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e Chiral soliton lattice Son and Stephanov (2008); Brauner and Yamamoto (2017)
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Baryon

. QCD is microscopic theory that describes mesons and baryons.
. Elementary Degrees of freedom = Quarks (up, down) and Gluons

. Baryon = Particle composed of quarks
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Vieson

- Nambu-Goldstone (NG) mode of spontaneous chiral symmetry breaking
SU(Q)R X SU(Q)L — SU(Q)V

. Degrees of freedom of the low-energy dynamics = Pions

>(x) = exp (iW;Ta>



Skyrmions

- Can the baryons be made by pions (rather than quarks)? skyrme (1961)

Baryon as soliton = Skyrmion Topological number = Baryons
NN\ 1 /2 /7 / L
RN g . Np = 57— /d z €71 (L0, 530,280, 2T
T - H 1 U po T T T
L o = 5 tr(20,2720,%20,2T)
Y / ~
LS NN T - How many times R3 surrounds the
7/ /) VN N configuration space of the pions S3.

- Applications to baryons properties: Witten (1983); Adkins, Nappi and Witten (1983)
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QCD phase diagram with B
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Solitonic phase in QCD

« Magnetic field is relevant in interior of magnetors and heavy-ion collision.
Anderson et.al., (2016); Miransky and Shovkovy (2015); Kharzeev at.al., (2013); Adhikari et.al., (2024)---

« Solitons appear in the ground state of QCD at finite B and us.
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Phase diagram meets the Skyrmion
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ChPT w/ topological terms

2
« Normal terms : LonpT = fzt (DMZD“ZT)

« Effective Lagrangian . £B — _A%jB,u : A'Ié — (,uB, O) Witten (1983); Son and Stephanov (2008)

T2-¥ X%

f2
4

- This term is crucial for reproducing the triangle diagram with U(1)s-SU(2).-SU(2)L
Witten (1983); Tanizaki (201 8)

« Baryon current in terms of mesons = 1 3(S3) topological charge
Son and Stephanov (2008); Goldstone and Wilczek (1981)

tr{L L L@ — 3ied,, [A Q(L@ + RB)]} L, = SDQMET , R, = QMETZ
() = diag(2/3,-1/3)

chvof
247T

Skyrlmon charge

Jp =

« Pions couple to us via Skyrmion even when considering the ChPT!
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sine-Gordon theory
with the topological term

. | first ignore ms: Y — ¢!#373

« Reduced Hamiltonian (B is oriented in z-direction) :

2
T 2 2 92 CUB
1 — 7((9Z¢3) + f2mz (1 — cosgpsz) =

- The last term stems from the 2nd term of the Skyrmion term. T

Oijk |
Ly = —HB 5 — tf% — 31e0; |A4;Q(Lk + Ri)l}

« B0 — Finite 1st derivative term — Favor ¢ inhomogenity

B&z¢3

« What Is a ground state at finite B? ,; Brauner and Yamamoto (2017)



Chiral Soliton Lattice

Parallel stack of ¢ DW
« EOM = Pendulum: 6’3% — M= sin ¢s Ps

T

. Analytic solution: ¢ = 2am (z/k, k) + 7

2T -

e Period: ¢(z+ /1) = ¢(z) + 27

- 27 is one period in configuration space of ¢s. 3¢ i ¢ 3t
2

2 2

- ¢ can be identified as one period in z coordinate.

—2T
- Explicit formula: / = 2k K (k) g g
K (’i) : The complete elliptic integral of the first kind ) > ) >
— > B

Brauner and Yamamoto (2017)
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Minimization of the total energy

« Minimizing the total energy gives us the optimal «.

¢ - 19 S
for = [ A2 | 220,007 + fEmd(1 - cosg) ~ X2 .0
0 2 42 |

positive negative!

o(€) — ¢(0) = 2w

« Energy minimization condition : =
d (&t | E(k) ___pBB SIN
dk \ ¢ K 167Tm ., f2 |
FE/(K) : The complete elliptic integral of the 2nd kind (|

. Critical magnetic field : Bcsr, = 167 f2m. /g 0

13 Brauner and Yamamoto (2017)



U B-B phase diagram
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Non-Abelilan soliton

. The single soliton: ¥, = ¢93? | § = 4tan—te™r?

. More general solution: ¥ = ¢X,¢" = exp(ifgr3g'), ¢ € SU2)v

iT3(9

« 20 IS Invariant under U(1) transformation: g = ¢

f ZO _ ei7‘(‘0‘3 \
« “SSB” of SU(2)v — U(1)
Moduli 20 = 1o / 2.0 = 19

_ ®
¢ : 92 moduli

SU(2)/U(1) = §2

Nitta (2015); Eto and Nitta (2015); o ) o “
Gaiotto, Komargodski and Seiberg (2018)




CSL with S2 moduli

. B
« Each arrow represents S2 moduli. .
« S2 is represented by n c R’ (|n| =1) SRRV LY
AEREALENY
0 _ t / W )9 o ¢
« Only 0 DW — n = (0,0,1) I WY
Son and Stephanov (2008); Brauner and Yamamoto (2017) &y /”’/ r:/ ﬁ/’ {/\' {{ W
« What configuration is realized in the
unstable region?
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EFT for S2 moduli
= O(3) nonlinear sigma model

5

. Kinetic term : Ly, = C(KEmin)0amn - 09N /4

- C(Kk min) can be evaluated from ChPT.
- K min depends on B and us (Please remember the minimization of CSL). | = |

. Topological terms : Liopo = —2/5¢ 6; = P38 0,[ Ak (1 — ng)]
70

- The red term stabilizes the configuration with finite k! T

. 1 2(S2) topological charge (counting how many times xy plane covers S2 moduli) ™

k:/d%q:i n - 8—ndaz><8—ndy cZ
4 Ox 0y
\_ J

Eto, KN and Nitta, PRL 134 (2025) 18, 181902
18 Eto, KN and Nitta, JHEP 12 (2023) 032




Baby Skyrmion

« Configuration on DW surrounding S2: T =N, n®=1

19 Polyakov and Belavin (1975)



Energy of baby Skyrmion on DW

| .
« The effective Hamiltonian: Hpy = C(Z'L)"in a'in +2ugq! ezf ik AT ng)]

1
. Completing of square of (!in)*: (!in)? = é(! n+"%n! !jn)zi 8#q" + 8#(Q

Baby Skyrmion!
« “Equal” = BPS equation: ! N * "ij n!t | in = 0  See Manton and Sutcliff (2004)

. Total energy: Epwsx ! |20 C")IK| + 2 g k|" ez‘fB d2x#3K $ [A (1" n3)]

% The total energy becomes negative at sufficiently large us, and baby Skyrmion appears in the ground state!

v Some constraints on the baby Skyrmion. Eto, KN and Nitta, PRL 134 (2025) 18, 181902
20 Eto, KN and Nitta, JHEP 12 (2023) 032
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Summary and comment

« We have to include the minimal coupling of Skyrmions to baryons.
« At B>BcsL, the parallel stack of mo DWs is energetically stable.
« At u>uc, the baby Skyrmion appears on o DWs.

« Effects of the dynamical magnetic field: Evansand Schmitt JHEP (2022);
Evans and Schmitt JHEP (2024);

Amari, Eto and Nitta JHEP (2025)
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Thank you for your attention!
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Solitonic phase

. Generally, topological solitons are energetically unstable---

. You can find the case where solitons appear in ground states!

Chiral magnet

. Ferromagnetic intraction ' A , "
. : : : ‘ |
%A||gn|ng ne|ghbor|ng spins. ITRANINN /l L4 l\ ..... 19844 1T Hl WM%H
AAAAAAAAAAL/ AAAAAAAAAAAAL /
11 =2 11 =2 |1 =2

- Zeeman effect—Spins align with ~—7 S~ ~

the direction of the magnetic field The twisting spin structure is spatially localized

: .. . = soliton

« Dzyaloshinskii - Moriya int

%TWIStlng neighboring SpinS. Togawa et al., PRL (2012); See also Kishine and Ovchinnikov (2015) for review

- Other examples are Baby Skyrmion crystals and Abrikosov lattice ---
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Instability of Inhnomogeneous state

. Please imagine a field ¢ (z) depends on z and exhibits periodic behavior.

/W/ SO(3) rotational symmetry\

Fluctuations / ‘

) JFluctuatio

. ns Hidaka, Kamikado, Kanazawa and Noumi (2015)
| £ | I Lee, Nakano, Tsue, Tatsumi and Friman (2015)
t can freely rotate! g




Instability of Inhomogeneous state

. Please imagine a field ¢ (z) depends on z and exhibits periodic behavior.

W/o SO(3) rotational symmetry
B Determine a special direction!

W/ SO(3) rotational symmetry

tuations /‘

Fluctuatio

. _/

It can freely rotate! - Brauner and Yamamoto (2016); Brauner and Kadam (201 7)



corresponding (via INoether's theorem) to the addition to the lagrangian ot N, 1. In
this discussion, the A% should be traceless SU(3) generators. However, let us try to
construct an anomalous baryon number current in the same way. We define the
baryon number of a quark (whether left-handed or right-handed) to be 1 /N_, so that
an ordinary baryon made from N, quarks has baryon number one. Replacing A* by
1/N_, but including contributions of both left-handed and right-handed quarks, the
anomalous baryon-number current would be

Jhe el BT U QU U AU U 9. (29)
Y472 g ° B

One way to see that this is the proper, and properly normalized, formula is to
consider gauging an arbitrary subgroup not of SU(3), X SU(3), but of SU(3); X

SU3)x X U(1), U(1) being baryon number. The gauging of U(1) 1s accomplished by
adding a Noether coupling —e/*B, plus whatever higher-order terms may be
required by gauge invanance. (B, is a U(1) gauge field which may be coupled as well
to some SU(3); X SU3)r generator.) With J* defined 1in (29), this leads to a
seneralization of I that properly reflects anomalous diagrams involving the baryon-
number current (for instance, it properly incorporates the anomaly in the barvon
number SU(2), — SU(2), triangle that leads to baryon non-conservation by instan-
tons 1n the standard weak interaction model). Eq. (29) may also be extracted from
QCD by methods of Goldstone and Wilczek [10].
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Chiral Soliton Lattice

« EOM : 97¢3 = mZ sin ¢ Bz
3(!" )=0,!3(" )=2"

w
zoDW:! 3 = 4tan’ 1! ?
yd

: o _ 2 eus B
-Enel‘gy. E = \ dZH—Sm!f!! o)

«CriticalB: B =
Critica cSsL ol
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Chiral Soliton Lattice

e EOM - 8§¢3 :m721. Siﬂ¢3
S )=0,15(" ) =2

« ENnergy : E = | dzH =8m¢f, ! egﬁ;B

B 7 ]
&

- Pack many DWs in ground state!

16! m; f ? - Impossible to pack due to the repulsive force.
€UB

e Critical B : Bcs. =

Son and Stephanov (2008); Brauner and Yamamoto (2017)
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s the CSL stable”

 Fluctuation around the CSL background :

« CSL is unstable against fluctuations of :+ above B+

- Derive the effective action up to the 2nd of the fluctuations from the CSL.
- Calculate the dispersion relation w.

- When w?2<0, the fluctuation is tachyonic and CSL becomes unstable.

B

Moy 1240 11 12414 I =1 (B, ) E() _ _HeBu.
. - | 16"m!f!2

I+

31 Brauner and Yamamoto (2017)



Elliptic iIntegrals and functions

. The elliptic integral of the firstkind: k' = 1! k2
- 1 /2 12 17 W
K (k) = d! - - ! Inilrz+k— Inilrzl 1
0 1! Kk2sin?| K 4 K
» The elliptic integral of the second kind :
- 1 /2 " 12 T ht
k 4 1
E (k) = dl 1! k2sin! " 1+ — In—1 =
(%) 0 2 k'2 " 2
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FOM of the fluctuations

 Fluctuation around the CSL background :

T2

120, = 1 #2+ B2 x| % o+ (#2420, + m2d ),

Giving the Landau quantization

B
. Chiral limit: ! = p2 | ”2? Zfrl)zz +(2n+1)B
Deducing the energy!
161 4f 2

Brauner and Yamamoto (2017)
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What we overlooked

« The baryon current contains the Skyrmion charge.

eOmk’

Lp = _’LLBQ tr{L L Lk — 3168 [A Q(Lk —I— Rk)]}

42

_ o IJBB' z 3! LB
- In the unstable region, =+ is Important element.

- The Skyrmion charge term becomes finite only when 7+ is considered.

« When 2 has Skymion number, 1st term decreases the energy density!

Skyrmion : m3(S3) Baby Skyrmion : m2(S2)
~\\N\N 1 /2 /2 ,
D f > _— I," \Z‘:
éi T and X‘ W™ become stable at finite us!
’ I \\ ~ \é\ ,'%A

AN

-~
/

~ 4 omain wa
/) |V NN o K I



EFT of the DW

« Construct DW world volume effective theory via the moduli approximation.

e This EFT identifies S2 moduli as degrees of freedom.

. Promote the moduli to a fieldon2+1 dim: ! ! !'(x'), (" =0,1,2)
— L | j1d
. Integrating over the codimension z: | =exp(2i!™ ut
- = T L i
Lepr = dZ(LChpT + LB) Substitution 1+ ‘f ‘2 f

. glag =2" | 1



Constraint on baby Skyrmion

1! |f |2 . b 1w 1+ dad by
1+‘f‘2’ Wk+ak!1Wk!1+éé'éa()

- k anti-Baby Skyrmion solution: n3 =
See Manton and Sutcliff (2004)

. Epwsk for the k anti-baby Skyrmion: Epwsk = 2! C(")|k|! 2ug|k| + epgB |ba 1]

Can it be negative here?

e In order to minimize Epwsk, bk-1=0.

. Critical baryon chemical potential: Hs ! Hc=!C(") Eto, KN and Nitta, JHEP 12 (2023) 032
T

” Depending on us and B



DW Skyrmion

. Baryon and electric charge : B

Ng =2 ,Ne=1,I3=0

Amari, Eto and Nitta JHEP (2025)

= Deuteron? https://en.wikipedia.org/wiki/Deuterium

« What structure is realized?
= There is no interaction.

- Beyond BPS approximation
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