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Tracking Code vs. Optics Code

• Tracking codes track (many) particles 
• Simple architecture (scalars). 

• Use finite differences approximations. 

• Validate existing / operational 
machines, explore new models. 

• Optics codes track differential maps 
• Complex architecture (functions). 

• Machine design and optimisation. 

• Compact and flexible description. 

• Classes, circuits, optics logic (knobs). 

• e.g. inheritance, deferred expressions.

2

0-order Maps
(Scalars)

Finite Differences
(1st order only)

Physics

(Polymorphism)

Tracking Code
(Particles)

Lattice 
Description

Track
Particles

Output
Phase Space

N
or

m
al

 W
or

kfl
ow

Optics Code
(DA Maps & Particles)

Lattice 
Description

Track
DA Maps

Analyse
DA Maps

Output
Optics

N
or

m
al

 W
or

kfl
ow



L. Deniau — 28th EuroAD Workshop

• Phase space:                      where s is the independent variable. 

•  and  are  canonical pairs of variables, e.g. positions and momenta. 

• System’s Hamiltonian:                 . 

• Phase space evolution:                         ;  Hamilton’s equations are  first order PDE. 

• Symplectic structure:                                                          . 

•         are the Poisson brackets, and             and             are functions of the phase space. 

•         define the Lie product, and the Hamiltonian flow invariants                      (Liouville’s Theorem). 

• Phase space propagator:                                                           . 

• Lie operators:                                                                                                       , (idem for log).
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Motivation: Why Differential Algebra?
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Differential Algebra — Concepts

• Taylor Series: 

• Taylor Polynomial:  

• Finite Differences:
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(Functions)

(Truncated Functions)

(Scalars)

• Finite Differences approximations don’t 
scale for high-orders or multivariate 
functions or “near” singularities (e.g. 
abs, inv, sqrt, log, resonance, …).
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• Multivariate Taylor Polynomial (TPSA): 

• Generalised TPSA: 

• TPSA extended to support parameters and non-uniform maximum truncation orders. 

• Monomials and Indexing: 

Differential Algebra — Concepts
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! x3 = 3 0, ! x2! y = 2 1, ! x! y2 = 1 2, and ! y3 = 0 3.

DA maps = array of multivariate real or 
complex Taylor polynomials (GTPSA).

TPSA = Truncated Power Series Algebra.
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Differential Algebra — Implementations

• Finite differences DA: Approximate accurately 1st order DA only. 

• Simple and fast, manipulate values, can be ported to GPUs, doesn’t scale to high orders. 

• Symbolic DA: Flexible and accurate but million times slower than other approaches. 

• Require a symbolic calculation engine (e.g. Mathematica). 

• Hand-coded DA (MAD-X): Order is fixed and limited typically to 1st or 2nd order DA. 

• Error-prone, heavy to maintain, “easy” to adapt (e.g. add recipes). 

• Generated DA: Order is fixed and limited typically from 1st to 4th order DA. 

• Require parametric polymorphism (complex) or code preprocessing (fragile). 

• Automatic Differentiation DA (MAD-NG): Flexible and accurate, can scale to very high orders. 

• Require exact physics at all orders (complex), manipulate functions (complex), can be fast (complex).
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• Phase space propagator                   can be represented by Matrix and Tensors (MAD-X). 

• Such hard-coded representation results in expansion, truncation and approximation. 

• But it’s easier and faster, yet heavy to maintain and extend (i.e. Matrix code). 

• Phase space propagator                   can be represented by Functions application (MAD-NG). 

• Such dynamic representation has no expansion, no truncation, and no approximation. 

• But it’s complex and slower when  is not a vector of scalars (i.e. DA code). 

       where         and         are propagators built respectively a priori, and a posteriori given          . 

z0

Differential Algebra — Representations
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• Phase space and propagator                  can be represented by Matrix and Tensors, or by 
Functions and Taylor Polynomials using AD, named TPSA (Truncated Power Series Algebra).

Differential Algebra — Dual Representations
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v \ n 1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12 13

2 6 12 20 30 42 56 72 90 110 132 156 182

3 12 30 60 105 168 252 360 495 660 858 1092 1365

4 20 60 140 280 504 840 1320 1980 2860 4004 5460 7280

5 30 105 280 630 1260 2310 3960 6435 10010 15015 21840 30940

6 42 168 504 1260 2772 5544 10296 18018 30030 48048 74256 111384

7 56 252 840 2310 5544 12012 24024 45045 80080 136136 222768 352716

8 72 360 1320 3960 10296 24024 51480 102960 194480 350064 604656 1007760

v \  n 1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12 13

2 6 14 30 62 126 254 510 1022 2046 4094 8190 16382

3 12 39 120 363 1092 3279 9840 29523 88572 265719 797160 2391483

4 20 84 340 1364 5460 21844 87380 349524 1398100 5592404 22369620 89478484

5 30 155 780 3905 19530 97655 488280 2441405 12207030 61035155 305175780 1525878905

6 42 258 1554 9330 55986 335922 2015538 12093234 72559410 435356466 2612138802 15672832818

7 56 399 2800 19607 137256 960799 6725600 47079207 329554456 2306881199 16148168400 113037178807

8 72 584 4680 37448 299592 2396744 19173960 153391688 1227133512 9817068104 78536544840 628292358728

• Only TPSA scale to high 
orders both for memory 
representation and speed 
of calculation. 

• GTPSA (Generalised TPSA) 
are TPSA extended to 
support parameters and 
non-uniform maximum 
variables orders. 

• GTPSA invented in 2014 and 
published at IPAC 2015.

TPSA sizes

Tensors sizes
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• Outputs below are results from 
¥ f(x,y):deriv "01" 

¥ f(x,y):integ "01"

<latexit sha1_base64="2lkksoMDXxfVkRYLnV3fPE7Cwvo="></latexit>

T n
f (x; a) =

n!

k=0

f (k )
a

k!
(x ! a)k .

<latexit sha1_base64="Thj3hSXkdCAxGn+Vo8mVpIFVDqc=">AAACHHicbVDNS8MwHE3n15xfVY9egkOYIKNVmR4HInic4D5gHSPNUheWpiVJxVL6h3jxX/HiQREvHgT/G9OuoG4+CDze7+vluSGjUlnWl1FaWFxaXimvVtbWNza3zO2djgwigUkbBywQPRdJwignbUUVI71QEOS7jHTdyUVW794RIWnAb1QckoGPbjn1KEZKS0PzJHHyJYnWCVcodTyBcOKESCiKGPRq90fxYfojxGk6NKtW3coB54ldkCoo0BqaH84owJGvD2CGpOzbVqgGSbYRM5JWnEiSEOGJttDXlCOfyEGS+0rhgVZG0AuEflzBXP09kSBfyth3daeP1FjO1jLxv1o/Ut75IKE8jBTheHrIixhUAcySgiMqCFYs1gRhQbVXiMdIp6N0nhUdgj375XnSOa7bjXrj+rTavCziKIM9sA9qwAZnoAmuQAu0AQYP4Am8gFfj0Xg23oz3aWvJKGZ2wR8Yn9++K6MG</latexit>

! f (x, y)
! y

<latexit sha1_base64="3VXumRsCYHnOPl3gaqNS1F5cZSw=">AAACCHicbVDNS8MwHE39nPOr6tGDwSFMkNGKTI8DETxOcB+wlpGmqQtL05KkYik9evFf8eJBEa/+Cd78b8y6HnTzQeDxfl8vz4sZlcqyvo2FxaXlldXKWnV9Y3Nr29zZ7cooEZh0cMQi0feQJIxy0lFUMdKPBUGhx0jPG19O6r17IiSN+K1KY+KG6I7TgGKktDQ0DzKnWJJpnXCFcodyBYP6w0l6DP00H5o1q2EVgPPELkkNlGgPzS/Hj3AS6mWYISkHthUrN0NCUcxIXnUSSWKEx/rcQFOOQiLdrPCQwyOt+DCIhH7aRqH+nshQKGUaerozRGokZ2sT8b/aIFHBhZtRHieKcDw9FCQMqghOUoE+FQQrlmqCsKDaK8QjJBBWOruqDsGe/fI86Z427GajeXNWa12VcVTAPjgEdWCDc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7R1wShn9sAfGJ8/wZOZzw==</latexit>!
f (x, y)dy

<latexit sha1_base64="SRH8o4kfAj/XKq/KAc8955k7KSA=">AAACDnicbVBJS8NAGJ241rpFPXoZLIUKUhIP1WNBBI8V7AJtKJPJpB06WZiZiCEEwasXf4L+BC8eFPHqTfDmv3GSFtHWBwOP975tnh0yKqRhfGlz8wuLS8uFleLq2vrGpr613RJBxDFp4oAFvGMjQRj1SVNSyUgn5AR5NiNte3SS+e1LwgUN/AsZh8Ty0MCnLsVIKqmvl5NePiThxEkrvRBxSRGDVwfwh8f7aV8vGVUjB5wl5oSU6uXRzfXD/Uejr3/2nABHHvElZkiIrmmE0kqyiZiRtNiLBAkRHqEB6SrqI48IK8kvSWFZKQ50A66eL2Gu/u5IkCdE7Nmq0kNyKKa9TPzP60bSPbYS6oeRJD4eL3IjBmUAs2ygQznBksWKIMypuhXiIeIIS5VgUYVgTn95lrQOq2atWjtXaZyCMQpgF+yBCjDBEaiDM9AATYDBLXgEz+BFu9OetFftbVw6p016dsAfaO/fYa2gDg==</latexit>

(! x, ! y)
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• Plots aside result from 
¥ mo=100 

¥ t:eval{x,y} (top graph)  

¥ t:eval{x,y}-f(x,y)

MAD-NG never performs 

function approximations

<latexit sha1_base64="SRH8o4kfAj/XKq/KAc8955k7KSA=">AAACDnicbVBJS8NAGJ241rpFPXoZLIUKUhIP1WNBBI8V7AJtKJPJpB06WZiZiCEEwasXf4L+BC8eFPHqTfDmv3GSFtHWBwOP975tnh0yKqRhfGlz8wuLS8uFleLq2vrGpr613RJBxDFp4oAFvGMjQRj1SVNSyUgn5AR5NiNte3SS+e1LwgUN/AsZh8Ty0MCnLsVIKqmvl5NePiThxEkrvRBxSRGDVwfwh8f7aV8vGVUjB5wl5oSU6uXRzfXD/Uejr3/2nABHHvElZkiIrmmE0kqyiZiRtNiLBAkRHqEB6SrqI48IK8kvSWFZKQ50A66eL2Gu/u5IkCdE7Nmq0kNyKKa9TPzP60bSPbYS6oeRJD4eL3IjBmUAs2ygQznBksWKIMypuhXiIeIIS5VgUYVgTn95lrQOq2atWjtXaZyCMQpgF+yBCjDBEaiDM9AATYDBLXgEz+BFu9OetFftbVw6p016dsAfaO/fYa2gDg==</latexit>

(! x, ! y)
<latexit sha1_base64="SRH8o4kfAj/XKq/KAc8955k7KSA=">AAACDnicbVBJS8NAGJ241rpFPXoZLIUKUhIP1WNBBI8V7AJtKJPJpB06WZiZiCEEwasXf4L+BC8eFPHqTfDmv3GSFtHWBwOP975tnh0yKqRhfGlz8wuLS8uFleLq2vrGpr613RJBxDFp4oAFvGMjQRj1SVNSyUgn5AR5NiNte3SS+e1LwgUN/AsZh8Ty0MCnLsVIKqmvl5NePiThxEkrvRBxSRGDVwfwh8f7aV8vGVUjB5wl5oSU6uXRzfXD/Uejr3/2nABHHvElZkiIrmmE0kqyiZiRtNiLBAkRHqEB6SrqI48IK8kvSWFZKQ50A66eL2Gu/u5IkCdE7Nmq0kNyKKa9TPzP60bSPbYS6oeRJD4eL3IjBmUAs2ygQznBksWKIMypuhXiIeIIS5VgUYVgTn95lrQOq2atWjtXaZyCMQpgF+yBCjDBEaiDM9AATYDBLXgEz+BFu9OetFftbVw6p016dsAfaO/fYa2gDg==</latexit>

(! x, ! y)
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• Hamiltonian of an exact straight drift (no bend, no field) with                                   .  

• Hamilton’s equations 

• Phase space propagator through an exact straight drift of length L  (TPSA code, MAD-NG) 

• Expanded solution (Matrix code, MAD-X)

<latexit sha1_base64="d18Fqp4FLBSBmrGD3Xbckj5v1d4="></latexit>

z(s) = e{ .,LH } z(s0) = z + { z, LH } +
L 2

2!
{{ z, H } , H }
! "# $

=0

+ á á á

<latexit sha1_base64="QOvEQKAyYmOTSEVV3DTM3qYQxiw="></latexit>

=!

!
x(s) = x(s0) + L px

pz

y(s) = y(s0) + L py

pz

<latexit sha1_base64="oKvA0cd0F1ZvOUzVeq72tLNUW+s="></latexit>

=!

!
x(s) = x(s0) + L

1+ ! px

y(s) = y(s0) + L
1+ ! py

<latexit sha1_base64="p+mLDoikQahyVYNv8+fjc59oMh4="></latexit>

M drift =

!

"
"
#

1 L
1+ ! 0 0

0 1 0 0
0 0 1 L

1+ !
0 0 0 1

$

%
%
&

<latexit sha1_base64="hSRMYBWltoLotZlM4HNq1RM/iE0="></latexit>

dx
ds

= { x, H } =
! H
! px

=
px

pz
;

dy
ds

= { y, H } =
! H
! py

=
py

pz
;

dpx,y

ds
= !

! H
! x, y

= 0

<latexit sha1_base64="NmfWQ3wwLprHebysvtLPUu2YiIE="></latexit>

H = !
!

(1 + ! )2 ! p2
x ! p2

y
def= ! pz ; px =

Px

P0
, py =

Py

P0
, ! =

P ! P0

P0

<latexit sha1_base64="Q4gR67VTk/2P0SZbxzxQ7uCg2Zw=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQoZQZkSqIUBDBZQX7gHYYMplMG5p5kGTEcejOjb/ixoUibv0Fd/6NmXYW2noguYdz7iW5x4kYFdIwvrXCwuLS8kpxtbS2vrG5pW/vtEUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGV1mfueOcEHD4FYmEbF8NAioRzGSSrL1/Qd4ASv3VRjZ6kqymlT7LmESnUNxZOtlo2ZMAOeJmZMyyNG09a++G+LYJ4HEDAnRM41IWinikmJGxqV+LEiE8AgNSE/RAPlEWOlkjzE8VIoLvZCrE0g4UX9PpMgXIvEd1ekjORSzXib+5/Vi6Z1ZKQ2iWJIATx/yYgZlCLNQoEs5wZIliiDMqforxEPEEZYqupIKwZxdeZ60j2tmvVa/OSk3rvI4imAPHIAKMMEpaIBr0AQtgMEjeAav4E170l60d+1j2lrQ8pld8Afa5w8UBJbx</latexit>

z = ( x, px , y, py , ! ; s)

<latexit sha1_base64="rEoZTKbgtZjIkcqC8owmIFrK2GI="></latexit>

px

pz
=

px

1 + !! "# $
linear

+
px (p2

x + p2
y )

2(1 + ! )3
! "# $

cubic

+ á á á
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• Code for the exact straight drift.
(physics provided by MAD-NG) 

• Code that builds a sequence 
containing a single drift of L = 2m. 

• Code for tracking a single particle 
(vector of scalars) through a drift. 

• Code for tracking a single DA map of 
order 2 through a drift.

for i=1,m. npar  do  -- Loop over N particles or N damaps
  local x, px, y, py, pt in m[i]
  local l_pz = l / sqrt( 1 + 2/beta*pt + pt^2  - px^2 - py^2)
  m[i].x = x + px*l_pz
  m[i].y = y + py*l_pz
end

local seq  = sequence  { beam=beam, -- Attach default beam
  drift  'dft' { l=2 },
}

local x0  = { px=1e-3, py=1e-4 } -- Phase space (particle)

local _, mflw = track  { sequence= seq , X0= x0  }
print(tostring(mflw[1])) -- Phase space at the end (particle)

local _, mflw = track  { sequence= seq , X0= x0 , mapdef=2  }
mflw[1]:print("mflw")   Ñ Phase space at the end (DA map)

<latexit sha1_base64="fSDyoNfvVUg11WsH5ldSKilgW2g="></latexit> ! "# $
=(1+ ! )2

<latexit sha1_base64="QOvEQKAyYmOTSEVV3DTM3qYQxiw="></latexit>

=!

!
x(s) = x(s0) + L px

pz

y(s) = y(s0) + L py

pz
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• Output of the tracking of x0 at order 2.
[6R] mflw (x0) =

 X       :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010100007654E-03    0     0 0  0 0  0 0
     2   1.0000000000000000E+00    1     1 0  0 0  0 0
     3   2.0000030100037951E+00     1     0 1  0 0  0 0
     4   2.0000030300038257E-07    1     0 0  0 1  0 0
     5  -2.0000032911241996E-03    1     0 0  0 0  0 1
     6   3.0000075450133134E-03    2     0 2  0 0  0 0
     7   2.0000090300189758E-04    2     0 1  0 1  0 0
     8   1.0000015450019886E-03    2     0 0  0 2  0 0
     9  -2.0000092911401328E+00     2     0 1  0 0  0 1
    10  -6.0000159333886912E-07    2     0 0  0 1  0 1
    11   2.0000068433734400E-03    2     0 0  0 0  0 2

 Y       :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010100007653E-04    0     0 0  0 0  0 0
     2   2.0000030300038257E-07    1     0 1  0 0  0 0
     3   1.0000000000000000E+00    1     0 0  1 0  0 0
     4   2.0000010300007958E+00     1     0 0  0 1  0 0
     5  -2.0000032911241994E-04    1     0 0  0 0  0 1
     6   1.0000045150094879E-04    2     0 2  0 0  0 0
     7   2.0000030900039771E-03    2     0 1  0 1  0 0 ( cont. )

[6R] mflw (drift transfer map) =

 X       :  R, NV =   6, MO =  3
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     1 0  0 0  0 0
     2   2.0000000000000000E+00     1     0 1  0 0  0 0
     3  -2.0000002611199781E+00     2     0 1  0 0  0 1
     4   1.0000000000000000E+00    3     0 3  0 0  0 0
     5   1.0000000000000000E+00    3     0 1  0 2  0 0
     6   2.0000007833599858E+00    3     0 1  0 0  0 2

 Y       :  R, NV =   6, MO =  3
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     0 0  1 0  0 0
     2   2.0000000000000000E+00     1     0 0  0 1  0 0
     3  -2.0000002611199781E+00     2     0 0  0 1  0 1
     4   1.0000000000000000E+00    3     0 2  0 1  0 0
     5   1.0000000000000000E+00    3     0 0  0 3  0 0
     6   2.0000007833599858E+00    3     0 0  0 1  0 2

• Expanded drift map at order 3 (x0 = id).

<latexit sha1_base64="pBsNXqV8JV0c1NxXTcy51fKr+DI=">AAACCXicbVBNS8MwGE79nPOr6tFLcAjzMlqRKXgZiOBFmOA+YCslzdItLE1Lkgpb6dWLf8WLB0W8+g+8+W9Mux5084HAk+d53zdvHi9iVCrL+jaWlldW19ZLG+XNre2dXXNvvy3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3yV+Z0HIiQN+b2aRMQJ0JBTn2KktOSaMOnnQxKPxSTVF8TgbVqdXsqTFE5dq+yaFatm5YCLxC5IBRRouuZXfxDiOCBcYYak7NlWpJwECUUxI2m5H0sSITxGQ9LTlKOASCfJl0jhsVYG0A+FPlzBXP3dkaBAykng6coAqZGc9zLxP68XK//CSSiPYkU4nj3kxwyqEGaxwAEVBCs20QRhQfWuEI+QQFjp8LIQ7PkvL5L2ac2u1+p3Z5XGdRFHCRyCI1AFNjgHDXADmqAFMHgEz+AVvBlPxovxbnzMSpeMoucA/IHx+QOpYZmp</latexit>

M (z; s)z0 (map composition)

<latexit sha1_base64="AK31WZNPZmZ0yciGVW9QfIiQOQA="></latexit>

px

pz
=

px

1 + !
+

px (p2
x + p2

y )

2(1 + ! )3

<latexit sha1_base64="47lLVBOkWA4E+SkxUtnirjgkiEs=">AAACF3icbVDLSgMxFM3UV61WR126CRahggwzLqrLggguK9gHtKVk0rQNzTxI7kiHYf7Cjb/iRkERt7rzYwQzbRfaeiH3Hs595rih4Aps+8vIrayurW/kNwtb28WdXXNvv6GCSFJWp4EIZMslignuszpwEKwVSkY8V7CmO77M8s07JhUP/FuIQ9b1yNDnA04JaKpnWklnOiSRrJ92QiKBE2GVJ6c47GkXZ1E7yCKcpD2zZFv21PAycOagVC2r7+L65LnWMz87/YBGHvOBCqJU27FD6CbZHipYWuhEioWEjsmQtTX0icdUN5melOJjzfTxIJD6+YCn7O+OhHhKxZ6rKz0CI7WYy8j/cu0IBhfdhPthBMyns0WDSGAIcCYS7nPJKIhYA0Il17diOiKSUNBSFrQIzuKXl0HjzHIqVuVGq3GFZpZHh+gIlZGDzlEVXaMaqiOK7tEjekGvxoPxZLwZ77PSnDHvOUB/zPj4AWWPocU=</latexit>

! .(x, px , y, py , t, pt )

<latexit sha1_base64="47lLVBOkWA4E+SkxUtnirjgkiEs=">AAACF3icbVDLSgMxFM3UV61WR126CRahggwzLqrLggguK9gHtKVk0rQNzTxI7kiHYf7Cjb/iRkERt7rzYwQzbRfaeiH3Hs595rih4Aps+8vIrayurW/kNwtb28WdXXNvv6GCSFJWp4EIZMslignuszpwEKwVSkY8V7CmO77M8s07JhUP/FuIQ9b1yNDnA04JaKpnWklnOiSRrJ92QiKBE2GVJ6c47GkXZ1E7yCKcpD2zZFv21PAycOagVC2r7+L65LnWMz87/YBGHvOBCqJU27FD6CbZHipYWuhEioWEjsmQtTX0icdUN5melOJjzfTxIJD6+YCn7O+OhHhKxZ6rKz0CI7WYy8j/cu0IBhfdhPthBMyns0WDSGAIcCYS7nPJKIhYA0Il17diOiKSUNBSFrQIzuKXl0HjzHIqVuVGq3GFZpZHh+gIlZGDzlEVXaMaqiOK7tEjekGvxoPxZLwZ77PSnDHvOUB/zPj4AWWPocU=</latexit>

! .(x, px , y, py , t, pt )
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• Tracking through an exact drift (MAD-NG).
[6R] mflw (x0) =

 X       :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010100007654E-03    0     0 0  0 0  0 0
     2   1.0000000000000000E+00    1     1 0  0 0  0 0
     3   2.0000030100037951E+00    1     0 1  0 0  0 0
     4   2.0000030300038257E-07    1     0 0  0 1  0 0
     5  -2.0000032911241996E-03     1     0 0  0 0  0 1
     6   3.0000075450133134E-03     2     0 2  0 0  0 0
     7   2.0000090300189758E-04     2     0 1  0 1  0 0
     8   1.0000015450019886E-03     2     0 0  0 2  0 0
     9  -2.0000092911401328E+00     2     0 1  0 0  0 1
    10  -6.0000159333886912E-07    2     0 0  0 1  0 1
    11   2.0000068433734400E-03    2     0 0  0 0  0 2

 Y       :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010100007653E-04    0     0 0  0 0  0 0
     2   2.0000030300038257E-07    1     0 1  0 0  0 0
     3   1.0000000000000000E+00    1     0 0  1 0  0 0
     4   2.0000010300007958E+00    1     0 0  0 1  0 0
     5  -2.0000032911241994E-04    1     0 0  0 0  0 1
     6   1.0000045150094879E-04     2     0 2  0 0  0 0
     7   2.0000030900039771E-03     2     0 1  0 1  0 0 ( cont. )

[6R] mflw (id) * z0 =

 X       :  R, NV =   6, MO =  3
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010099999999E-03    0     0 0  0 0  0 0
     2   1.0000000000000000E+00    1     1 0  0 0  0 0
     3   2.0000030099999999E+00    1     0 1  0 0  0 0
     4   2.0000000000000002E-07    1     0 0  0 1  0 0
     5  -2.0000002611199781E-03     1     0 0  0 0  0 1
     6   3.0000000000000001E-03     2     0 2  0 0  0 0
     7   2.0000000000000001E-04     2     0 1  0 1  0 0
     8   1.0000000000000000E-03     2     0 0  0 2  0 0
     9  -2.0000002611199781E+00     2     0 1  0 0  0 1
    10   2.0000007833599859E-03    2     0 0  0 0  0 2 ( cont. )

 
 Y       :  R, NV =   6, MO =  3
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   2.0000010100000001E-04    0     0 0  0 0  0 0
     2   2.0000000000000002E-07    1     0 1  0 0  0 0
     3   1.0000000000000000E+00    1     0 0  1 0  0 0
     4   2.0000010300000000E+00    1     0 0  0 1  0 0
     5  -2.0000002611199783E-04    1     0 0  0 0  0 1
     6   1.0000000000000000E-04     2     0 2  0 0  0 0
     7   2.0000000000000000E-03     2     0 1  0 1  0 0 ( cont. )

• Tracking through an expanded drift (MAD-X).

<latexit sha1_base64="47lLVBOkWA4E+SkxUtnirjgkiEs=">AAACF3icbVDLSgMxFM3UV61WR126CRahggwzLqrLggguK9gHtKVk0rQNzTxI7kiHYf7Cjb/iRkERt7rzYwQzbRfaeiH3Hs595rih4Aps+8vIrayurW/kNwtb28WdXXNvv6GCSFJWp4EIZMslignuszpwEKwVSkY8V7CmO77M8s07JhUP/FuIQ9b1yNDnA04JaKpnWklnOiSRrJ92QiKBE2GVJ6c47GkXZ1E7yCKcpD2zZFv21PAycOagVC2r7+L65LnWMz87/YBGHvOBCqJU27FD6CbZHipYWuhEioWEjsmQtTX0icdUN5melOJjzfTxIJD6+YCn7O+OhHhKxZ6rKz0CI7WYy8j/cu0IBhfdhPthBMyns0WDSGAIcCYS7nPJKIhYA0Il17diOiKSUNBSFrQIzuKXl0HjzHIqVuVGq3GFZpZHh+gIlZGDzlEVXaMaqiOK7tEjekGvxoPxZLwZ77PSnDHvOUB/zPj4AWWPocU=</latexit>

! .(x, px , y, py , t, pt )<latexit sha1_base64="47lLVBOkWA4E+SkxUtnirjgkiEs=">AAACF3icbVDLSgMxFM3UV61WR126CRahggwzLqrLggguK9gHtKVk0rQNzTxI7kiHYf7Cjb/iRkERt7rzYwQzbRfaeiH3Hs595rih4Aps+8vIrayurW/kNwtb28WdXXNvv6GCSFJWp4EIZMslignuszpwEKwVSkY8V7CmO77M8s07JhUP/FuIQ9b1yNDnA04JaKpnWklnOiSRrJ92QiKBE2GVJ6c47GkXZ1E7yCKcpD2zZFv21PAycOagVC2r7+L65LnWMz87/YBGHvOBCqJU27FD6CbZHipYWuhEioWEjsmQtTX0icdUN5melOJjzfTxIJD6+YCn7O+OhHhKxZ6rKz0CI7WYy8j/cu0IBhfdhPthBMyns0WDSGAIcCYS7nPJKIhYA0Il17diOiKSUNBSFrQIzuKXl0HjzHIqVuVGq3GFZpZHh+gIlZGDzlEVXaMaqiOK7tEjekGvxoPxZLwZ77PSnDHvOUB/zPj4AWWPocU=</latexit>

! .(x, px , y, py , t, pt )
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• Code using various Lie methods to 
calculate the map                 resulting 
from the tracking of x0 through an 
exact straight drift of length L. 

• Formula used from previous slides 

• All the outputs are strictly equal to  
               within e.g. 1e-15 for all orders.

local z0 = damap{ nv=6, mo=3 }:set0(x0) -- set orbit
local L  = seq.dft.l
local px, py, pt in z0 -- px,py,pt are Taylor Polynomials

-- Hamiltonian of the exact straight drift
local H = -sqrt(1 + 2/beta*pt + pt^2 - px^2 - py^2)

-- Explicit method for each variables
local z = z0:same()
z.x  = z0.x + z0.x: poisbra (L*H)   -- x + {x,LH}
z.px = z0.px
z.y  = z0.y + z0.y: poisbra (L*H)   -- y + {y,LH}
z.py = z0.py

-- Explicit propagator
local F   = -z0: vec2fld (L*H)      -- -{LH,.} = {.,LH}
local zp  = z0 + F                -- z + {z,LH}

-- Full Lie propagator
local zpp = z0: exppb (F)           -- exp({.,LH})z

H:print("H") -- All z output are equal to track mflw(x0)
z:print("z") ; zp:print("z'") ; zpp:print("z''")

<latexit sha1_base64="/IJ/cEminwT4JwOo2mx4Ig9QHV4="></latexit>

H = !
!

(1 + ! )2 ! p2
x ! p2

y

z(s) = e{á,H } z(s0) = M (z; s)z(s0)

z(s) = e{ .,LH } z(s0) = z + { z, LH }

e{á,H } z = z + { z, H } +
1
2!

{{ z, H } , H } + á á á

<latexit sha1_base64="pBsNXqV8JV0c1NxXTcy51fKr+DI=">AAACCXicbVBNS8MwGE79nPOr6tFLcAjzMlqRKXgZiOBFmOA+YCslzdItLE1Lkgpb6dWLf8WLB0W8+g+8+W9Mux5084HAk+d53zdvHi9iVCrL+jaWlldW19ZLG+XNre2dXXNvvy3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3yV+Z0HIiQN+b2aRMQJ0JBTn2KktOSaMOnnQxKPxSTVF8TgbVqdXsqTFE5dq+yaFatm5YCLxC5IBRRouuZXfxDiOCBcYYak7NlWpJwECUUxI2m5H0sSITxGQ9LTlKOASCfJl0jhsVYG0A+FPlzBXP3dkaBAykng6coAqZGc9zLxP68XK//CSSiPYkU4nj3kxwyqEGaxwAEVBCs20QRhQfWuEI+QQFjp8LIQ7PkvL5L2ac2u1+p3Z5XGdRFHCRyCI1AFNjgHDXADmqAFMHgEz+AVvBlPxovxbnzMSpeMoucA/IHx+QOpYZmp</latexit>

M (z; s)z0

<latexit sha1_base64="pBsNXqV8JV0c1NxXTcy51fKr+DI=">AAACCXicbVBNS8MwGE79nPOr6tFLcAjzMlqRKXgZiOBFmOA+YCslzdItLE1Lkgpb6dWLf8WLB0W8+g+8+W9Mux5084HAk+d53zdvHi9iVCrL+jaWlldW19ZLG+XNre2dXXNvvy3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3yV+Z0HIiQN+b2aRMQJ0JBTn2KktOSaMOnnQxKPxSTVF8TgbVqdXsqTFE5dq+yaFatm5YCLxC5IBRRouuZXfxDiOCBcYYak7NlWpJwECUUxI2m5H0sSITxGQ9LTlKOASCfJl0jhsVYG0A+FPlzBXP3dkaBAykng6coAqZGc9zLxP68XK//CSSiPYkU4nj3kxwyqEGaxwAEVBCs20QRhQfWuEI+QQFjp8LIQ7PkvL5L2ac2u1+p3Z5XGdRFHCRyCI1AFNjgHDXADmqAFMHgEz+AVvBlPxovxbnzMSpeMoucA/IHx+QOpYZmp</latexit>

M (z; s)z0
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• Code for the exact thick sextupole. 
(physics provided by MAD-NG)

local seq  = sequence  { beam=beam,
  sextupole  'sf' { l=0.5, k2=10 },
}

local _, mflw = track  { sequence= seq , mapdef=2  }
mflw[1]:print("sf transfer map")

Ñ Lie methods - - - - - - - - - - - - - - - 
local z0 = damap{ nv=6, mo=3 }
local l, k2 in seq.sf
local x, px, y, py, pt in z0 -- Taylor Polynomials

-- Hamiltonian of the thick sextupole
local H = H_drift  + k2/6 * (x^3 - 3*x*y^2)

-- Full Lie propagator
local z = z0: exppb (l*H)   -- exp({.,LH})z0

H:print("H") -- Output: z equals trackÕs mflw(x0)
z: cutord (3):print("z")

<latexit sha1_base64="hwEvMi0UBcFsn7WVkx+MPmHgSRo="></latexit>

H = Hdrift +
k2

6
(x3 ! 3xy2)

z(s) = e{á,H } z(s0) = M (z; s)z(s0)
[6R] sf transfer map =

 X       :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     1 0  0 0  0 0
     2   5.0000000000000000E-01    1     0 1  0 0  0 0
     3  -6.2500000000000000E-01    2     2 0  0 0  0 0
     4  -2.0833333333333323E-01    2     1 1  0 0  0 0
     5  -2.6041666666666657E-02    2     0 2  0 0  0 0
     6   6.2500000000000000E-01    2     0 0  2 0  0 0
     7   2.0833333333333323E-01    2     0 0  1 1  0 0
     8   2.6041666666666657E-02    2     0 0  0 2  0 0
     9  -5.0000006527999452E-01    2     0 1  0 0  0 1

 PX      :  R, NV =   6, MO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     0 1  0 0  0 0
     2  -2.5000000000000000E+00     2     2 0  0 0  0 0
     3  -1.2500000000000000E+00    2     1 1  0 0  0 0
     4  -2.0833333333333337E-01    2     0 2  0 0  0 0
     5   2.5000000000000000E+00    2     0 0  2 0  0 0
     6   1.2500000000000000E+00    2     0 0  1 1  0 0
     7   2.0833333333333337E-01    2     0 0  0 2  0 0

• Output of mflw and z are strictly equal  
within e.g. 1e-15 for all orders.

<latexit sha1_base64="47lLVBOkWA4E+SkxUtnirjgkiEs=">AAACF3icbVDLSgMxFM3UV61WR126CRahggwzLqrLggguK9gHtKVk0rQNzTxI7kiHYf7Cjb/iRkERt7rzYwQzbRfaeiH3Hs595rih4Aps+8vIrayurW/kNwtb28WdXXNvv6GCSFJWp4EIZMslignuszpwEKwVSkY8V7CmO77M8s07JhUP/FuIQ9b1yNDnA04JaKpnWklnOiSRrJ92QiKBE2GVJ6c47GkXZ1E7yCKcpD2zZFv21PAycOagVC2r7+L65LnWMz87/YBGHvOBCqJU27FD6CbZHipYWuhEioWEjsmQtTX0icdUN5melOJjzfTxIJD6+YCn7O+OhHhKxZ6rKz0CI7WYy8j/cu0IBhfdhPthBMyns0WDSGAIcCYS7nPJKIhYA0Il17diOiKSUNBSFrQIzuKXl0HjzHIqVuVGq3GFZpZHh+gIlZGDzlEVXaMaqiOK7tEjekGvxoPxZLwZ77PSnDHvOUB/zPj4AWWPocU=</latexit>

! .(x, px , y, py , t, pt )

<latexit sha1_base64="1WOcVcxgfB6Si5p0GYhbdrrtDZk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKVDdCQYQuK9gHNCFMJpN26OTBzERaQv7Djb/ixoUirgQX/o2TNqC2HhjmcM69d+YeN2ZUSMP40korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yJBGA1JR1LJSD/mBAUuIz13fJ37vXvCBY3COzmNiR2gYUh9ipFUkqPXLZ8jnHowdiaZukQGr+DZXLRixCVFDLayHz7JHL1q1IwZ4DIxC1IFBdqO/mF5EU4CEkrMkBAD04ilneYDMSNZxUoEiREeoyEZKBqigAg7ne2WwROleNCPuDqhhDP1d0eKAiGmgasqAyRHYtHLxf+8QSL9SzulYZxIEuL5Q37CoIxgHhT0KCdYsqkiCHOq/grxCKlcpIqzokIwF1deJt16zWzUGrfn1eZNEUcZHIFjcApMcAGaoAXaoAMweABP4AW8ao/as/amvc9LS1rRcwj+QPv8BhKIoXs=</latexit>

dpx

ds
= !

! H
! x
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• Code for the exact thick sextupole. 
(physics provided by MAD-NG)

local k2, l in seq.sf -- k2=10, l=0.5
local z0 = damap{nv=6, mo=3, np=1,po=1,pn={Òk2"} }
seq.sf.k2  = k2 + z0.k2

local _, mflw = track  { sequence=seq, X0= z0  }
mflw[1]:print("sf parametric transfer map")

Ñ Lie methods - - - - - - - - - - - - - - - 
local z0 = damap{nv=6, mo=4, np=1,po=1,pn={"k2"} }
local x, px, y, py, pt in z0 -- Taylor Polynomials
k2  = k2 + z0.k2

-- Hamiltonian of the thick sextupole
local H = H_drift  + k2 /6 * (x^3 - 3*x*y^2)

-- Full Lie propagator
local z = z0: exppb (l*H)   -- exp({.,LH})z0

H:print("H") -- Output: z equals trackÕs mflw(z0)
z: cutord (4):print("z")

[6R] sf parametric transfer map =

 X       :  R, NV =   6, MO =  3, NP =   1, PO =  1
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     1 0  0 0  0 0
     2   5.0000000000000000E-01    1     0 1  0 0  0 0
     3  -6.2500000000000000E-01    2     2 0  0 0  0 0
     4  -2.0833333333333323E-01    2     1 1  0 0  0 0
     5  -2.6041666666666657E-02    2     0 2  0 0  0 0
     6   6.2500000000000000E-01    2     0 0  2 0  0 0
     7   2.0833333333333323E-01    2     0 0  1 1  0 0
     8   2.6041666666666657E-02    2     0 0  0 2  0 0
     9  -5.0000006527999452E-01    2     0 1  0 0  0 1
         . . . (3 order in variables only are omitted)
    27  -6.2500000000000000E-02     3     2 0  0 0  0 0  7^1
    28  -2.0833333333333322E-02    3     1 1  0 0  0 0  7^1
    29  -2.6041666666666661E-03    3     0 2  0 0  0 0  7^1
    30   6.2500000000000000E-02    3     0 0  2 0  0 0  7^1
    31   2.0833333333333322E-02    3     0 0  1 1  0 0  7^1
    32   2.6041666666666661E-03    3     0 0  0 2  0 0  7^1

• Output of mflw and z are strictly equal  
within e.g. 1e-15 for all orders.

<latexit sha1_base64="1twFrpWz5WwgYWgjpNDRLKwIuLo="></latexit>

H = Hdrift +
k2

6
(x3 ! 3xy2)

z(s; k2) = e{á,H } z(s0; k2) = M (z; s)z(s0; k2)

<latexit sha1_base64="diW03kNKiqn43V2DYzsGqK+TR08=">AAACHHicbVBNSwJBGJ61MrOsrY5dhiQwCNk1sKCLEEFHg/wAlWV2HHVw9oOZd0NZ/CFd+it16FBElw5BPyZoVj2U9sK878Pzfs7jhoIrsKwvI7WyupZez2xkN7dy2zvm7l5dBZGkrEYDEcimSxQT3Gc14CBYM5SMeK5gDXd4meQbd0wqHvi3MA5ZxyN9n/c4JaApxzyN29MhsWTdSTskEjgRxcLoBIeOduMkagdJhAs8dErHE8fMW0VrangZ2HOQrxTUdy49eqo65ke7G9DIYz5QQZRq2VYInThZRgWbZNuRYiGhQ9JnLQ194jHViad3TfCRZrq4F0j9fMBT9ndHTDylxp6rKz0CA7WYS8j/cq0IeuedmPthBMyns0W9SGAIcKIU7nLJKIixBoRKrm/FdEAkoaD1zGoR7MUvL4N6qWiXi+UbrcYVmlkGHaBDVEA2OkMVdI2qqIYoukeP6AW9Gg/Gs/FmvM9KU8a8Zx/9MePzB3sTo04=</latexit>

! .(x, px , y, py , t, pt ; k2)
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• Code for the exact thick sextupole. 
(physics provided by MAD-NG)

local z0 = damap{ nv=6, mo=5, np=1, po=2 ,pn={"k2"} }
seq.sf.k2  = z0.k2 -- Switch off the sextupole!!!

-- Track through a sextupole turned off!!!
local _, mflw = track  { sequence=seq, X0= z0  }
mflw[1]:print(Òsf parametric sensitivity map")

[6R] sf parametric sensitivity map =

 PX      :  R, NV =   6, MO =  5,  NP =   1, PO =  2
 *******************************************************
     I   COEFFICIENT             ORDER   EXPONENTS
     1   1.0000000000000000E+00    1     0 1  0 0  0 0
     2  -2.5000000000000000E-01    3     2 0  0 0  0 0  7^1
     3  -1.2500000000000000E-01    3     1 1  0 0  0 0  7^1
     4  -2.0833333333333339E-02    3     0 2  0 0  0 0  7^1
     5   2.5000000000000000E-01    3     0 0  2 0  0 0  7^1
     6   1.2500000000000000E-01    3     0 0  1 1  0 0  7^1
     7   2.0833333333333339E-02    3     0 0  0 2  0 0  7^1
     8   1.2500001631999863E-01    4     1 1  0 0  0 1  7^1
     9   4.1666672106666219E-02    4     0 2  0 0  0 1  7^1
    10  -1.2500001631999863E-01    4     0 0  1 1  0 1  7^1
    11  -4.1666672106666219E-02    4     0 0  0 2  0 1  7^1
    12  -6.2500000000000000E-02    5     1 3  0 0  0 0  7^1
    13  -2.0833333333333339E-02    5     0 4  0 0  0 0  7^1
    14   6.2500000000000000E-02    5     0 2  1 1  0 0  7^1
    15  -6.2500000000000000E-02    5     1 1  0 2  0 0  7^1
    16   6.2500000000000000E-02    5     0 0  1 3  0 0  7^1
    17   2.0833333333333339E-02    5     0 0  0 4  0 0  7^1
    18  -1.2500004895999911E-01    5     1 1  0 0  0 2  7^1
    19  -6.2500021759999622E-02    5     0 2  0 0  0 2  7^1
    20   1.2500004895999911E-01    5     0 0  1 1  0 2  7^1
    21   6.2500021759999622E-02    5     0 0  0 2  0 2  7^1
    22   1.0416666666666675E-02    5     3 0  0 0  0 0  7^2
    23   6.5104166666666748E-03    5     2 1  0 0  0 0  7^2
    24   1.8056665177785579E-03    5     1 2  0 0  0 0  7^2
    25   2.3440274055575039E-04    5     0 3  0 0  0 0  7^2
    26   1.0416666666666675E-02    5     1 0  2 0  0 0  7^2
    27  -1.3020833333333374E-03    5     0 1  2 0  0 0  7^2
    28   7.8125000000000035E-03    5     1 0  1 1  0 0  7^2
    29  -2.2865051559873423E-04    5     0 1  1 1  0 0  7^2
    30   2.0343170333772934E-03    5     1 0  0 2  0 0  7^2
    31   2.3440274055575039E-04    5     0 1  0 2  0 0  7^2

<latexit sha1_base64="1twFrpWz5WwgYWgjpNDRLKwIuLo="></latexit>

H = Hdrift +
k2

6
(x3 ! 3xy2)

z(s; k2) = e{á,H } z(s0; k2) = M (z; s)z(s0; k2)
<latexit sha1_base64="dGmX2s1h2XvioYapfCXrYJaJeyo="></latexit>

!
! 4px

! x! px ! pt ! k2

<latexit sha1_base64="nPvVW86+C5J7ISvyDwU3X08q9Qc="></latexit>

!
! 5px

! y! py ! p2
t ! k2

<latexit sha1_base64="rEGP+lVeF8DKTYDNteA8bXVAewA="></latexit>

!
! 3px

! x2! k2

<latexit sha1_base64="B6iwsS532Mrzi1BA91gf2qRFzdE="></latexit>

!
! 5px

! x! y! py ! k2
2

X omitted as it is 

also affected by the 

exact drift (too long).

k2 = 0

• Parametric maps are extremely powerful 
for studying lattice sensitivities and 
optimising quantities, as they provide the 
exact Jacobian to the Match command and 
offer a way to explore behaviour around a 
chosen setup without risking instability.

<latexit sha1_base64="diW03kNKiqn43V2DYzsGqK+TR08=">AAACHHicbVBNSwJBGJ61MrOsrY5dhiQwCNk1sKCLEEFHg/wAlWV2HHVw9oOZd0NZ/CFd+it16FBElw5BPyZoVj2U9sK878Pzfs7jhoIrsKwvI7WyupZez2xkN7dy2zvm7l5dBZGkrEYDEcimSxQT3Gc14CBYM5SMeK5gDXd4meQbd0wqHvi3MA5ZxyN9n/c4JaApxzyN29MhsWTdSTskEjgRxcLoBIeOduMkagdJhAs8dErHE8fMW0VrangZ2HOQrxTUdy49eqo65ke7G9DIYz5QQZRq2VYInThZRgWbZNuRYiGhQ9JnLQ194jHViad3TfCRZrq4F0j9fMBT9ndHTDylxp6rKz0CA7WYS8j/cq0IeuedmPthBMyns0W9SGAIcKIU7nLJKIixBoRKrm/FdEAkoaD1zGoR7MUvL4N6qWiXi+UbrcYVmlkGHaBDVEA2OkMVdI2qqIYoukeP6AW9Gg/Gs/FmvM9KU8a8Zx/9MePzB3sTo04=</latexit>

! .(x, px , y, py , t, pt ; k2)
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p

q

p

q

<latexit sha1_base64="Pm/j1IaaEPuLnFqo9QhjmrKmnrc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEjx4LXjxWsB/QhrLZbtqlu5uwOxFK6F/w4kERr/4hb/4bkzYHrT4YeLw3w8y8IJbCout+OaW19Y3NrfJ2ZWd3b/+genjUsVFiGG+zSEamF1DLpdC8jQIl78WGUxVI3g2mt7nffeTGikg/4CzmvqJjLULBKOYSHXqVYbXm1t0FyF/iFaQGBVrD6udgFLFEcY1MUmv7nhujn1KDgkk+rwwSy2PKpnTM+xnVVHHrp4tb5+QsU0YkjExWGslC/TmRUmXtTAVZp6I4sateLv7n9RMMG34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL/8lnYu6d12/ur+sNRtFHGU4gVM4Bw9uoAl30II2MJjAE7zAq6OcZ+fNeV+2lpxi5hh+wfn4Bh3ljZ0=</latexit>a1

<latexit sha1_base64="Hj0iKas/8FfywP4jnTMCg3QSzXI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiMYB6QLGF20kmGzMwuM7NCWPILXjwo4tUf8ubfuJvsQRMLGoqqbrq7gkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATTu8zvPKE2PFSPdhahL+lY8RFn1GYSHdRKg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpF2rejfV64erSqOex1GEMziHS/DgFhpwD01oAYMJPMMrvDnSeXHenY9la8HJZ07hD5zPHx9qjZ4=</latexit>a2
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Nonlinear Optics — Octupolar RDTs vs MS for HL-LHC
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Nonlinear Optics — Lowering RDTs for LHC@injection

• Lowering Octupolar RDTs at injection using MAD-NG parametric DA maps (16 MQT and 16 
MO knobs) and optimiser to improve dynamic aperture and beam life time. 
(see also next slide)
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Courtesy 

S. Kostoglou

Beam lifetime x3 

@ injection in 2023

Published at 

HB 2023
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Nonlinear Optics — Lowering f1020 RDT for LHC B3

22

Courtesy 

S.J. Horney

• Lowering Sextupolar RDT f1020 at injection and during the ramp using MAD-NG parametric 
DA maps (MS knobs) and optimiser without degrading other sextupolar RDTs.

Published at 

IPAC 2025
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Architecture and Performance
• LuaJIT: high-performance scripting engine 

• Tracing JIT compiler delivering C-like execution speed, completely transparent to the user with no warm-up delay. 

• Zero-cost abstractions: user scripts run at compiled speed while retaining full access to all underlying physics. 

• Enables fast prototyping without sacrificing performance (e.g. new physics). 

• Provides simple and fast interfacing with external libraries (e.g. zero overhead for GTPSA). 

• Object-oriented, lightweight and powerful data model 

• Accelerator objects implemented with minimal memory footprint. 

• Fast attribute access, internal caching, and efficient scanning of object. 

• Inheritance improves scaling to very large and complex lattices (i.e. everything is an object). 

• Deferred expressions (symbolic-on-demand evaluation) 

• User expressions (functions) stored symbolically and evaluated only when needed (e.g. qf.k1: expr. or value?). 

• Enables various optics configurations, parametric studies and sensitivity analysis without modifying the lattice. 

• Eliminates redundant computations and manual bookkeeping — thanks to the JIT.
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https://indico.cern.ch/event/487416/contributions/2174904/

https://indico.cern.ch/event/487416/contributions/2174904/
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Physics Performance — Accuracy First

• Lua vs. C++ code 
• Both are simple to read: extensive use of operator overloading. 
• Both are fully polymorphic: same code for particles, DA maps, and parametric DA maps. 
• Performances: GTPSA in C + Fast memory allocator + C++ advanced techniques lead to better 

memory management than Lua’s garbage collector, resulting in a speed improvement of x7.
24

local function curex_drift  (elm, m, lw, istp)

  local ld = (m.eld or m.el)*lw
  local ang, rho = m.eh*m.el*lw*m.edir, 1/m.eh*m.edir
  local ca, sa, sa2 = cos(ang), sin(ang), sin(ang/2)
  local beta in m.beam

  for i=1,m.npar do
    local x, px, y, py, t, pt in m[i]

    local dpp1 = 1 + 2/beta*pt + pt^2
    local   pz = sqrt(dpp1 - px^2 - py^2)
    local  _pz = 1/pz
    local  pxt = px*_pz
    local _ptt = 1/(ca - sa*pxt)
    local  pst = (x+rho)*sa*_pz*_ptt

    m[i].x  = (x + rho*(2*sa2^2 + sa*pxt))*_ptt
    m[i].px = ca*px + sa*pz
    m[i].y  = y + pst*py
    m[i].t  = t - pst*(1/beta+pt) + (1-m.T)/beta*ld
  end
end

template <typename M,      Ñ type of map flow
          typename T=M::T, Ñ type of variable
          typename P=M::P, Ñ type of parameter
          typename R=M::R> Ñ type of parameter reference
inline void curex_drift  ( cflw< M> & m, num_t lw, int istp)
{
  P ld  = (fval(m.eld) ? R(m.eld) : R(m.el))*lw;
  P ang = R(m.eh)*R(m.el)*lw*m.edir, rho = 1/R(m.eh)*m.edir;
  P ca  = cos(ang), sa = sin(ang), sa2 = sin(ang/2);

  FOR(i,m.npar) {
    M p( m,i);

    T dpp1 = 1 + 2/m.beta*p.pt + sqr(p.pt);
    T   pz = sqrt(dpp1 - sqr(p.px) - sqr(p.py));
    T  _pz = 1/pz;
    T  pxt = p.px*_pz;
    T _ptt = 1/(ca - sa*pxt);
    T  pst = (p.x+rho)*sa*_pz*_ptt;

    p.x  = (p.x + rho*(2*sqr(sa2) + sa*pxt))*_ptt;
    p.px = ca*p.px + sa*pz;
    p.y += pst*p.py;
    p.t -= pst*(1/m.beta+p.pt) - (1-m.T)/m.beta*ld;
  }
}

Lua code
C++ code

• MAD-NG always 
includes state-of-
the-art physics, no 
compromise, yet 
remains much 
faster than PTC. 

• MAD-NG opens new 
possibilities, being 
fast enough to train 
modern ML models.

Exact drift in curved frame
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Summary

• GTPSA and Automatic Differentiation. 
• GTPSA are objects representing high order multivariate real or complex Taylor polynomials. 

GTPSA use forward automatic differentiation to calculate exact derivatives and functions 
with an accuracy close to symbolic calculations (relative error within few eps=2.2e-16). 

• Tracking and Lie algebra. 
• MAD-NG provides a fast tracking engine with exact, thick-element physics and accurate 

models, together with Lie-algebra tools to work directly with the Hamiltonian and the DA 
maps (vector field, PB, Lie exp, Lie log, Dragt-Finn factorisation, +500 functions, etc.). 

• Parametric DA maps. 
• Phase space DA maps can be parameterised by users with any lattice quantities that 

influence its tracking (strengths, lengths, positions, misalignments, etc.), enabling the 
study of optics sensitivities around a working point without modifying the lattice (thanks 
to deferred expressions), and thus avoiding the risk of moving close to instabilities.
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A Bit of History

• 1996-1998 SL++: scientific library in C++, full of template expressions, including AD. 

• 2011-2022 Leading the MAD-X team, improving the application to meet CERN’s needs. 

• 2014-2015 Development of the new Differential Algebra core (GTPSA, IPAC 2015). 

• 2016-2018 Development of MAD-NG for linear optics as a replacement for MAD-X. 

• First Twiss calculations on LHC and HL-LHC. 

• 2019-2021 Major improvements on many aspects: features, physics, accuracy, and speed. 

• New optimiser (20+ algorithms), support of parametric DA maps. 

• 2022-2024 Extension of MAD-NG to nonlinear optics as a replacement for MADX-PTC.  

• General use of high-order parametric differential maps, version 1.0 released.

27
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Differential Algebra — Finite Diff. vs Auto. Diff.

• Taylor Polynomial:  

• Finite Differences:

28
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Differential Algebra — Radius of Convergence
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Differential Algebra — Multivariate Polynomials
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