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Two-color QCD as a laboratory to explore 
cold and dense medium: 

Numerical experiments and effective models

Daiki Suenaga (KMI/Nagoya U., Japan)
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T

µ

Quark Gluon Plasma (QGP)

Color superconductor (?)

Hadrons

HOT
= deconfined quarks and gluons

DENSE

= Cooper pair of quarks

・QCD phase diagram

early universe

supernova

neutron star

chiral symmetry restoration

Introduction
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Quark Gluon Plasma (QGP)

Color superconductor (?)

Hadrons

HOT
= deconfined quarks and gluons

DENSE

= Cooper pair of quarks

・QCD phase diagram

heavy-ion collision

mesic nuclei, E16 exp., etc.

Beam energy scan (at RHIC)

？ ？？？
no controllable 
experiment 
unknown

chiral symmetry restoration

Introduction

Hadron
spectroscopy

★
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T

µ

Quark Gluon Plasma (QGP)

Color superconductor (?)

Hadrons

HOT
= deconfined quarks and gluons

DENSE

= Cooper pair of quarks

・QCD phase diagram

no lattice data
unknown

lattice QCD simulation

chiral symmetry restoration

Introduction

？ ？？？
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・Lattice study in dense QCD?
T

µ
？？

three-color QCD (our world) two-color QCD (imaginary world)

- Lattice sim. at density is not easy

sign problem

- Lattice sim. at density is possible!

sign problem disappears
thanks to            pseudoreality<latexit sha1_base64="Naip5vpU2IaSa1sv/MoVV1hTsgk="></latexit>

SU(2)c

<latexit sha1_base64="3Cxt/GbkZrw5/qBvbm0Q9Cvv8cc="></latexit>

Det(� ·D � µ�4 +m) 2 C
<latexit sha1_base64="AxloBVE/CUOKKUeQHhECoxkQZzE="></latexit>

Det(� ·D � µ�4 +m) � 0× ◎

Introduction
with

<latexit sha1_base64="tNnBPSLeafzH0g0C7I9L2rXdZn0="></latexit>

Nf = (even)

<latexit sha1_base64="lL4MXV0eY/PVImD3J0NPFKQlick="></latexit>

Nf
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T

µ
？？

three-color QCD (our world) two-color QCD (imaginary world)

- Lattice sim. at density is not easy

sign problem

- Lattice sim. at density is possible!

sign problem disappears
thanks to            pseudoreality<latexit sha1_base64="Naip5vpU2IaSa1sv/MoVV1hTsgk="></latexit>

SU(2)c

- Baryon is made of three quarks - Baryon is made of two quarks

nucleon diquark baryon

<latexit sha1_base64="3Cxt/GbkZrw5/qBvbm0Q9Cvv8cc="></latexit>

Det(� ·D � µ�4 +m) 2 C
<latexit sha1_base64="AxloBVE/CUOKKUeQHhECoxkQZzE="></latexit>

Det(� ·D � µ�4 +m) � 0

・Lattice study in dense QCD?

- Two-color QCD is a useful laboratory to explore cold-dense medium with lattice simulations

some differences

× ◎

Introduction
with

<latexit sha1_base64="tNnBPSLeafzH0g0C7I9L2rXdZn0="></latexit>

Nf = (even)

<latexit sha1_base64="lL4MXV0eY/PVImD3J0NPFKQlick="></latexit>

Nf
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・Phase diagram in two-color QCD (QC2D)

Buividovich-Smith-Smekal (2020)Boz-Cotter-Fister-Mehta-Skullerud (2013)

・・・

- Examples of simulation results of phase diagram in QC2D

- Currently at least four lattice simulation groups are active

- Ireland/UK group (Hands, Skullerud, …)
- UK group (Buividovich, ...)

- Russian group (Bornyakov, ...)
- Japanese group (Iida-san, Itou-san, …)

Introduction
quark-gluon plasma

BEC BCS

baryon superfluid phasehadronic phase

deconfined-like

confined-like

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

<latexit sha1_base64="DRyqCOvFqCK+/oDB9fqEDoYYr8Q="></latexit>

T

<latexit sha1_base64="lruYTMO8YRAQLD/lzhfzNFk4ELw="></latexit>

m⇡/2

<latexit sha1_base64="dCdD3QldT92noQeMmytlqPz/fdk="></latexit>

h  i = 0

<latexit sha1_base64="HvVXGlI3kQ8icBbQdX5vFllBB8w="></latexit>

h  i 6= 0

<latexit sha1_base64="YmsDTSH+0fKVJyeKoyWg6XiYnyg="></latexit>

nq/n
SB
q ⇡ 1

<latexit sha1_base64="IxiWN6bL5zbjd0Vh8o510JOFAsc="></latexit>

nq/n
SB
q < 1

schematically
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- Currently at least four lattice simulation groups are active
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BEC BCS
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confined-like
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T

<latexit sha1_base64="lruYTMO8YRAQLD/lzhfzNFk4ELw="></latexit>
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<latexit sha1_base64="dCdD3QldT92noQeMmytlqPz/fdk="></latexit>

h  i = 0
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<latexit sha1_base64="YmsDTSH+0fKVJyeKoyWg6XiYnyg="></latexit>
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<latexit sha1_base64="IxiWN6bL5zbjd0Vh8o510JOFAsc="></latexit>

nq/n
SB
q < 1

schematically

diquark condensed phase
(baryon superfluid phase)

<latexit sha1_base64="zRTFS11oKVqHBoN98cbZ2C3G3lY="></latexit>

h  i 6= 0
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・Lattice results
- In addition to phase diagram, hadron mass spectrum, gluon propagator, transport coefficient,
EoS, sound velocity,                     , etc. have been simulated

<latexit sha1_base64="UtUr3BPYeAu2VIHxBLT/+vrcA0U="></latexit>

h ̄ i, h  i, hLi

- (i) Regard QC2D lattice simulations as useful “numerical experiments” of cold and dense QCD,
and (ii) give interpretation from symmetry viewpoints based on effective models 

My approach

My publications on QC2D
Gluon propagator: Suenaga-Kojo(2019), Kojo-Suenaga(2021), CSE effect: Suenaga-Kojo(2021), Sound velocity: Kojo-Suenaga(2022),
Kawaguchi-Suenaga(2024), Topological susceptibility: Kawaguchi-Suenaga(2023), Hadron mass: Suenaga-Murakami-Itou-Iida (2023, 2024),
FRG analysis: Fejos-Suenaga(2025, 2025), in preparations

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>· · ·

Japanese group

Introduction

Suenaga (2025) (Review paper)
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Introduction
Lattice results on hadron masses Murakami et al (2023)

← pion

lighter than pion!

<latexit sha1_base64="b64cwZJRbMIy5hDtnWK1IZMkVwc="></latexit>

I = 0, 0� hadron

<latexit sha1_base64="1DRvP1oBFuNyftJhO5VI8RTQN/M="></latexit>

(I = 1, 0�)
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Lattice results on hadron masses

Introduction

lighter than pion!

- Pion is no longer light in superfluid phase                    !

ChPT is no longer the useful “low-energy EFT”
in superfluid phase of QC2D!

<latexit sha1_base64="EUpx0EUeA2V42mFlS43MmsmxocE="></latexit>�
for m0

⇡/2 . µ
�

I constructed another model (linear sigma model) as a reasonable EFT in (dense) QC2D

Murakami et al (2023)

← pion

<latexit sha1_base64="b64cwZJRbMIy5hDtnWK1IZMkVwc="></latexit>

I = 0, 0� hadron

- ChPT is powerful but cannot treat                 hadron<latexit sha1_base64="b64cwZJRbMIy5hDtnWK1IZMkVwc="></latexit>

I = 0, 0�

Kogut et al (2000)

<latexit sha1_base64="1DRvP1oBFuNyftJhO5VI8RTQN/M="></latexit>

(I = 1, 0�)
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Introduction

Q: What can we learn from QC2D?
- It is too naïve to bring all obtained information to Nc=3 world

→ detailed dynamics is different 

baryon

- But we can get information on

- to what extent simple hadron model description can apply
- how to incorporate quark d.o.f. into hadron model
(→ unified model)

low-density high-density

hadron
matter

quark
matter

universal regardless of Nc

- deep understanding of quark matter in high-dense regime

eg
<latexit sha1_base64="lEwW352Ht5qts+pY0gI1/I/F+RE="></latexit>

Nc = 3
<latexit sha1_base64="6w44L8ORTUjYWNqLKxbXXSO4nCk="></latexit>

Nc = 2

・
・

Lattice numerical experiment
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・Pauli-Gursey SU(4) symmetry
- Pseudo reality of SU(2)c allows us to rewrite QC2D Lagrangian with massless quarks as

<latexit sha1_base64="cVRZtEVpPwvdRMFO3/SGgVw6m9k="></latexit>

=  †i@µ�
µ � gs 

†Aa
µT

a
c �

µ 

with
<latexit sha1_base64="Ky/keRYDhWCsx2A1M3yTLWPEjys="></latexit>

 ̃L = �2⌧2c  
⇤
L

<latexit sha1_base64="8unulYZW7w6vCM4esjYFguSL3fY="></latexit>

 = ( R,  ̃L)
T = (uR, dR, ũL, d̃L)

T

<latexit sha1_base64="os6Hx+8GI7XTH7B0t2K5gPI3NX0="></latexit>

�µ = (1,�i)Four-dimensional Pauli matrix:

- is obviously invariant under
<latexit sha1_base64="EFZalOBQcPi4t5ZpR8v0iXtcgYw="></latexit>

LQC2D
<latexit sha1_base64="iYkEtGLO94+vJ0VL5uCK4EApM/Q="></latexit>

 ! g 

<latexit sha1_base64="mHfHDntLCxR4wfljCDh5fQZ3oOk="></latexit>

LQC2D =  ̄i@ � gs ̄A
aT a

c  

In two-flavor:

Pauli (1957), Gursey (1958)

<latexit sha1_base64="ttkkqYcrbsrg+ZifUxLE6ohZMtQ="></latexit>

[g 2 SU(4)]

<latexit sha1_base64="xc/niFPCcH8Kr7peE7BvsoENUE4="></latexit>

�2�a�2 = �(�a)⇤pseudoreality:

<latexit sha1_base64="Vz16pyADF7QmQUYNhikCCgC4zFQ="></latexit>

q̄
<latexit sha1_base64="yzWJZNuoKQ7063YwydY14WE00Qo="></latexit>q

<latexit sha1_base64="mLF4AmF5k73Ye85VhSY9spgjN+8="></latexit>' gluons are blind

Model

<latexit sha1_base64="qJpM13c6Gcd05BbXRunbaVA0U3Q="></latexit>

SU(2)L ⇥ SU(2)R chiral symmetry

enlarged

Pauli-Gursey symmetry
<latexit sha1_base64="CFauiCARyreZzwEA/N8kohKKf7w="></latexit>

SU(4)

<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2
<latexit sha1_base64="gcnnSietYBv8xxZq0NcBLMfnVT8="></latexit>

2⇤

[breaking:                          ]
<latexit sha1_base64="gbFbaRJDQ69eVzMkrjN48ST2W04="></latexit>

SU(4) ! Sp(4)
<latexit sha1_base64="vwU1IprY8dQMWjuvARjZC2Gromk="></latexit>

⇡0
<latexit sha1_base64="m34JZBVCoHetW2W/g/Y8y7Snumg="></latexit>

⇡+ <latexit sha1_base64="KIf4YMux1wp8jNQZS1uPaIgqbns="></latexit>

⇡� <latexit sha1_base64="2lc23l7VaKYTF46+oXaeiayehOs="></latexit>

B
<latexit sha1_base64="KirRPWERT+g4yKqIQf0ai3wQKnI="></latexit>

B̄

5 NG bosons

[breaking:                                            ]
<latexit sha1_base64="TzRqjzEpt9jVL0KycCYztidHALw="></latexit>

SU(2)L ⇥ SU(2)R ! SU(2)L+R
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・Linear sigma model (LSM)
- LSM is based on linear rep. of a quark bilinear:

- The main building block is

<latexit sha1_base64="BdK0GtKGsX7kally/iUjy7DT4og="></latexit>

� ⇠

0

BBBBB@

0 �B0�iB
2
p
2

��i⌘+a0
0�i⇡0

4
a+
0 �i⇡+

2
p
2

B0�iB
2
p
2

0 a�
0 �i⇡�

2
p
2

��i⌘�a0
0+i⇡0

4

���i⌘+a0
0�i⇡0

4 �a�
0 �i⇡�

2
p
2

0 � B̄0�iB̄
2
p
2

�a+
0 �i⇡+

2
p
2

���i⌘�a0
0+i⇡0

4
B̄0�iB̄
2
p
2

0

1

CCCCCA

<latexit sha1_base64="CRu5gkbtgp0PdVoyLTZxQ+DG0KA="></latexit>

⌃ =
1

2<latexit sha1_base64="/9EtqnE0NoYXB+nAHn2Oyh0pr3A="></latexit>

⌃ = � + i⇡a⌧acf,                          for
<latexit sha1_base64="lEwW352Ht5qts+pY0gI1/I/F+RE="></latexit>

Nc = 3

Model

<latexit sha1_base64="Exl+3yPgLxT55TsU73s2GnvYIQo="></latexit>

⇠  j�
2⌧2c i

<latexit sha1_base64="dw9rYrvKe2iD67Nd040OUMZ/MyM="></latexit>

ij

<latexit sha1_base64="dw9rYrvKe2iD67Nd040OUMZ/MyM="></latexit>

ij

<latexit sha1_base64="Ykg027egGThtkuMO77zabiT1NKA="></latexit>

B ⇠ � ip
2
 TC�5⌧

2
c ⌧

2
f 

<latexit sha1_base64="Jdl2gPSDLoKM07eB/lPvMoibtQY="></latexit>

B0 ⇠ � 1p
2
 TC⌧2c ⌧

2
f 

<latexit sha1_base64="bVHQ9QteBs26XXzEwb0ouoO0ANg="></latexit>

⇡a ⇠  ̄i�5⌧
a
f  

<latexit sha1_base64="NhSodwVziQxO3AK4zB4qwumbuYU="></latexit>

� ⇠  ̄ 
<latexit sha1_base64="QfeQQUTTBIpY7HXa0Dn7cpcFjig="></latexit>

aa0 ⇠  ̄⌧af  
<latexit sha1_base64="o61D9PPSuomYm7ceHz0KtCX8jxA="></latexit>

⌘ ⇠  ̄i�5 

- Hadron assignments are <latexit sha1_base64="74Hm2/udGg9+yOabNFoyjVJNwBw="></latexit>

Hadron JP
Quark number Isospin

� 0
+

0 0

a0 0
+

0 1

⌘ 0
�

0 0

⇡ 0
�

0 1

B (B̄) 0
+

+2(�2) 0

B0
(B̄0

) 0
�

+2(�2) 0

mesons

baryons

<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2

<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2
<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2

<latexit sha1_base64="X6Xq+bYjbBQL5SnQMH+t8hDcG3E="></latexit>

 j�
2⌧2c i

<latexit sha1_base64="8unulYZW7w6vCM4esjYFguSL3fY="></latexit>

 = ( R,  ̃L)
T = (uR, dR, ũL, d̃L)

T

→ would be reasonable in medium where
<latexit sha1_base64="gbFbaRJDQ69eVzMkrjN48ST2W04="></latexit>

SU(4) ! Sp(4)broken strength of                         is changed
quark d.o.f. will get seen

<latexit sha1_base64="ScqnVcr9M9xdSEzLkyV+ElVrNK0="></latexit>

2̄
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・Lagrangian of linear sigma model (LSM)

- Advantage of LSM
→ we can see mass relation between parity partners

<latexit sha1_base64="5YQlAuIV5LRraGJhfx9+SpRElfA="></latexit>

B(B̄) $ B0(B̄0)
<latexit sha1_base64="4+t0eERMLJefUh+PEpzRGDJV2pc="></latexit>

⌘,⇡ $ �, a0

parity partner

Model

<latexit sha1_base64="BdK0GtKGsX7kally/iUjy7DT4og="></latexit>
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BBBBB@
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4
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0 �i⇡�

2
p
2

0 � B̄0�iB̄
2
p
2

�a+
0 �i⇡+

2
p
2

���i⌘�a0
0+i⇡0

4
B̄0�iB̄
2
p
2

0

1

CCCCCA

<latexit sha1_base64="CRu5gkbtgp0PdVoyLTZxQ+DG0KA="></latexit>

⌃ =
1

2

<latexit sha1_base64="BODNvlirYtqo/bUJQdFUNCrktoc="></latexit>

⌃ ! g⌃gT
<latexit sha1_base64="ttkkqYcrbsrg+ZifUxLE6ohZMtQ="></latexit>

[g 2 SU(4)]

<latexit sha1_base64="74Hm2/udGg9+yOabNFoyjVJNwBw="></latexit>

Hadron JP
Quark number Isospin

� 0
+

0 0

a0 0
+

0 1

⌘ 0
�

0 0

⇡ 0
�

0 1

B (B̄) 0
+

+2(�2) 0

B0
(B̄0

) 0
�

+2(�2) 0

where

- (approximately)            -invariant LSM Lagrangian is given by
<latexit sha1_base64="CFauiCARyreZzwEA/N8kohKKf7w="></latexit>

SU(4)
<latexit sha1_base64="MJl2Q8FLB6Q3hHSMfUoNDEXoAM4="></latexit>

L = tr[Dµ⌃
†
D

µ⌃]� µ̄
2tr[⌃†⌃]� �1

�
tr[⌃†⌃]

�2 � �2tr[(⌃
†⌃)2] + tr[H†⌃+ ⌃†

H] + c(det⌃+ det⌃†)
<latexit sha1_base64="ls9XmLDjOODkjI+EIok7YK8R6FE="></latexit>

J =

✓
1 0
0 �1

◆
<latexit sha1_base64="5D/Lysxv1xW6CmYAcai4e608H80="></latexit>

Dµ⌃ = @µ⌃� iµq�µ0{J,⌃} with

<latexit sha1_base64="pxu8g6DeXS8ivO9bOb+TRrsCRUk="></latexit>

E =

✓
0 1
�1 0

◆
<latexit sha1_base64="BOmwf4MpjEWeJz92/b9vrZoJyvw="></latexit>

H = hqE with anomaly 

<latexit sha1_base64="2ATJNyQ5VnPV1xIa41QYcyKflHI="></latexit>

m2
0

<latexit sha1_base64="esG7qj9rWNO1qYyfVVvhOb7L4y8="></latexit>

U(1)A

current-quark mass effectchemical potential effect

mesons

baryons

<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2

<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2
<latexit sha1_base64="Pelh8RpmHv0yosk3GSM4a8DkOYU="></latexit>

2

<latexit sha1_base64="ScqnVcr9M9xdSEzLkyV+ElVrNK0="></latexit>

2̄

- Advantage of LSM we can see relations between parity partners <latexit sha1_base64="5YQlAuIV5LRraGJhfx9+SpRElfA="></latexit>

B(B̄) $ B0(B̄0)

<latexit sha1_base64="4+t0eERMLJefUh+PEpzRGDJV2pc="></latexit>

⌘,⇡ $ �, a0

parity partnertreatment of                hadrons (mandatory from lattice result!)<latexit sha1_base64="zVqB/cY1XTb2Kk4ikurjNrBIdig="></latexit>

I = 0, 0�
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・Mean field

: chiral condensate

: diquark condensate

diquark condensate
by lattice<latexit sha1_base64="VOrm0+UbPhQpkBOzgMH+kBOwSow="></latexit>

�0 ⇠ h ̄ i
<latexit sha1_base64="aqKxsjob2ge/eioO/4OxhcumYLA="></latexit>

� ⇠ � i

2
h TC�5⌧

2
c ⌧

2
f i+ h.c.

<latexit sha1_base64="wxN9X+QoGC33zLl8jF0TbgblWTM="></latexit>

mvac
⇡ = 738MeV

<latexit sha1_base64="yR0aZCvkCch9jFSLLKWIWm301U0="></latexit>

�1 = c = 0

<latexit sha1_base64="apPzZOw2gu1qRFPaTMSQp7LeiH8="></latexit>

mvac
a0

/mvac
⇡ = 2.18

Input here

(large Nc)

lattice
Murakami et al

<latexit sha1_base64="7rmReOfFGgZmamfQTZezGsUKcAE="></latexit>

�vac
0 = 250MeV

<latexit sha1_base64="hAg7bxyngwAnzDe6+BtwmuQTs6s="></latexit>

�0 ⌘ h�i
<latexit sha1_base64="Ryl464GFXK/VfXoFOHl1nm6Bwig="></latexit>

� ⌘
⌧
B + B̄p

2

�
- The mean fields are                and

2nd order phase transition at
<latexit sha1_base64="WWFw+LpEJ1SFY6fqoGo7cgOs4fw="></latexit>

µq = mvac
⇡ /2

Iida et al (2024)

(put by hand)

Mean fields

<latexit sha1_base64="lZuj8bOfxKbgbem/lmnoJvaZ5nQ="></latexit>

�0 and � vs µq
<latexit sha1_base64="uDwwG5Q/AqP1LsHt82YdxgjtQ1w="></latexit>

density ⇢ vs µq

baryon superfluidity

<latexit sha1_base64="J4HBYfOIFGgZLX9r+FTlTIGq6bE="></latexit>

BCS : hnqi/ntree
q ⇡ 1

<latexit sha1_base64="fh5z0LxXhR6M4SxBWTzo89gnNls="></latexit>

BEC : hnqi/ntree
q . 1



17/37

・Results on hadron mass at finite     (T=0)

② nonlinear suppression of “    “ mass due to the mixing 
<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘

① zero mode (NG mode of          baryon-number breaking)

① zero mode ② suppressed

- Baryon number violation in superfluid phase

<latexit sha1_base64="JGHgmacT5T2uTNay8MUsGWF/X7Q="></latexit>

⌘ $ B0 $ B̄0

<latexit sha1_base64="+aJa/km1sWnMdhswxR9Moivjc5E="></latexit>

� $ B $ B̄ mixing (0+ sector) 

mixing (0- sector) 

(normalized by         )
<latexit sha1_base64="c9wWiSEeuvq1nR8id//5sjHbhdY="></latexit>

mvac
⇡

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

<latexit sha1_base64="wxN9X+QoGC33zLl8jF0TbgblWTM="></latexit>

mvac
⇡ = 738MeV

<latexit sha1_base64="yR0aZCvkCch9jFSLLKWIWm301U0="></latexit>

�1 = c = 0

<latexit sha1_base64="apPzZOw2gu1qRFPaTMSQp7LeiH8="></latexit>

mvac
a0

/mvac
⇡ = 2.18

Input here

(large Nc)

lattice
Murakami et al

<latexit sha1_base64="7rmReOfFGgZmamfQTZezGsUKcAE="></latexit>

�vac
0 = 250MeV (put by hand)

<latexit sha1_base64="PgyifZZo/F1LDnpXXbeEpjI2T+g="></latexit>

U(1)

Hadron masses

baryon superfluidity baryon superfluidity
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・Comparison with lattice

① zero mode ② suppressed

M
y 

LS
M

① (approx.) zero mode 

effect of diquark source ② suppressed
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tt
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e

(M
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ak
am

i e
t a

l)

→

degeneracy by mixingfast transition due to 
diquark source

→

degeneracy by mixing

Hadron masses
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・Comparison with lattice

① zero mode ② suppressed

M
y 

LS
M

① (approx.) zero mode 

effect of diquark source ② suppressed

La
tt

ic
e

(M
ur

ak
am

i e
t a

l)

→

degeneracy by mixingfast transition due to 
diquark source

→

degeneracy by mixing

NOTE
ChPT cannot treat 

linear rep. is essential!

<latexit sha1_base64="0CAY70yN9omUpQ4xz8UrZRRLcsI="></latexit>

⌘, B0, B̄0

Kogut et al (2000)

The lowest excitations are qualitatively described by my LSM well!

Hadron masses
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← μq*

c = 0

c = 5

c = 10

c = 15
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vac

M
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・Anomaly enhancement in superfluid phase?
- In hadronic phase                   , the           anomaly effect seems to be small

<latexit sha1_base64="53SThk5EOH+igF5pywot083+K7w="></latexit>

U(1)A
<latexit sha1_base64="DX74jQwV/wP4K/7kz6NurEiEhhc="></latexit>

(µ < mvac
⇡ /2)

- In superfluid phase                   , the           anomaly effect could be enhanced?<latexit sha1_base64="GwsknZUcPSbBk43QWJOPviJ47Q8="></latexit>

(mvac
⇡ /2  µ)

<latexit sha1_base64="J/Ua0hk1wTjG1UUUXg57Br7gzQc="></latexit>

U(1)A

mild suppression

Lattice My LSM

large anomaly yields
milder suppression

- Need to see     dep. of anomaly coefficients to confirm anomaly enhancement
eg, FRG analysis

<latexit sha1_base64="8nzfJq1SfIB3CoJ3zRU75pRLWuA="></latexit>µ

Discussion

Work in progress with G. Fejos

: anomaly coefficient<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c
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Topological susceptibility

<latexit sha1_base64="6BtUthZFrrl6wdz3962ua3OgTfA="></latexit>

/ µ�2
q

- Suppression of topological susceptibility for large
<latexit sha1_base64="dvFdg7E8NVi8nEMIFsu7c/4WmlA="></latexit>

! (fvac
⇡ )2(mvac

⇡ )4

12
µ�2
q

essentially from the chiral restoration
<latexit sha1_base64="0CU1tBDSyREyC+Ahwop6JzHh2kY="></latexit>

�0 / µ�2
q

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

suppressed Asymptotic:
<latexit sha1_base64="scWSDwGRRWznZQCNx1ypPuYajzM="></latexit>�top Kawaguchi-Suenaga (2023)

~ constant suppressed

<latexit sha1_base64="nK8625uwVt/eH7id7QuCZ9l1amA="></latexit>

µcr

comparison with lattice

- Inconsistent lattice results
No conclusive statement yet

Japanese group
[Iida et al (2024)] Russian group

[Astrakhantsev et al (2020)]

- Needs more refined simulations

・ in superfluid phase

Our LSM

<latexit sha1_base64="N72ghrjFHU+4zDfVz4pjT7zPYr4="></latexit>

�top

<latexit sha1_base64="RZqVe+LHOS6b+jCjum82xjHXJu0="></latexit>�top
<latexit sha1_base64="0Yg9K9G0LqtilbvTOSFKT6suRl0="></latexit>

�top ⌘ �i

Z
d4xh0|TQ(x)Q(0)|0i = 1

2
(mvac

⇡ )4(fvac
⇡ )2

⇣
D⇡(0)�D⌘(0)

⌘

<latexit sha1_base64="10iKaj6myh1wTyCP6QW3Jj8Lths="></latexit>

Q = (g2s/64⇡
2)✏µ⌫⇢�Ga

µ⌫G
a
⇢�chiral Ward-Takahashi identity with <latexit sha1_base64="zJNV4p3ohbesIxPKRmPpwgatGMo="></latexit>

D�(p) = F.T. h0|T�(x)�(0)|0i
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≈

・Sound velocity at mean-field level within the LSM
<latexit sha1_base64="7u5FslGADRfBevyeh6qr/Y/WhNo="></latexit>

p = f2
⇡m

2
⇡

✓
µ̄2 +

1

µ̄2

◆ <latexit sha1_base64="92hNz2xYjQ7RZJnO2aaxb5cYzbk="></latexit>

+f2
⇡m

2
⇡


4

�m̄2
��⇡

(µ̄2 � 1)2
�

<latexit sha1_base64="s73Im2Hwsi02JQ58q7B1wXlQ4Y4="></latexit>

✏ = f2
⇡m

2
⇡


(µ̄2 + 3)(µ̄2 � 1)

µ̄2

� <latexit sha1_base64="ea1EXdqNX/aRwUcTzoRtGJNTzQk="></latexit>

+f2
⇡m

2
⇡


4

�m̄2
��⇡

(3µ̄2 + 1)(µ̄2 � 1)

�

<latexit sha1_base64="1JgdDyZ997t3umDAQU30iylbK6g="></latexit>

c2s =
(1� 1/µ̄4) + 8(µ̄2 � 1)/�m̄2

��⇡

(1 + 3/µ̄4) + 8(3µ̄2 � 1)/�m̄2
��⇡

<latexit sha1_base64="EiVq8JqsPgfAvFX+CqCia7mcCbQ="></latexit>

8(µ̄2 � 1)/�m̄2
��⇡

<latexit sha1_base64="c8LkxH7eOuA5XuJ49fXnX2vLek4="></latexit>

8(3µ̄2 � 1)/�m̄2
��⇡

Universal structure:

pressure:

<latexit sha1_base64="eVEsCImLiupFBBFHdz0PHPgrN8I="></latexit>

(ChPT result) + (1/�m̄2
��⇡ contribution)

energy:

sound
velocity:

<latexit sha1_base64="s96xrrjmrA3zYRzvZPb40QGHOjM="></latexit>

�m̄2
��⇡ = (m2

� �m2
⇡)/µ

2
cr

<latexit sha1_base64="KhgN4vOTrsW8DFYQLI0MalsDbTg="></latexit>

µ̄ = µ/µcr = 2µ/m⇡

- Integrating out the parity partners                    yields the ChPT results

<latexit sha1_base64="t38Hq69SzDXThemHeGqjK4Z2QbI="></latexit>

(LSM result) =

<latexit sha1_base64="KLnf//x8Py3iS+2ILw25eC7+94o="></latexit>

(m� ! 1)
<latexit sha1_base64="QfuHZZfg+HYyUEaERbKlT9QPWMU="></latexit>�
1/�m̄2

��⇡ ! 0
�

ChPT result

ChPT result <latexit sha1_base64="AWQw3Nm61nR0MzE3Yw35NurBoFI="></latexit>

�, a0, B
0, B̄0

+
<latexit sha1_base64="Pz+RjKQLZOJ1tyW/g37FUoqsOF0="></latexit>

⇡, (⌘), B, B̄

ChPT parity partner

Sound velocity 
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・Sound velocity peak

<latexit sha1_base64="mKoPG8yT0BDwou1MNbEpuMpRx1w="></latexit>

m� < 1

- Any connection with crossover to quark matter ?

Lattice: Iida et al (2024)

- The peak structure is driven by contributions from parity partners

ChPT result
<latexit sha1_base64="ntQvzI6nhufilmBwp5c4BIEOZt4="></latexit>

(c2s ! 1)

peak when

: no peak

<latexit sha1_base64="2xVmLpYUQo0JQGzM7r0BMsL6auI="></latexit>

(c2s ! 1/3)

<latexit sha1_base64="26gqUl/vaa624fbI60m1jKU9abA="></latexit>

⇡, ⌘,B, B̄
<latexit sha1_base64="AWQw3Nm61nR0MzE3Yw35NurBoFI="></latexit>

�, a0, B
0, B̄0

+
(NG bosons + η) (Chiral partners)

LSM framework
- Fluctuation and spin-1 hadron effect are needed for more quantitative comparison

Sound velocity 
Kawaguchi-Suenaga (2024)

<latexit sha1_base64="KhgN4vOTrsW8DFYQLI0MalsDbTg="></latexit>

µ̄ = µ/µcr = 2µ/m⇡

peak

cf, talk by Kojo



24/37

・FRG analysis in QC2D

- FRG in superfluid phase is not easy due to violation due to finite
<latexit sha1_base64="1k0SSuQO8VOqKwEav63HyLgToGM="></latexit>

C
<latexit sha1_base64="8nzfJq1SfIB3CoJ3zRU75pRLWuA="></latexit>µ

<latexit sha1_base64="qD9FOeGNO+DzBpK4R49Sg2r9Hi4="></latexit>

U(1)B violation due to diquark condensate
<latexit sha1_base64="URfla3y81zdIQY8K5ZQ2t9CyRTQ="></latexit>

h  i

quark-gluon plasma

BEC BCS

baryon superfluid phasehadronic phase

deconfined-like

confined-like

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

<latexit sha1_base64="DRyqCOvFqCK+/oDB9fqEDoYYr8Q="></latexit>

T

<latexit sha1_base64="lruYTMO8YRAQLD/lzhfzNFk4ELw="></latexit>

m⇡/2

<latexit sha1_base64="dCdD3QldT92noQeMmytlqPz/fdk="></latexit>

h  i = 0

<latexit sha1_base64="HvVXGlI3kQ8icBbQdX5vFllBB8w="></latexit>

h  i 6= 0

<latexit sha1_base64="YmsDTSH+0fKVJyeKoyWg6XiYnyg="></latexit>

nq/n
SB
q ⇡ 1

<latexit sha1_base64="IxiWN6bL5zbjd0Vh8o510JOFAsc="></latexit>

nq/n
SB
q < 1

② We will explore all regime including superfluid phase
(on-going work)

Fejos-Suenaga (2025, 2025) 

① First we studied
in hot medium

(this talk)

FRG for anomaly effect

- Functional renormalization group (FRG) method to confirm anomaly enhancement in superfluid phase
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・FRG analysis in hot QC2D
- The flow equation is                                          with

<latexit sha1_base64="5ICB6bg3Rf103tLUcU/An6J0qNo="></latexit>

�k =

Z ⇣
Tr[@µ⌃

†@µ⌃] + hS0 � Vk[⌃]
⌘

<latexit sha1_base64="lQRz9pokFCVY+6MK3m1hEq1d7Rs="></latexit>�-dependent effective action:
<latexit sha1_base64="MHhbKerGY5i49WtlrthEp+mQnz8="></latexit>

k
<latexit sha1_base64="b8GfiUh/aXDTpi+7sr+jTIezZp8="></latexit>x

<latexit sha1_base64="Xxr7vOmc1pxRAakU3nDFZ9wHURs="></latexit>

�k=⇤ = Scl

<latexit sha1_base64="8+njtUmVEFevUPl0eVFHF+N3mvA="></latexit>

�k=0 = �quantum

Goal

flow

(12 = # of hadrons)

3D Litim regulator

→ Regulator       allows us to include fluctuations of

<latexit sha1_base64="DFRbFNzzijhrqaQ1Re44gEx940M="></latexit>

Rk(p) = (k2 � p2)✓(k2 � p2)

<latexit sha1_base64="ywdxx4z6DQXa5emhENjUcxdnyoU="></latexit>

Rk ! 1 (k ! ⇤)
<latexit sha1_base64="7XgxEpA12A4vvqEA11/fo/0RbNA="></latexit>

Rk ! 0 (k ! 0)

<latexit sha1_base64="VUdC55z0Vd3lwfCqWHy2IVlnLN4="></latexit>

Rk
<latexit sha1_base64="6ej+tFf0WtXLoCOAeMKEopQC5SU="></latexit>

p & k

-

<latexit sha1_base64="5Tgz6dSQKbvOJl4ghLFLunn3yYM="></latexit>

�00
k = !2

n + p2 + V 00
k

<latexit sha1_base64="U5DaURXcHyE72om54GqIiXFNuGw="></latexit>

I1 = Tr[⌃†⌃]

<latexit sha1_base64="nl6lWi1R72l/ZkEzqujrhWTUSTs="></latexit>

I2 = Tr[(⌃†⌃� 1

4
Tr[⌃†⌃]1)2]

<latexit sha1_base64="GrnNgMF8pz7YJjhL+jO7ii2LgP4="></latexit>

IA =
1

2
Tr[⌃̃⌃+ ⌃̃†⌃†]

with assumption: 

<latexit sha1_base64="px84hdl6yrr4m8RVLM8QuZMS/5c="></latexit>✓
⌃̃ij =

1

2
✏ijkl⌃kl

◆

anomaly

<latexit sha1_base64="4UoSAXYiDi74TCoUwmN46QbgkO0="></latexit>

Vk[⌃] = m2
kI1 + �1,kI

2
1 + �2,kI2 + akIA + c1,kI

2
A + c2,kI1IA

with

the same structure
as classical one

invariants:

ansatz

<latexit sha1_base64="U87VdDWT6D/QYCsTD4WXzPj2/UQ="></latexit>⇠ <latexit sha1_base64="U87VdDWT6D/QYCsTD4WXzPj2/UQ="></latexit>⇠

<latexit sha1_base64="1V4ozjYQD6Xve5eYXxWrfd/3mwM="></latexit>

@k�k =
1

2
@̃kTrLog [�

00
k +Rk],

<latexit sha1_base64="S2HD03l0pKauCcSfoX5Wii/cK4Q="></latexit>

@̃k ⌘ @kRk
@

@Rk

FRG for anomaly effect

<latexit sha1_base64="hm8BhZwXZtfVJhIAM2W1uiFOXYY="></latexit>

V 00
k =

 
@2Vk
@�@� · · ·
...

. . .

!

12⇥12

<latexit sha1_base64="IQiC/ZZroixNLtJ7EXrl0TGHqMI="></latexit>

IA : anomalous
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・Numerical results
initial conditions

<latexit sha1_base64="hOiPk0eeh0JEHGGrK7Po8+WznBY="></latexit>

�̃2,⇤ = 4�̃1,⇤
<latexit sha1_base64="RK1jp9KCjdWxpusUvK8rCvOndBo="></latexit>

c1,⇤ = c2,⇤ = 0

(large Nc)

physical inputs

- is treated as a free parameter
(anomaly effect is our main interest)

- to yield chiral restoration in hot medium<latexit sha1_base64="WWV1oN8DEqjtsESwVxpBUyRW9y8="></latexit>

�2,⇤ . 5
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<latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV
<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV

chiral restoration at finite T

<latexit sha1_base64="GxShnia8iEaJXPV0iZxoxkN7u1s="></latexit>

M̊⌘

<latexit sha1_base64="lflUuOsEWQy7T/gDbWRCF/ZJ6xQ="></latexit>

M̊⇡ = 0.14GeV
<latexit sha1_base64="T8l1aTMU154/ixNATZTx7f71+Do="></latexit>

f̊⇡ = 0.093GeV

means vacuum value of 
<latexit sha1_base64="7+Z+Wt5jmCRdTxrRm2NA/cPl5Uo="></latexit>

X̊
<latexit sha1_base64="PSEMlH+ir5AxLyM+6Z5H4CUiBno="></latexit>

X

<latexit sha1_base64="7VphsEtya+bdNKgvY0NmAwo3CuQ="></latexit>

Tpc ⇠ 0.2GeV

FRG for anomaly effect
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・Hadron masses at finite T
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<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘
<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="lQRz9pokFCVY+6MK3m1hEq1d7Rs="></latexit>�
<latexit sha1_base64="v2bGLjTc5jGpBFsrx5paoBeimtc="></latexit>a0 <latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV

<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV
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<latexit sha1_base64="JKZtxKVE0asz6S6itnbmgb0ntVI="></latexit>

�M(�,⇡)
<latexit sha1_base64="5SKai4gpKD/cCOOmUu7RRRJzkB8="></latexit>

�M(a0,⌘)

<latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV
<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV

・Mass differences of parity partners at finite T

- Quartic couplings are 
suppressed at any k

<latexit sha1_base64="OIUG3ILfpQmESsLGlX0uniKk8P4="></latexit>

M2
� ,M

2
⇡ ⇠ m2 + a

<latexit sha1_base64="Y9llqEUdvjghs8CB4ea2EDyeqdU="></latexit>

M2
a0
,M2

⌘ ⇠ m2 � a

- Mass degeneracies
are predicted

<latexit sha1_base64="bdr5EgWcAuY6q40mkUJPPiAsHsg="></latexit>

(a < 0)

FRG for anomaly effect
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・Anomaly coefficients at finite T 
<latexit sha1_base64="i7ILBOGL+siaKWtgxzDXzd2YCBU="></latexit>

X̃ ⌘ X

XT=0
- at any k and T

<latexit sha1_base64="2OQepCU0TY52kbniReXZsw6vkmM="></latexit>

a < 0, c1 < 0, c2 > 0

- All the anomaly coefficients are enhanced at finite T

<latexit sha1_base64="7VphsEtya+bdNKgvY0NmAwo3CuQ="></latexit>

Tpc ⇠ 0.2GeVNOTE:
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<latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV
<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV

consistent with                               work by FRG<latexit sha1_base64="PxQg0eul+A6ecj3GlOarFJ++zOI="></latexit>

Nf = 2 + 1, Nc = 3 Fejos-Hosaka (2016)

FRG for anomaly effect

increase
increase increase
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・Topological susceptibility at finite T

<latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV
<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV

<latexit sha1_base64="PI+9bJ8QFPagFQ/gDY7Lv7LuNbw="></latexit>

�̃top

<latexit sha1_base64="RAvGt6rjMVRgRT0I8d0O5XpeMTI="></latexit>

M̊⌘ = 0.95GeV
<latexit sha1_base64="Op9SrVM87NOa5lBg3Ha0AQ/RaRw="></latexit>

M̊⌘ = 0.5GeV
<latexit sha1_base64="xZ08TtSRYz/sSnxg/Q+cEcrAlU0="></latexit>

M̊⌘ = 0.3GeV

<latexit sha1_base64="TIvDsD9NYS2bpluTO8PKo3kk30U="></latexit>�top

0.0 0.1 0.2 0.3 0.4
0.00

0.05

0.10

0.15

0.20

0.25

T [GeV]

χ t
op
,χ

to
p

<latexit sha1_base64="10iKaj6myh1wTyCP6QW3Jj8Lths="></latexit>

Q = (g2s/64⇡
2)✏µ⌫⇢�Ga

µ⌫G
a
⇢�withDefinition:

<latexit sha1_base64="ROwgkkIopGmJIHRSUnoB+HHnbtE="></latexit>

�̄top ⌘ �i

Z
d4xh0|TQ(x)Q(0)|0i = M̊4

⇡ �̊
2
0

4

✓
1

M2
⇡

� 1

M2
⌘

◆

chiral Ward-Takahashi identity

<latexit sha1_base64="iLrbZo69A4J4uuW3ogP4FO+sr/k="></latexit>

�̃top ⌘ M̊2
⇡

4

 
1

M2
⇡

� 1

M2
⇡ + (M̊2

⌘ � M̊2
⇡)

!
(← full result)

(← reference)

<latexit sha1_base64="5ijVgn+lCW0oG8KSRmkcGChKvHs="></latexit>

�top ⌘ �̄top

M̊2
⇡ �̊

2
0

=
M̊2

⇡

4

✓
1

M2
⇡

� 1

M2
⇡ + (M2

⌘ �M2
⇡)

◆

- is suppressed at higher temperature followed by chiral restoration:
<latexit sha1_base64="l2g6sKk1OlnLyCwWPKNBHZhjsws="></latexit>

�top ⇠ M̊2
⇡

4

1

M2
⇡

/ �0
<latexit sha1_base64="rqx8+TH2xN6qbtzzFuA2YNjsuZ4="></latexit>�top

- No sizable difference between        and<latexit sha1_base64="rqx8+TH2xN6qbtzzFuA2YNjsuZ4="></latexit>�top
<latexit sha1_base64="pJZyiuWOgpS8KyEkbz1uTWFeQJs="></latexit>

�̃top

→ topological susceptibility is not suitable probe to see corrections of anomaly effects

FRG for anomaly effect

anomaly effect is constant  = no anomaly change at finite T
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・LSM for                 in QC2D (no sign problem)

2+2 flavor LSM
<latexit sha1_base64="oPtDAz8aZTIGk5zGLjK/9ZTZlQA="></latexit>

Nf = 2 + 2

- Useful to see roles of heavy flavors in dense medium

<latexit sha1_base64="EEJ0jYOD+f78xpVhaqpmz+19veU="></latexit>

⌃ = (Sa � iPa)XaE

<latexit sha1_base64="KlWeb6iql8hU3yf8vD6DhF2eak4="></latexit>

⌃ ⇠  T
j �

2⌧2c i

<latexit sha1_base64="oS/EiH0NcSI89v9S82u0cPzp5EY="></latexit>

 = (q1R, q2R, Q1R, Q2R, q̃1L, q̃2L, Q̃1L, Q̃2L)
T

<latexit sha1_base64="Ky/keRYDhWCsx2A1M3yTLWPEjys="></latexit>

 ̃L = �2⌧2c  
⇤
Lwith

<latexit sha1_base64="RvOPiHNX7/MFTNNfaJBMvpLBJeg="></latexit>

Xa : generators of SU(8)/Sp(8)
<latexit sha1_base64="yg66JN5kElgTzFqJXtDyA739xzs="></latexit>

E : 8⇥ 8 symplectic matrix simple extension of             oneBuilding block:

<latexit sha1_base64="bvMTxU8Jqh/Qo0P97s2HzocZwz8="></latexit>

8⇥ 8

<latexit sha1_base64="wAp8lDtnfZiSWy0RQCqmZ8njL0Y="></latexit>

Nf = 2

- Quark bilinear                    is now           matrix

Sakai-Suenaga, submitted to PRD
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・Lagrangian and mean fields

2+2 flavor LSM

- (approximately)            -invariant LSM

<latexit sha1_base64="5D/Lysxv1xW6CmYAcai4e608H80="></latexit>

Dµ⌃ = @µ⌃� iµq�µ0{J,⌃} with

anomaly 
<latexit sha1_base64="esG7qj9rWNO1qYyfVVvhOb7L4y8="></latexit>

U(1)A

current-quark mass effectchemical potential effect

<latexit sha1_base64="NIjk6WIz63ckKjTmpwOr/jYTiH8="></latexit>

SU(8)
<latexit sha1_base64="3N/QT2Z5nedNTFnE+8j42VB8ZX8="></latexit>

L = tr[Dµ⌃
†Dµ⌃]�m2

0tr[⌃
†⌃]� �1

�
tr[⌃†⌃]

�2 � �2tr[(⌃
†⌃)2] + c̄tr[⇣†⌃+ ⌃†⇣]

<latexit sha1_base64="DZLU/Ca95hWOBjCaMSP1vHtKh8g="></latexit>

+c ✏ijklmnop(⌃ij⌃kl⌃mn⌃op + h.c.)

<latexit sha1_base64="WgOnBk67pSNfSgAZhNqWyTlVfzo="></latexit>

⇣ =
1

2
(mqEq +mQEQ)

<latexit sha1_base64="3TxhVTBTiTLYc3myyojcmQon9gY="></latexit>

Eq =

0

BB@

0 1 0 0
�1 0 0 0
0 0 0 0
0 0 0 0

1

CCA

8⇥8

<latexit sha1_base64="MRyC0WeszZfGWSLbfV3oF6eI51A="></latexit>

EQ =

0

BB@

0 0 0 0
0 0 0 0
0 0 0 1
0 0 �1 0

1

CCA

8⇥8

with
<latexit sha1_base64="NZ55Mu5yC/Qp39i2f/UXS1JL7ac="></latexit>

(µq = µQ)

- dependences of the mean fields for several     with            + input<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq
<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="zD/wPK63LPbqvGPVAoAfrIvLKWw="></latexit>

mvac
⇡qq

= 138MeV
<latexit sha1_base64="9QiKE6e7bQKWg7IVsHdbEsAwnQc="></latexit>

mvac
K = 494MeV

<latexit sha1_base64="6XWfuNHeGCgBbkQhq0g7yKU0zT8="></latexit>

fvac
⇡ = 92MeV

<latexit sha1_base64="3Gon01CNPiYqsy6bcB+tLPJuxZk="></latexit>

fvac
K = 110MeV

<latexit sha1_base64="PUT58WtoR+3AeJqV3njYCvqsRis="></latexit>

�1 = 6

<latexit sha1_base64="f4RqXcHF39G+5yDaxdpwwwYTSHY="></latexit>

J =

0

BB@

1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1

CCA

8⇥8

<latexit sha1_base64="kYjcZnSb/DIol13KzMahL2qsuc8="></latexit>

�q ⇠ hq̄qi
<latexit sha1_base64="8hMRBxiI0+L2SV5J3gWAtAGP/RU="></latexit>

�Q ⇠ hQ̄Qi
<latexit sha1_base64="kYY3q4Y8h2x85iT87VzgJxiCJ24="></latexit>

�q ⇠ hqqi
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・Lagrangian and mean fields

2+2 flavor LSM

- (approximately)            -invariant LSM

<latexit sha1_base64="5D/Lysxv1xW6CmYAcai4e608H80="></latexit>

Dµ⌃ = @µ⌃� iµq�µ0{J,⌃} with

anomaly 
<latexit sha1_base64="esG7qj9rWNO1qYyfVVvhOb7L4y8="></latexit>

U(1)A

current-quark mass effectchemical potential effect

<latexit sha1_base64="NIjk6WIz63ckKjTmpwOr/jYTiH8="></latexit>

SU(8)
<latexit sha1_base64="3N/QT2Z5nedNTFnE+8j42VB8ZX8="></latexit>

L = tr[Dµ⌃
†Dµ⌃]�m2

0tr[⌃
†⌃]� �1

�
tr[⌃†⌃]

�2 � �2tr[(⌃
†⌃)2] + c̄tr[⇣†⌃+ ⌃†⇣]

<latexit sha1_base64="DZLU/Ca95hWOBjCaMSP1vHtKh8g="></latexit>

+c ✏ijklmnop(⌃ij⌃kl⌃mn⌃op + h.c.)

<latexit sha1_base64="WgOnBk67pSNfSgAZhNqWyTlVfzo="></latexit>

⇣ =
1

2
(mqEq +mQEQ)

<latexit sha1_base64="3TxhVTBTiTLYc3myyojcmQon9gY="></latexit>

Eq =

0

BB@

0 1 0 0
�1 0 0 0
0 0 0 0
0 0 0 0

1

CCA

8⇥8

<latexit sha1_base64="MRyC0WeszZfGWSLbfV3oF6eI51A="></latexit>

EQ =

0

BB@

0 0 0 0
0 0 0 0
0 0 0 1
0 0 �1 0

1

CCA

8⇥8

with
<latexit sha1_base64="NZ55Mu5yC/Qp39i2f/UXS1JL7ac="></latexit>

(µq = µQ)

- dependences of the mean fields for several     with            + input<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq
<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="zD/wPK63LPbqvGPVAoAfrIvLKWw="></latexit>

mvac
⇡qq

= 138MeV
<latexit sha1_base64="9QiKE6e7bQKWg7IVsHdbEsAwnQc="></latexit>

mvac
K = 494MeV

<latexit sha1_base64="6XWfuNHeGCgBbkQhq0g7yKU0zT8="></latexit>

fvac
⇡ = 92MeV

<latexit sha1_base64="3Gon01CNPiYqsy6bcB+tLPJuxZk="></latexit>

fvac
K = 110MeV

<latexit sha1_base64="PUT58WtoR+3AeJqV3njYCvqsRis="></latexit>

�1 = 6

<latexit sha1_base64="f4RqXcHF39G+5yDaxdpwwwYTSHY="></latexit>

J =

0

BB@

1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1

CCA

8⇥8

<latexit sha1_base64="kYjcZnSb/DIol13KzMahL2qsuc8="></latexit>

�q ⇠ hq̄qi
<latexit sha1_base64="8hMRBxiI0+L2SV5J3gWAtAGP/RU="></latexit>

�Q ⇠ hQ̄Qi
<latexit sha1_base64="kYY3q4Y8h2x85iT87VzgJxiCJ24="></latexit>

�q ⇠ hqqi

<latexit sha1_base64="dou79WYtH7oYNFq6Hl5YOuO5f1Y="></latexit>

�Q enhancement 
with large anomaly
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- mixings among                              and                             occur

① zero mode (NG mode of          light-quark number breaking)

Light-light hadron masses

<latexit sha1_base64="PgyifZZo/F1LDnpXXbeEpjI2T+g="></latexit>

U(1)

<latexit sha1_base64="L06vCQBkEWQuHhVufk7fIN2L7Qc="></latexit>

(⌘qq, ⌘QQ, B
0
qq, B̄

0
qq)

<latexit sha1_base64="aLV6P6rWVMa5qjv8XY6E5ke+KCs="></latexit>

(�qq,�QQ, Bqq, B̄qq)

←①

w/ anomaly →

w/o anomaly →

② large anomaly dependences in “    “ and “    “ modes<latexit sha1_base64="lQRz9pokFCVY+6MK3m1hEq1d7Rs="></latexit>� <latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘

←②

←②

←②

←②

←①
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Heavy-light hadron masses

- mixings among                                and                                  occur
<latexit sha1_base64="FDaU6juIx7D28GWx0nh3A7Qbw3o="></latexit>

(KQq, K̄Qq, B
0
Qq, B̄

0
Qq)

<latexit sha1_base64="oyR+9GEjmiqfxWp9txXn4pAcAl4="></latexit>

(Qq, ̄Qq, BQq, B̄Qq)

- tiny anomaly dependences

w/ anomaly →

w/o anomaly →
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Heavy-heavy hadron masses

- no mixings occur (        heavy-quark number symmetry is preserved)
- small but non-negligible anomaly dependences

w/ anomaly →

w/o anomaly →

<latexit sha1_base64="PgyifZZo/F1LDnpXXbeEpjI2T+g="></latexit>

U(1)
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Heavy-heavy hadron masses
・Possibility of novel diquark condensate          (                 )

<latexit sha1_base64="VM1QrOFmADUA7p2tnwW84txPPjM="></latexit>

hQQi <latexit sha1_base64="ds/M4rt5I7j1qXNfLVRemm0sW4I="></latexit>

BQQ ⇠ QQ

- signals the appearance of
<latexit sha1_base64="0JRq2qQ0Y0BJ0ZoIPmF0IWZtILQ="></latexit>

mBQQ ! 0
<latexit sha1_base64="SLuiBK9IvRn46dWpq7tJ4rEzlB4="></latexit>

�Q ⇠ hQQi

- Larger anomaly effects make the onset       smaller (= anomaly is a “catalyst”)<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

what happened with quark d.o.f?
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≈

- Constructed Linear sigma model (LSM) in QC2D to study spin-0 hadrons including parity partners at

Succeeded in explaining lattice mass spectrum qualitatively!

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

- Applied to topological susceptibility, sound velocity

Conclusions

+ Extension with spin-1 hadrons (similarly to eLSM by Frankfurt group)
Then Comparison with 

(future) lattice

From QC2D study we can learn
- to what extent simple hadron model description can apply

- deep understanding of quark matter in high-dense regime

・
・

- On-going: Check of anomaly enhancement in superfluid phase with FRG

+ FRG analysis (in hot medium), 2+2 flavor LSM study

low-density high-density

hadron
matter

quark
matter

universal regardless of Nc

- how to incorporate quark d.o.f. into hadron model (→ unified model)

・
・ Suenaga et al (2024)
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≈

LSM with spin-1 hadrons

mesons

diquark
baryons

Spin-1 hadron matrix

SU(4) transformation laws: 
<latexit sha1_base64="ZiXWp97FQjmhW4HU2Leh435Oess="></latexit>

�µ ! U�µU† <latexit sha1_base64="wsnQrgBbyc3ZQHSsBwzIzHlD+LE="></latexit>

[U 2 SU(4)]

explicit breaking anomaly
<latexit sha1_base64="esG7qj9rWNO1qYyfVVvhOb7L4y8="></latexit>

U(1)A

<latexit sha1_base64="pxu8g6DeXS8ivO9bOb+TRrsCRUk="></latexit>

E =

✓
0 1
�1 0

◆
<latexit sha1_base64="BOmwf4MpjEWeJz92/b9vrZoJyvw="></latexit>

H = hqE with

<latexit sha1_base64="DiJbTpaHQChA51kqORjEjSAbpe0="></latexit>

�0 = h�i
<latexit sha1_base64="LjyXZ+/X9viCwyJU0Xw2N2TKsow="></latexit>

� =

⌧
B + B̄p

2

� <latexit sha1_base64="41c2Hrx/5SYp9bSLEzFuZTuWnKE="></latexit>

V̄ =

*
B̄µ=0

AS �Bµ=0
ASp

2i

+

<latexit sha1_base64="USpJ1nzTconYPNa8Qi7z1wwhdik="></latexit>

!̄ = h!µ=0imesons:

diquarks:<latexit sha1_base64="XtXJGKjpDz2qUGM9ZfftxTu6364="></latexit>⇡ � a1 mixings, etc.

MF in superfluid phase
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Spin-0 hadrons Spin-1 hadrons

<latexit sha1_base64="5NHuWxuo9pgqrIEr8i2Z+zBogpA="></latexit>

g� = 10, C = 16

<latexit sha1_base64="WX7OLaTTotcRPQdYzrXPP/Txo1U="></latexit>

µq/m
(H)

⇡

- Mass degeneracy of chiral partners at high      is clearly predicted<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

→ challenging issue for future lattice simulation

Suenaga et al (2024) 

LSM with spin-1 hadrons



40/37
Other directions
・Analysis with Nf=2+1 at vanishing <latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

<latexit sha1_base64="+GyFUpcc9ln9vmdC0FzFU5X2vnM="></latexit>

0±, 1±, · · ·

<latexit sha1_base64="wE5SKDePw09iygOkCqm7pDJSuRg="></latexit>

⇤c(1/2
+),⌃c(1/2

+, 3/2+),⇤⇤
c(1/2

�, 3/2�), · · ·

<latexit sha1_base64="6w44L8ORTUjYWNqLKxbXXSO4nCk="></latexit>

Nc = 2 <latexit sha1_base64="lEwW352Ht5qts+pY0gI1/I/F+RE="></latexit>

Nc = 3

<latexit sha1_base64="2lc23l7VaKYTF46+oXaeiayehOs="></latexit>

B

interaction between      and        would be
universal based on the HQET

<latexit sha1_base64="9E/vikEUGn82J0pWhqljQZ1ASLk="></latexit>

B0

<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘

- Hint for unobserved (HQS-singlet)                from      study in QC2D?
<latexit sha1_base64="LYuBwcABObxcZQW7Mx7+DzsMGIM="></latexit>

⇤c(1/2
�)

<latexit sha1_base64="9E/vikEUGn82J0pWhqljQZ1ASLk="></latexit>

B0

<latexit sha1_base64="LYuBwcABObxcZQW7Mx7+DzsMGIM="></latexit>

⇤c(1/2
�)

<latexit sha1_base64="G32ROGz1iLlWxALlxb8bnEnIYZQ="></latexit>

⇤c(1/2
+)

<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘

unobserved
experimentally

analyzable on lattice!
<latexit sha1_base64="lEwW352Ht5qts+pY0gI1/I/F+RE="></latexit>

Nc = 3
<latexit sha1_base64="6w44L8ORTUjYWNqLKxbXXSO4nCk="></latexit>

Nc = 2

measured
on the lattice

- QC2D is useful to extract information of singly heavy baryon (SHB) spectrum
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Other directions
・Analysis with Nf=2+1 at vanishing <latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

- Insights into inverse mass hierarchy?
mass

U(1)A anomaly

<latexit sha1_base64="70+HOkqFMjUpO/1ttIqcQW0Ke+k="></latexit>

⌅c ⇠ Qsq

<latexit sha1_base64="n9VMaoXBtAoGDjVMLB6z6304HRA="></latexit>

⇤c ⇠ Qqq

<latexit sha1_base64="RkdDJCQoasAlEQT+4+vWY+hc7F8="></latexit>

(1/2�)

<latexit sha1_base64="70+HOkqFMjUpO/1ttIqcQW0Ke+k="></latexit>

⌅c ⇠ Qsq

<latexit sha1_base64="n9VMaoXBtAoGDjVMLB6z6304HRA="></latexit>

⇤c ⇠ Qqq

mass

U(1)A anomaly

<latexit sha1_base64="XPKzAqPMzc12NS0soAHtyeW5srY="></latexit>

(0�)

<latexit sha1_base64="myJWfB0H+yyZJ/mHAGeSCLsCGYM="></latexit>

B0
[qq]

<latexit sha1_base64="uYwgQgNERUpwWgShHarukH9qc7E="></latexit>

B0
[sq]

<latexit sha1_base64="myJWfB0H+yyZJ/mHAGeSCLsCGYM="></latexit>

B0
[qq]

<latexit sha1_base64="uYwgQgNERUpwWgShHarukH9qc7E="></latexit>

B0
[sq]

analyzable on lattice!

theoretical prediction, Harada et al (2020)

<latexit sha1_base64="+GyFUpcc9ln9vmdC0FzFU5X2vnM="></latexit>

0±, 1±, · · ·

<latexit sha1_base64="wE5SKDePw09iygOkCqm7pDJSuRg="></latexit>

⇤c(1/2
+),⌃c(1/2

+, 3/2+),⇤⇤
c(1/2

�, 3/2�), · · ·

<latexit sha1_base64="6w44L8ORTUjYWNqLKxbXXSO4nCk="></latexit>

Nc = 2 <latexit sha1_base64="lEwW352Ht5qts+pY0gI1/I/F+RE="></latexit>

Nc = 3
interaction between      and        would be
universal based on the HQET

- QC2D is useful to extract information of singly heavy baryon (SHB) spectrum

(unobserved)


