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Phase shifts and baryon momentum
distributions in dense matter

CD
Q Toru Kojo
condensed
Astro e (KEK, Theory Center)

Refs) Baym-Hatsuda-TK-Powell-Song-Takatsuka, Review on QCD for neutron stars (2018)
Fujimoto-TK-McLerran, on ideal quarkyonic matter model, PRL (2024)
Tajima-lida-TK-Liang, on dense matter of composite baryons, PRL (2025)



Neutron Star matter

- few meson exchange * many-quark exchange

* nucleons only » structural change,...

- hyperons, 4, ...
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ab-initio nuclear cal. most difficult

(ng = 0.16 fm-3)
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[Masuda+ '12; TK+ '14]

- Baryons overlap

* Quark Fermi sea

-

(PQCD)

[Freedman-McLerran,

Stl"ongly correlated Kurkela+, Fujimoto+,

laboratory experiments (d of: quasi-particles") Minato+, ]
e : (d.o.f 2?)
steady progress ' not explored well
l — >

-~ 2n0

Hints from NS

~ 5n, ~ 40n,



. . 3/30
Implications from NS

NICER for 1.4 & 2.1 M., + GW + nuclear (< ~1.5n,)

= Ri4~Ryi (')
F)

quark? |

sun

~2.1M
early

stiffening
~ [.4M,,

Ref) TK-Hatsuda-Baym (‘21)

/ 2N+3N
/
forces

\
late Y
. . \
stiffening '\

-

f’
-
-

~ |2 km (i | km) nB ~ 2_3n0



Remark |: stiffening of nuclear EQS is slow 3

n% A soft (!
n5/3 P= Y onp <n3> é}?) oo ~.
p— b l P — b - 1 Ot\’
e(np) =mpnynp +a o + bng ‘ 3 — —IJ\(G: )n£3/

-
§~——’

at large ng, many-body forces must be dominant
P : P ~ 2e < violate causality c;2 > | at ~5-6n,

+3-body

stiffening too slow?

P~c¢

convergence of many-body forces!?

the sign of many-body forces!?
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Remark 2: quark EOS can be stiff

e.g.) free massless quarks

quark kin. pressure >> baryon kin. pressure

& /
3 normalization ller B
sSMaller by
P stiff MM i
of e S
o -,

20f

a ~
st larger B 7 !

1.0¢

0.5¢

. Rikml
5 10 15 20

relativistic pressure = stiff EOS ?  depends on the normalization..



Remark 3: normalization of EQS is important

: . A "
conventional hybrid EOS P 4B,

prepare hadronic & quark EOS as independent,
and then choose the energetically favorable one

conventional

Difficulties: g

fixing (relative) normalization for two independent EOSs is difficult

validity domain of pure hadronic and quark EOSs are assumed to overlap

transformation of hadronic matter to quark matter is a priori excluded

Need: follow quark states from nuclear to quark matter




I le I iQ mOdel [TK 21, Fujimoto+ '23, Tajima+ 24, ..]

P3 " I

\ & I

»
B P g ®> #
falq) = f8(Pg)yg(a — Pg/N.) ALANER
PB --------------------------------------- / I \ R
. Ps /N
occupation prob. (baryons & quarks) E /
[McLerran-Reddy 'l9; Jeong+, '20,...] L R/
................................... ' nuclear : &
“forbidden” 250 T >
Py bs  see also Ma-san's talk ;o
: 200 |
~ NA B
) &

"quark matter" c o ez i

R S : = N i i i early
o g ~oNp " pw=002GeV . . n
s j\ ) c4 _ 0150V stiffening(!) |

. B 50 | o ~ | .
/\ ~200 MeV ~ 1\ ’ @~1-3ng
0 - A 1 i A " 1 2 N A | A "

"inevitable quark matter formation" 0 20 400 600 800 1000
[see also Hayata-Hidaka-Nishimura 24, fq for 1+1D QCD ] e [MeVfm ™
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Models for transient regime

I ) IdY"lQ model (quarkyonic matter model) [not discussed today, see my talk at Baryons2025]

assume quarks are confined into baryons, and pack many baryons

—> inevitable formation of quark Fermi sea, quenching of baryons at low E
[TK PRD "21; Fujimoto-Kojo-McLerran PRL '23;...]

2) phase shift approach for composite particles

quarks are not necessarily confined into baryons,
but very similar physics as in IdylliQ model

[Tajima-lida-TK-Liang, PRL "25]

3) hadron-quark model (e.g., quark-meson model)

a pragmatic framework, useful for fine-tuning or phenomenological studies

[test in QCD-like theories: TK-Suenaga 21; Chiba-TK PRD '23;...]
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Phase shift approach for composite particles

Dashen, Ma, and Bernstein, Phys. Rev. 187,345-370 (1969).
Nozieres and Schmidt-Rink, J. Low Temp. Phys. 59, 95 (1985).

Blaschke+, Ann. Phys. (Amsterdam) 348, 228 (2014).
Pok Man Lo [arXiv: 1707.04490, review]
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Thermodynamics of composite particles

G, G, G,
€23 pody = 112 @ +1/3 @ +o
G,

total frequency & momentum (w,, K) -V =G - Gal

=-T ) try [Ln(l —GoV) + GOV]

full free

K
=T Z try |Ln(G/G0) — GOG_l] -+ const.
wn,K

* "trace" over all possible states for given (w,, K)
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Phases of Green's functions

1

— _ e
Go w— Hy + 10 \G0|e ’
G = ! — \G\em

w—H +10

phase "shift"

G/G()Z ‘G/GO eiSQ Y = PG — PGy
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Thermodynamics of composite particles

(@) ImQ (b) ImQ

Qs o, =T Y trw [Ln(G/Go) - GOG—l} | ﬂ . ]

wn, ,K 7 > ReQ > >ReQ
contour deformation & integrate by part E &
d 0
= —T;/ 7&} In (1 e—ﬂw) 8—th‘N (Im [LD(G/G()) — G()G_l]>

use: G/Go=|G/Gole*
Ty / % 0 (14 ¢7) try [ip — [Go/G sing]

phase shift representation of thermodynamic potential
Ref) xxxx, yyyy




e.g. Hadron Resonance Gas

O,
e.g.) stable bound particles ¢ = 710 (W—Eb.s.(K)) T ©
Eb.s. (1).
b 0 .
Nbody :—TZ —ln )8—wtrN[g0— |G0/G\smgo]

=m8(w — Eps.) |1 — M| cos p| — sm/a%(zd/G'
= 0 (G> at pole) =0

> HRG model:  Qypoqy = —7T Z In (1 + e PFes)
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Constraints on general theory

1
num. of states: /ImTrG = / ImTrGy G = T H+w
w w

(int. cannot modify)

1
Gy = ,
G=Go,Gt=08,InG™? "7 w—Ho+i0

2> 0=-— / ImTrd, In (G/Gop) = / O Tryo = Try(oo) — Trp(—o0)

phase must return to the original value

[Levinson’'s theorem]



e.g.) Hadron Resonance Gas with the decayI 7

NI .
Nbody :—TZ/—ln ].+e 'B )8—th'N[Q0—‘G0/G‘SlnSO]

resonance

resonance &ugp

scattering -

(positive)

scattering
(negative)

Eth

resonance and scattering contributions tend to cancel
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High temperature limit

_ 0 .
(ONY body = —TZ/ —In ( 3“’) 8_wtrN o — |Go/G|sin ]
Boltzmann factor — —TZIHQ ®/ dw| 9 try [QO — |G0/G| sin QO]
/ T |Ow
resonance X QO(CU — oo) — gp(w — O) % O
9 \\ | cancel(})
w¥ I () = Qq,g I Qmeson 5 Qba,ryon e

— Qq g at large T

E,. . Eth/ ;
saturated by elementary particles
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At finite density: model study (1+1D)

H = Z Eo(p )chep +V ) BY(K)B(K)
K (B ~ qqq operator)

3-to-3 vertex yields a 3-body bound state

oS
|-body  3-body ng = B ;2 = Z fo(p)
p

Q=0+ mp g

0(lp
B _ _
np = e —;fB(K)



Baryonic contributions o...- @ " @

=%/

de 1 o,

18/30

m ePws—uB) L1 Ow

try [ — |Go/G|sin ]

Mp

at small Kp

both bound & scattering states
W, are picked up; they cancel

pick up only bound states
=> baryons survive
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quark & baryon distributions

quark Fermi sea suppression of bulk in fg

Kk © 15 Kk,

quark Fermi sea + baryonic Fermi surface
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Test of practical models in QCD-like
(lattice sirti&mities doable)

TK-Suenaga 21; Chiba-TK PRD 23; ...
Brandt-Chelnokov-Endrodi-Marko-Smekal, Phys.Rev.D |12 (2025) 5,054038
Lopes-Duarte-Farias-Ramos, arXiv:2507.14343
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QCD-like theories

Ref) Kogut, Hands, ...; lida-ltou- ('20, 22, 24),...; Abbott (NPQCD, 23, 25)

QC;D (2-color QCD) S ZCDZ (isospin QCD)
dred 2 ablue

& sum colors

color-singlet ‘

® d..4-quark

@, Usie-quark @ u-quark

color-singlet

® d-quark
&) simulations lighter & simulations heavier

&> need to unify scale setting & same scale setting with QCD
& additional tool (e.g. I/Nc expansion)



Phase structure
QC,D

[lida-ltou-Murakami-Suenaga '24]

T m,~074Gev
QGP
Tc
200MeV

0.89Tc (~160MeV)

0.39Tc (~80MeV)

B'EC

0.19Tc (~-40MeV) hlassascns s dii R R s s s pns o e ns s
(this work) (confined)
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QCD,

Tdeconf Tc ~ |60 MeV ~ A
~150 MeV

................. >
My /2 ~Myg ~4my M
4 uark substructure :
9 pions (r; ~ 0.7 fm) overlap
important
n -~ 0.5 nove,.|ap n ~ noverlap

RN

J
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lattice EOS;: sound speed vs L asbor (vpaco, 23,25

1.0

0.81

0.01

0.4 1

0.0

1, ~0.25GeV

/

p———

pions
overlap

LQCD A
LQCD B
pQCD

- xPT
SB

>

pQCD
K, ~1GeV

100

oy /ms

10!

Remarks:

- at low n;: agree with ChPT

* at intermediate n:

sound speed peak

consistent with lida-ltou+ for 2-color

hadronic EOS fails before pions overlap

* at high n;:

agree with pQCD + gaps

[Chiba-TK '23; Fujimoto 24;
Fukushima-Minato 24; ...]
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lattice EOS;: sound speed vs L asbor (vpaco, 23,25

1.0

0.81

0.01

0.4 1

0.0

-

1, ~0.25GeV

/

/
/
/
/ ]
! ]
/
] ]
] u

pions

overlap

our target:
transient regime

~

Remarks:

- at low n;: agree with ChPT

AL 1
SB

pQCD
K, ~1GeV

100

10!

* at intermediate n:

sound speed peak

consistent with lida-ltou+ for 2-color

hadronic EOS fails before pions overlap

* at high n;:

agree with pQCD + gaps

[Chiba-TK '23; Fujimoto 24;
Fukushima-Minato 24; ...]
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1 : . e m3 A
4

— 0
E_Z .................................. 2

outline of calculations:

* define the model by renormalizing it in vacuum  [ignore I/N. = omit meson-loop]
+ construct one-loop effective potential: Q(Mq, A; ,uI) [mean-field]

* minimization = solutions: M; & A* M, =g(o) A= g{m)



, , 26/30
Renormalized potential

. finite
V=V +\Vv1—100p T ‘/counter ‘/counter}
tree | |
Vl—loop (polynomials in M, & A)
~ W* at high density ~ W2 Agcp? at high density

threshold 2 Y, = my, /2

tree 2 2
_ My 4,2 m:..4H12 A 4 s R A

Vo = 242 M + 23 A +24g 7 (M7 + A%) gM m2 = m3 + = (o)

Vi “loop = — Ve / w+ Eq + Eg+ E3) + UV counter terms

E(ur) = \/ (Ep — )+ A2 E.=E;=E(u), Ea=Ez=E(-p)
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large u, Impact of quarks: tree vs |-loop

b;lancef
- 2#1 2, A 4 9
tree: Qtree A“ + 2484 —A —> A* ~ LT X W 0.4 “‘|
24 4 controlled by
Qtree(A ) ~ _T I 2-body hadronic repulsion
1 4N A? A\
| -| R 272 T C 4
I-oop: Q) — () +2u7A° 2 (4m)2 In M2 T 2494A |
.............................. 0. insensitive to |,
N balanced 7 2

. N .
o (ideal C 2aA2 hadronic para. dep.
Q(A.) QQ 2772 HIAL is all absorbed into A (!)
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Gaps: chiral & pion condensates

1200

1000

800

600 |

400 |

200 |

m, = 140MeV, m, = 600MeV,

parameters
fr =90MeV, M, = 300MeV
M, [Me‘A’l balanced by repulsion
M, (Tree) -~ artlfac,t/, o
A (Tree)
/Tre'e larger g
A — 300 MeV |
BCS 1-loop
balanced by quarks
o BEC] > 3 7

1/2 Chemical Potential [m_]

Tree: mesons as clementary particles

— quark Pauli blocking

quarks temper the growth of
the amplitude of the BEC



Equations of state

8
Abbott 48 x 96
7F Abbott 64 x 128
m— setB (m,; =0.14 GeV)
o O == setB (m,=0.17GeV)
: overiap
N | n, '11/710 77777777 QM mOdeI *****************
~ 5
~ Brandt +
1<
I 4r n ........
s | U
~~—
~ rLL
S 2t ”‘::3:::‘
A2 p pion overlap
1 /,("' K
0 / / 1 1 L L b
0.10 0.15 0.20 0.25
pr [GeV]
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- L)
. .
. «*

m— setB (m, =0.14GeV)
m = getB (m, =0.17GeV)
Abbott 48 x 96

i 64 x 128
Brandt +
QM model
1
_________ _.'____________________________________________________________________________________
!
1 .
i pion overlap
e
N T S S
01 02 03 04 05 06 07 08 09 1.0
pur [GeV]

* semi-quantitative agreement with lattice data

* the trend changes before pions (r; ~0.7 fm) overlap
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Summary & Outlook

" revolutionary NS observations in the last decade, more will come

* interplay btw nuclear & quark physics; more important than ever

» quark substructures of hadrons directly impact NS physics

many questions related to hadron physics

at which density does the quark saturation set in?

how does quark w.f. for baryons change in medium?

the relation btw baryonic many-body forces & statistical repulsion?

effective quark mass & chiral restoration? pairing gaps?

maybe some of answers can be found in this workshop!



Back Up



m=0.5
LY ng =0.05
S—— ng =0.1
ng ={). 15
08 ng =0.2
ng=0.3
ng =04
—~ 0.6 \ ng=0.5
=
=
0.4
0.2
0.0 1.0 135 2.5

Hayata-Hidaka-Nishimura 24, f5 for 1+1D QCD

m=1.0
1.01 —— ng=0.05
2 Pmm— nB=0.1
—— nB=O.15
0.8 —— np=02
—_— ng=0.3
\ — ng=04
/-\0.6 —_— pp=0.5
& |
=
0.4
0.2 1
0.0 - : - = -
0.0 0.5 1.0 1.5 2.0 25
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What to be suggested in this talk

|) how quarks contribute to the thermodynamic pressure, t P
without invoking baryon-to-quark phase transitions

crossover descriptions

2) what causes rapid stiffening at 2-3n?

quark saturation

. ) ::/\ e
3) how quarks mitigate hyperon softening problem B
statistical repulsion

1 12 13 14 15
R [km]
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A model of crossover

Quarkyonic matter := quark matter with confining gluons

McLerran-Pisarski ('07) gluon screened

hadronic
- quark
Fermi sea quark Fermi sea
T Fermi sea
hadronic formation of quarkyonic weakly coupled
matter quark Fermi sea matter quark matter

——————— Confinemens ————————————»

- nO ~ 2'3n0 =~ 5' I Ono =~ 40n0



ldyllic. g = 8/17

s:/wwW.bragitof. /6'idIIic ,

IdylliQ model

= ldeal dual Quarkyonic model

Describe single physics in two languages (baryon/quark)

Powerful in transient regimes (2-5n;)
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Sum rules for occupation probabilities ) [m«x2i

occupation probability occupation probability quark mom. distribution
of quark state with p of baryon state with Py in a baryon
_ B
fa(a) = f8(Pp)pgo(d — Pp/Nc)
Pgp
e.g.) in ideal baryonic matter T T
\ output input N input
fQ p (e If) SOQ p
.g., free gas) (quark model)
I ...............................................................................................
P3
4 ng = Nt—5 , s
~I\ " &#PB
py— T . p P — >
A q B N~ P\baryon 9
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An ideal mOdeI [Fujimoto-TK-McLerran, PRL24]

|) neglect interactions except confining forces
e.g.) 2-flavor hamiltonian: ERB [fB] — 4 / EB(k‘)fB(k)
k
2) keep using the same ¥Q  (quarkyonic)

3) use a special quark distribution = sum rules analytically invertible

n2 e"/A . X )3
p3d(q) = QA?, A L=-V"+ % Lip(p — q)] = (QAJ o(p—q)
nontrivial output nontrivial output A2
fala) = b fB(fB)‘PS(q — Pg/N.) _l fB(Neq) = N3 i[fQ(CI)]
B C A

natural at low density natural at high density
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An ideal mOdeI [Fujimoto-TK-McLerran, PRL24]

|) neglect interactions except confining forces

e.g.) 2-flavor hamiltonian: ER [fB] =4 / EB (k‘)fB (k)

k
2 M«onic\
) N

3) To Do:  solve variational problem of fz(k)
with quark substructure constraints !
- /
nontrivial output nontrivial output A2
folq) = fB(PB)sOS(q — Pg/N,) _l fB(Neq) = N3 L[fQ(Q)]
Pg ,1‘ C 1‘

natural at low density natural at high density
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Multi-flavor extension

falg) = Z NQ/fB (q—£>
Q=u,d,s B=pn, Ne

u -sat  d-sat

uud and so on...
f T saturation
.-a_._> constraints
q
>< (B
— flavor
fz- dds correlations
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n -I\o matter [Fujimoto-TK-McLerran, 24]

- conventional
f
| : E d
ecay
k
M

at ng ~ 2-3n,

neutrons at high momenta => non-relativistic N\

‘ € increases much but pressure does not (softening)
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n i I\o matter [Fujimoto-TK-McLerran, 24]

- with d-quark saturation

f

n

f

n

forbidden forbidden

ordinary
decay

f/\ Prn

forbidden!

saturated k/N . saturated k/N c



n-N\, matter

saturated /N,

[Fujimoto-TK-McLerran, 24]

step |) open phase space

f/\ Prn

fd udd - uds

step 2) decay

15/17
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n i I\o matter [Fujimoto-TK-McLerran, 24]

step |) open phase space step 2) decay
f f,
| forbidden k
f, f > s L fa
| extra energy cost
saturated /N, ~ MA - Mn -
\ ( -~ MS - MU) j
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E o s: n=- A m atte o [Fujimoto-TK-McLerran, 24]

0.40 . . - - — - —
--=- Pure neutron matter i : /
| P/
0.35¢ - Hyperon matter (n, A°, 2°) : E
————— Hyperon onset i ey
— - I //
(:g 030 .. ky = Koy : /,
> 0.25] P/
3 A=0.4 GeV L
o 0.20} |/
0 A
3 0.15 : i
3" saturation onset of
o o010t  (d-quark) hyperons .-
: I
0.05} E L o '
V. _stiffening | |
— | 1 1 1 il 1 l
00— % 3 4 5 6 7 8 9

Baryon number density ng/nsat

nBA_Onset -~ 2n0 9 5'6n0

conventional with saturation




McLerran-Pisarski’s "two-scale piCture” [MeLerran-pisarski 071

-

\

é}%@’»

non-pert. gluons

dilute int. dominate O(N2) ~ O(N,) x (He/Aqcp)?
I M—J screenlng sets in
nuclear i Quarkyonic |
N“LA | weak coupling
1
I percolation quark matter with | EE———
1 1
1 1
|

MN /NC i AQCD




Nuclear

J
e,

Quarkyonic



Stiffening in quark picture ¢r
(very schematic) msaturation™ T
9 6 E forbidden by l forbidden by
P — nB confinement saturation
anB nB baryon \;"// i —/_,z—*";
energy per particle o v >
fQ e/ng = const. fQ e/ng = const.

Noco Nqcp jump () Nacp
P=0 P=0 P = finite



