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0. Quark number susceptibilities

The thermodynamic quantities which relate fluctuations of quark number.
(Q

nth quark number susceptibilities y,~ 1s defined as I Temperature
n Q (T ) Iq: quark chemical potential
X(Q) — a ! 'u q — 311, (B) V': Spatial volume
n R n VT n )(,SB): nth baryon number susceptibility
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This ratio can detect the phase of the system:
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Analytical derivation of the above ratio in heavy-quark QCD.
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1. Partition function of heavy quark lattice QCD
SU(3) lattice QCD with Nt flavor Wilson fermion (P.B.C. for the temporal direction)

N¢
° - ! ! 1
WF action: Sq = z z Gr()|[1 —xrHe(s, 5] qr (s K = <1
f=1s,s' Hopping matrix

HyGs,5) = 11 = YUy + (1 +VUL(s ~ F)ogu]

T (1 — Va)e" UL (s)65 3 + (1 + Y4)9_”faUI(S - 21\')5S+2f,s']

In this talk, we suppose degenerated quark masses and common chemical potential,
Mme =M S Kf = K, U = Uq -



1. Partition function of heavy quark lattice QCD
Partition function by Hopping Parameter Expansion (HPE)
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Uq-dependences
* Spatially closed loops: p4-independent
* Temporally closed loops: 14-dependent
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1. Partition function of heavy quark lattice QCD

Uq,-dependence:

Specified by winding numbers of loop operators in the temporal direction.
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2. Grand potential of heavy quark lattice QCD
|

-| Fermion action |

xX,¥,Z

In Det(1 — kH) = _Nfz : TrHl z efHap,
k=—o0
Spatially closed loops (k = 0) éTemporally closed loops (k + 0)
AO = <>D+D+E]+ T )5 () >+. >+. )P:’ )

)k+1

Ag = (2K)4Nf2 2 Retr, P, (s) + O(x®) Ak = (ZK)thZNfN L, + O(Kth+2)
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k winding Polyakov loop




2. Grand potential of heavy quark lattice QCD

The partition function

/ - \ Zy = fDUexp[—Sg],
YA Zg eXp z e Ak <0> — lim i DUexp[—Sg — CZSQ]O :
\ P _/ a—0 Zg
The grand potential
[ e 1l

(T, puq) = —TInZy — TIn{exp Z elBap,
| e 2




2. Grand potential of heavy quark lattice QCD

The partition function

, - 0 - \ Zg = fDUexp[—Sg],
Z=17,exp ze”QAk o1
g \ = -/ (0) = }(l_r)r(l)z—g DUexp[—Sg — CZSQ]O
The grand potential
| w 3
(T, puq) = —TInZy — TIn{exp Z elBap,

| T |

— cumulant expansion



2. Grand potential of heavy quark lattice QCD

Cumulant expanded grand potential

S kmiilq | |

(T, ug) =-TInZ, —T z -

{mg}

Hk my,!

), : quark contributions



2. Grand potential of heavy quark lattice QCD

Cumulant expanded grand potential

(T, ug) =-TInZ, —T z i

{mg}

S kmiilq | |

Hk my!

X, : an expectation value consists of several A; operators with a total winding number
given by the sum of those of the Ay ’s, wr = ),;, km,.



3. Quark number susceptibilities

_ " Q(T’“Cl)_ 0" Qq(T'“q)
ot TV  aat TV

l Qq(T, 1q) = Xo + Z (e*Fa + e Ha)X,,
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3. Quark number susceptibilities

— V 2 wn[e’l«U’ﬁq + (_1)ne—Wﬁq]Xw
w=1

The ratio of 4th to 2nd ;
(Q) (T, "‘q) Yo _1wC X,
(Q)(T Hq) Zw W C Xy

(Cw = eWHa 4 e‘wﬁq)




3. Quark number susceptibilities
@ deconfined phase (T > T,) ' @ confined phase (T <T,)

Zz-symmetry is broken and all X, can have
nonzero value.

— The leading contribution: Xj.

KOTe) _ Gt 4 200,54 -
o 2
XéQ) (T, Mq) Cle + 2 CZXZ ~+
=1+ 12 L2 X,
B C1 X,

O (icNe)




3. Quark number susceptibilities 10
@ deconfined phase (T > T,) ' @ confined phase (T < T,)

=14+ 12-—===, =9+ 140 ——2.
T Ci X, Cy X4
0 (k"t) O (k3N)

Z3-symmetry is broken and all X, can have
nonzero value.

— The leading contribution: Xj.

Z3-symmetry is preserved and X5, (n € Z)
can have nonzero value.

— The leading contribution: X5.

XiQ)(T, ,Uq) _ 3463X3 + 64C6X6 + -
Q2 2
XéQ) (T, 'uq) 3 63X3 + 6 C6X6 +

KO e) _ G+ 2K +
o 2
XgQ) (T, Mq) C1X1 + 2 C'2X2 +




3. Quark number susceptibilities
@ deconfined phase (T > T,) i @ confined phase (T <T,)

=14+ 12-—===, =9+ 140 ——2.
T Ci X, Cy X4
0 (k"t) O (k3N)

Z3-symmetry is broken and all X, can have
nonzero value.

— The leading contribution: Xj.

Z3-symmetry is preserved and X5, (n € Z)
can have nonzero value.

— The leading contribution: X5.

XiQ)(T, ,Uq) _ 3463X3 + 64C6X6 +
Q2 2
XéQ) (T, 'uq) 3 CBX3 + 6 C6X6 +

KO e) _ G+ 2K +
o 2
XgQ) (T, ‘uq) C1X1 + 2 C'2X2 +

o 1T >Te), Iyticall duced!
ng) =19 (T <T,) 1S analytically reproduced!




4. Baryon mass extraction
Strategy

Qsp(T, g ) = —TgNsite(ePa + e Fa)eAM

Same at the LO

The Mass of the excitation can be extracted from LO behavior of X, .



4. Baryon mass extraction
Baryon excitation

b: baryons

(Qgp (T, Uqg ) = —T Ngjte (eBﬁq + e_Bﬁq) Z gpe Mp/T gp: degeneracy
b M, : mass of baryon b

&

" _ 2
Qq(T, tiq) = —TXo — TNire(e3#a + e73Ha)(2k)3Ne (— N

— 2N
' Nsite 3! Nsite

3 N Site

(Ls)  {Lala)e | BNF (L?i)c>

How can we distinguish each sectors of baryonic excitations?



4. Baryon mass extraction

Symmetric Py, ce Anti-symmetric Yspace
Spin 3/2: ' Spin 3/2:
S) _ 4 (Ng + 2)(Ng + 1)Ng @y, o Ne(Ne = D)(Ng = 2)
gz = * X 6 593/2 =4 X 6
Spin 1/2: Spin 1/2:
M (Ne+ DNe(Ne—1) 1y (N¢ + 1)Ne(N¢ — 1)
39 = 2 x 2 L DN g0 =2 Bt DN

Contributions from each baryons can be
distinguished by the N¢-dependences.



4. Baryon mass extraction

Baryon contribution:

2 (L) (LoLy)e  4NF{L1)
Oy (T, ug) =+ #Qr)3Ne| =N — 2Nf + :
q( .Uq) (3 stite ' Nsite 3 Nsite
) . 2 (L3) — 3(LyLy)c + 2<L§>C Spin 3/2
= G372 X 3 X Neoro Flavor sym.
an 2 (La)+3(LaLy)c + 2(L3).  Spin122
T91 /2 X § X Ngire Flavor mixed
w1 —(La)+ 4( L?i)c Spin 3/2
+J, /2 X § X Neire Flavor anti-sym.

Classification of each baryons seems to be achieved in heavy-quark QCD.
However, difficult to calculate them in an analytical manner.



4. Baryon mass extraction

Strong coupling expansion:

(Ls) p (Lala)e | 4NF (Li>c>

Qq(T,pq) = -+ #(2K)3Ne sz — 2N¢
1 1 Nsite 3 Nsite

3 N Site

= gs)z X 4 x e 3Ma/T

Mass is 3mq.

Very simple and reasonable results are derived.

Spin 3/2

Flavor sym.

Spin 1/2

Flavor mixed

Spin 3/2

Flavor anti-sym.



5. Summary 16

We considered SU(3) lattice QCD with N¢ flavor Wilson fermion and calculated the
grand potential with the hopping parameter expansion (HPE) and the cumulant

expansion.
Q)
— XAE-Q) /X EQ) 1s analytically calculated as % = {; g Z ;Cg at the LO of HPE.
X2 ¢

Using the grand potential, we tried to extract the baryon mass.
Though 1t need a numerical calculation, strong coupling limit lead the following mass

MB —_ 3mq

Future work:
* NLO calculation of HPE
* Numerical calculation for the baryon masses.



Appendix: Cumulant Expansion of Partition Function 22

For a single variable

Let P(x) be a probability distribution function of x ,
a cumulant generating function 1s defined as

C(6) = In{e®*) (F@oeo = | dx FEOPGO)

P(x) -

mth cumulant of x is calculated as a mth derivative of C(6) with respect to 6,
m

0
_ 6
(™) = 09m1n<e x>P(x) =0 |

and thus

(xm>c gm

m!
m=0

CO) =




Appendix: Cumulant Expansion of Partition Function 23

For multiple variables

Let P(x) be a probability distribution function of X = (x4, -, Xy) ,
a cumulant generating function 1s defined as

C(é) = |n <ezllg=1 9kxk> | <f(’z)>j(f) = fdff(f)P(f)
P(f) 6 = (81, o QN)

A cumulant of X is calculated as derivatives of C (5) with respect to 6 ,

In <ezl'¥=1 9kxk> :
P(x)

oM omn

(x1 XNN>C = PY NP YT

[ n o -
C(é) _ 2 (9kxk)

\ =1 my=0

ﬁbl
o

and thus




Appendix: Cumulant Expansion of Partition Function

In our case, 6(5) = In <eZ’kV=19kxk> 1S

In{exp z ekbap

= In{exp Z 0,

Applying the cumulant expansion method,

In {exp

B 00

| k=—00

Zk kmyll

2 [1, my! 1_[ A"

{my}




Examples of Xw (ww=0,1,2,3)

= (A3) + (AAq)c

“; T\
1,3 — (9( 3N WA e
T _<A1> + o = 0(k>7) Yoo g
3! C R

LO
Note: X, is a real (because ) € R by its definition), 1.e., X, = X3 = X_ 4.
Q T, u " ~ - N ~
q(_T ) _ Xo + z (e*PaX,, +e “Pax_, ) =X, + z (e*Pa + e~wha)X,,

w=1 w=1



Appendix: Baryon mass extraction
Quark excitation

s (T, g ) = —T - 2NN - Nog (7 + e )B4

:

_ _ L
Oq(T, ) = —TXo — T - 2N¢N,. - Nyje (ea + e Fa) (2ic) Nt > -

site

2Kk = e Ma4

Mass of quark excitation

1| (L1)
Mo = —=1In|(2K)Nt
Q ,B I Nsite_

= mq + Fo

Free energy of a quark



Classification of baryons : symmetric Pg;,ce

VYflavor ®Pspin Must be symmetric

Flavor: SU(N¢)

S
N¢ + 2
M®M®M=(E
Spin: SU(2) S
Spin 3/2

Spin 1/2

*symmetric part.



Classification of baryons : anti-symmetric Pg;,ce

Vflavor®WPspin Must be anti-symmetric

Flavor: SU(N¢)

Ne @ N @ N¢

Spin: SU(2)
2 Q2 QK2

Spin 1/2

* Anti-symmetric part.



Classification of baryons : anti-symmetric Pg;,ce

Vflavor®WPspin Must be anti-symmetric

Flavor: SU(N¢)
Nt @ Nf @ Nf =

Spin: SU(2)
2 Q2 QK2

Spin 1/2

* Anti-symmetric part.
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