)t)
— mw

p(t) = py cos(wt) — mwx, sin(wt)

1
x(t)] _ cos(wt) —sin(wt)| [¥o
~ p(t) N maw .[p()]
—mo sin(wt) cos(wt) |
For 2"d order quantization (quantize field) in Quantum mechanics,
{a,a*} = —i - |q, &T] - mw [ n D\ Annihilation
2w O = 2% L mew | operator
S At oA
]Y -ad At mw (. 1P '\ Creation
N‘n> — n‘n> a = 2% L — e, | operator
2= Fermilab-
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