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Z y Use Cases of Higher-Order Derivatives
2

Where are Higher-Order Derivatives Needed?

@ Simulation of complex system
o definition, e.g., tooth gears
O. Vogel: Accurate Gear Tooth Contact and é
Sensitivity Computation for Hypoid Bevel Gears (2009) 2,

o simulation, e.g., quantum chromodynamics o
M. Wagner, B.-J. Schaefer und A. Walther: On the s
efficient computation of high-order derivatives for implicitly 100}

-200

defined functions (2010) Yo TS
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o Sensitivity analysis
o Variational Monte Carlo

@ Physics-informed neural networks (PINNs)
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;“!ﬁg Use Cases of Higher-Order Derivatives
Physics-Informed Neural Networks (PINNs)

Idea:
PINNs integrate physical laws (e.g. PDEs) into the training process of neural networks.

Goal:
Approximate a solution ug(x, t) of a PDE Nug(x, t)] = 0, by minimizing

L = Lyata + LpDE-
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Physics-Informed Neural Networks (PINNs)

Idea:
PINNs integrate physical laws (e.g. PDEs) into the training process of neural networks.

Goal:
Approximate a solution ug(x, t) of a PDE Nug(x, t)] = 0, by minimizing

L = Lyata + LpDE-

Input Neural Network PDE Residual Loss
(x,t) ugp(x, t) Nug] £

Key advantage: Leverages known physics to reduce data demand and improve generalization.
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Use Cases of Higher-Order Derivatives
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Derivatives for PINNs |

PINNs need spatial /temporal derivatives to inserted them into the PDE operator N/

0 (weights)
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Use Cases of Higher-Order Derivatives

Derivatives for PINNs |1
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Hence

@ calculation of derivatives for PDE (higher order!)

then

@ backpropagation (=reverse mode AD) applied to these derivatives
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Hence
@ calculation of derivatives for PDE (higher order!)

approaches:
nested AD

multivariate Taylor approach
univariate Taylor approach

then

@ backpropagation (=reverse mode AD) applied to these derivatives
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Hence
@ calculation of derivatives for PDE (higher order!)

approaches:
nested AD

multivariate Taylor approach
univariate Taylor approach

then

@ backpropagation (=reverse mode AD) applied to these derivatives

= order = order of PDE + 1!
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Nested AD

Idea: Apply backpropagation repeatedly!
For F : R" — R™, one obtains

y_ =F(x) y_+=F(x)k
Fo= 5=y P) T K=y PR ETF)
input x, y, output y, X input x,y, ¥, output f/,)?
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Idea: Apply backpropagation repeatedly!
For F : R" — R™, one obtains
y_  =FK)
F= i=yPr -
input x, y, output y, X input x,y, ¥, output f/,)?
@ often used in ML context, e.g., Shi, Hu, Lin, Kawaguchil: Stochastic Taylor Derivative
Estimator: Efficient amortization for arbitrary differential operators (2024)

e computational complexity is O(n?) with n = dimension of x, d = highest derivative order

In the AD book:
Rule 10: Never go back more than once!

Berlin Mathematics Research Center
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Required Derivative Tensors
Given:
y = f(x) with f:DCR"—R,
i.e., m=1 for simplicity.
Required:

ok K
k — n
Vs f(x) = P f(x+ Sz) » eR
for SER™" zcR"and k=1,...,d.
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Required Derivative Tensors

Given:
y = f(x) with f:DCR"—R,
i.e., m=1 for simplicity.
Required:
VEF(x) = 8—kf(x +5z7)| er”
Ozk 20

for SER™" zcR"and k=1,...,d.

Examples:

2

9 n
Ef(x +5z)|  =(f'(0)s);.,.., ER", f(x + Sz)

...,n 2
z=0 0z

= (F"(x)sis)y o, € R

z=0
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Required Derivative Tensors

Given:
y = f(x) with f:DCR"—R,
i.e., m=1 for simplicity.
Required:
VEF(x) = f(x +57)| er”
7=0

for S € R"™*" z ¢ R" and k:l,...,d.

Examples:

d N 02
—zf(x + Sz) . = (f’(X)Sj)j:L_..,n e R ﬁf(x + Sz)

For third and higher derivative tensors, the matrix-vector notation is no longer sufficient!

— (f”(X) s; 5]){2177: c Rnxn
z=0
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Z I B Multivariate Taylor Approach
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Multivariate Taylor Approach

AD approach:
O start with Vsx =S € R™ " and Véx =0,1< k< d
Q@ propagate VSkW for all intermediates w according to AD, i.e., well-known rules

Vsv =uVsw + w Vsu
V2v = uVew + Vsu(Vsw) " + Vsw(Vsu) " + w Viu

Q extract V&f(x), k=0,...,d

Berlin Mathematics Research Center

A. Walther AD for Higher-Order Derivatives 8 /21 December 8, 2025



Z I B Multivariate Taylor Approach
s

E INSTITUTE BERLIN

Multivariate Taylor Approach

AD approach:
O start with Vsx =S € R™ " and Véx =0,1< k< d
Q@ propagate VSkW for all intermediates w according to AD, i.e., well-known rules

Vsv =uVsw + w Vsu
V2v = uVew + Vsu(Vsw) " + Vsw(Vsu) " + w Viu

Q extract V&f(x), k=0,...,d

Several papers by R. Neidinger (starting 1995)
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;“@ Multivariate Taylor Approach
'&. ‘1’ . ’
. Ugprss
: Memory Requirement

Handling Derivative Tensors:

Alternatives:
o store derivative tensors as n¥
@ exploit symmetry: all derivative tensors have

) _ n-(n+1)---(n+k-1) L
k!

array

n+k-—1
1.2... k

k

distinct elements = Exploiting symmetry reduces memory requirement by k!
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Handling Derivative Tensors:

Alternatives:

o store derivative tensors as n array

@ exploit symmetry: all derivative tensors have

n+k—1\ n-(n+1)---(n+k—-1) _ n*
k - 1-2---k ~ ok

distinct elements = Exploiting symmetry reduces memory requirement by k!

But: Access more complicate and may be irregular
Note: Does not apply for n = 1!
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Handling Derivative Tensors: Operations
V&f(x), k=0,...,d are polynomials of degree d in n variables,
same holds for intermediates
Assume w = v x u is part of evaluation of f

= number of multiplications for 0 < k < d:
2n+k—1 zk: n+j—1 n+k—j—1
Jj= k=J

= total number of iterations:
d
2n+d> Z<2n+k—1)
( =0

rch C
A. Walther AD for Higher-Order Derivatives 10 /21 December 8, 2025 M A I H



Z I B Univariate Taylor Approach
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Univariate Taylor Approach |

Now: n =1, i.e., think in Taylor polynomials!
Let x be the path

1 ¥

d
x(t) = ijtj R — R" with Xj =
j=0 t=0
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Univariate Taylor Approach |

Now: n =1, i.e., think in Taylor polynomials!

Let x be the path

d .
. 1 o
x(t) = xit/ R — R"” with xi = — —x(t
() = Y% i = 50|
Jj=0
Hence
X; is scaled derivative at t =0 = x; = tangent, xo = curvature
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Univariate Taylor Approach |

Now: n =1, i.e., think in Taylor polynomials!

Let x be the path

d .
) 1 ¢
x(t) = xit/ : R — R" with xi = — —x(t
( ) Z J J _I' atj ) o
j=0 —
Hence
X; is scaled derivative at t =0 = x; = tangent, xo = curvature
F smooth enough = There exist Taylor coefficients y; € R, 0 < j < d, with
d
j d+1
y(t) = >yt 0t
j:0 Berlin Mathematics Research Center
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Using the chain rule, one obtains:

Univariate Taylor Approach Il

o = F(x)

i = Fl(x)x

Yo = F’ (Xo)X2 -+ %F// (Xo)X1X1

3 = F/ (Xo) X3 + F” (Xo) X1X2 + %FW (XQ) X1X1X1

Berlin Mathematics Research Center
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Univariate Taylor Approach Il

Using the chain rule, one obtains:

o = F(x)

i = Fl(x)x

o = F(x0)x+3F"(x)xx

¥3 = F/ (Xo) X3 + F” (XQ) X1 X2 + %FW (XQ) X1X1X1

Implementation?
@ naive way: qubic computational cost in highest degree d
o Faa Di Bruno (1857!): tailored approach (quadratic computational cost in d)
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Univariate Taylor Approach Il

Using the chain rule, one obtains:

o = F(x)

i = Fl(x)x

o = F(x0)x+3F"(x)xx

¥3 = F/ (Xo) X3 + F” (XQ) X1 X2 + %FW (XQ) X1X1X1

Implementation?
@ naive way: qubic computational cost in highest degree d
o Faa Di Bruno (1857!): tailored approach (quadratic computational cost in d)

Hence:
2
OPS(Xo, ey Xd = Y0, .- ,yd) ~d OPS(XO — yo)
Berlin Mathematics Research Center
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Z I B Univariate Taylor Approach
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Univariate Taylor Mode: Example

From
o = F(x)
)41 = FI (XO) X1
2 = F(x)x+3F" (x)xx
y3 = F'(x)x3+ F"(x0)xixo + %FW (x0) x1x1%1

it follows for x; = 1,x = 0,x3 = 0 that

o = F(x)
n = F(x)x
2 = 2F"(x0)xx

s = gF" (x0)xxx

i.e., scaled Taylor coefficients of F!
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Univariate Taylor Approach
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Univariate Taylor Approach: Complexity

One can show:

(2”+j_1) univariate Taylor polynomials required for derivative tensors Vsk f(x), k=0,...,d
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Univariate Taylor Approach
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Univariate Taylor Approach: Complexity

One can show:

(2”+j_1) univariate Taylor polynomials required for derivative tensors Vskf(x), k=0,...,d

Storage: Simple d-dimensional array per univariate polynomial

Berlin Mathematics Research Center
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Univariate Taylor Approach: Complexity

One can show:
(2n+d—1)
d

Storage: Simple d-dimensional array per univariate polynomial

Operation count: Assume w = v * u is part of evaluation of f

= number of multiplications for 0 < k < d:

(d+2)2(d+1) _ <d32>

= total number of iterations:

(n+j—1)(dj{—2) _ q(d,n)(2n;d>

univariate Taylor polynomials required for derivative tensors Vskf(x), k=0,...

Berlin Mathematics Research Center
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Univariate Taylor Approach
The Function q(., .)
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Univariate Taylor Approach
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Choosing the Taylor Polynomials

@

N N N o € Berlin Mathematics Research Center
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Calculating the Missing Values

With

0 = 5 (D) niRring sk, sk = ST () (AR o s
s s (5 ()

one obtains

8‘i‘f(x + 52)

821'1822'2 .0zl

- Sy S () (44 ()

z=0 |j|=d o<k<i

A. Griewank, J. Utke, A. Walther: Evaluating higher derivative tensors by forward propagation of univariate Taylor series.
Mathematics Of ComPUtation (2000) Berlin Mathematics Research Center
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Application: Quantum Chromodynamics (QCD)

linear Sigma Model (LoM) given by
Q(T’/‘;UanS) = U(quUS)'i‘Qéq(T’N;UanS)
0T, 04,05))
80’,’

=0 i=gq,s = i = (T, p) i=q,s.

Berlin Mathematics Rest

rch C
A. Walther AD for Higher-Order Derivatives 18 /21 December 8, 2025 M A I H



Z I B Univariate Taylor Approach
s

E INSTITUTE BERLIN

Application: Quantum Chromodynamics (QCD)

linear Sigma Model (LoM) given by
Q(T’H?UanS) = U(quUS)"‘Qéq(T?/‘;UanS)
0T, 04,05))
80’,’

=0 i=gq,s = i = (T, p) i=q,s.

oq = 0q,
Os =0

grand potential evaluated for fixed 7;,i = q, s:

Q(T,[L) = Q(Tyﬂ; a'q(ThU')’ 55(7_,#)) = Z:‘;O Cn(T) (%)"
with
10" (p(T,p)/T*)

a(T)= =

nl 9(p/T)" o
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Application: Quantum Chromodynamics (QCD)

linear Sigma Model (LoM) given by
Q(T#‘?UanS) = U(quUS)'i_Qﬁq(T?/‘;UanS)
0T, 04,05))
80’,’

=0 i=gq,s = gi = ai(T,u) i=gq,s.
0q = 0q,
Os = 0s

grand potential evaluated for fixed 7;,i = q, s:
QT p) =T, 154(T,1),56(T, 1)) = 2o el T) (5)"
with

10" (p(T, )/ T4
I Th s L

= Use AD to compute these derivatives of an implicit function! [
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Calculated Taylor Coefficients

(Wagner, Walther, Schaefer 2010) Berlin Mathematics Research Center
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Univariate Taylor Approach

t [ms]

(Wagner, Walther, Schaefer 2010)
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Summary

o Higher-order derivatives important for PINNS and Variational Monte Carlo Simulations
@ Nesting AD: In general not efficient!

@ univariate Taylor approach
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Summary

o Higher-order derivatives important for PINNS and Variational Monte Carlo Simulations
@ Nesting AD: In general not efficient!

@ univariate Taylor approach
In the AD book:

Rule 4: Products of transpose-Jacobians with vectors are cheap,
but their trace is as expensive as the whole Jacobian.
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Summary

Summary

o Higher-order derivatives important for PINNS and Variational Monte Carlo Simulations
@ Nesting AD: In general not efficient!

@ univariate Taylor approach
In the AD book:

Rule 4: Products of transpose-Jacobians with vectors are cheap,
but their trace is as expensive as the whole Jacobian.

Recently, we found out: This is not true for Hessians, see talk of Tim Siebert
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Summary 2yt

o Higher-order derivatives important for PINNS and Variational Monte Carlo Simulations
@ Nesting AD: In general not efficient!

@ univariate Taylor approach
In the AD book:

Rule 4: Products of transpose-Jacobians with vectors are cheap,
but their trace is as expensive as the whole Jacobian.

Recently, we found out: This is not true for Hessians, see talk of Tim Siebert

@ multivariate Taylor approach
Might be interesting in this context, subject of future rerearch
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