
OPTIMALJACOBIANACCUMULATION
is

NP-hard

BlairD. Sullivan
Euro AD 2025

joint work with M .
Bentert

,
A
.Crane

,
U

.Drange, Y. Mizutani

arXiV : 2506 . 17521



The least-surprising new AD result this year

&MJACOBIANACCUMULATION-isNP-hard

BlairD. Sullivan
Euro AD 2025

oint work with M .
Bentert

,
A
.Crane

,
U

.Drange, Y. Mizutani(

arXiV : 2506 . 17521



AmI Here?

g
- ⑫

L

ste
u

THEORYLAND u
u

r~u

-

-



#(in my eyes) local partial derivatives

f(x)
↓ /elementary functions ⑮
C2

↓ xoFo=>eacurus!LEMENT X20
C3

X30-4
↑
data dependence ↓ com

Gal : compute Jacobian with min # O
CiCs + SiCyCo

->
of multiplications. oo

-
Q : Is that hard ? O C3C

·
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#(in my eyes) local partial derivatives

f(x)
↓ /elementary functions ⑮

↓ oo=eacurus!#LEMENT = X20Ze
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↑
data dependence ↓ com
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of multiplications. oo
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#(in my eyes) local partial derivatives AD

f(x)
↓ /elementary functions CTUO Cs + C440

↓ o ->

YoC2 C29

LEMENT X20 => O-> cust 3
C3 o

- 0y
.

v! -

X30-4 elim O-C3C
↑
data dependence I↓ elimu IIl

O C/Cst(y(0)Importantstep : "chain rule" aka "elimination ->
C2C6
o- O

The cost of eliminating v is degivdel - 1
O C3C

and #mults . used= cost time of elim ! -



IRUCTURAL)OPTIMAL JACOBIAN AccIMULATION
have to update

Order ↓ value ! Est
- X, 0- 0 0-0 O

Y D
-*
->
- OV

,
x0-0 O-> o => 03+= 4
X0-v .

v!
O
-> elimu ! O
-

X, 0- 0 O O

a -↓ 1o = 0
- O

n
,
vx0-10y= !

O
- -

.

v! -> 2+3= 5
X0-v elim u

0
-0 elim

Problem: Given DAG G, KEX is there an order v. ... in with total cost
?

#1 OPTJAcAcs is NP-Hard , 2- time would refute ETH .



TheConstruction
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Ul Uz
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OUS
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The Construction
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Oly
Ul Uz->
->

1
0- 0 OUz

*ou

VH
so

VI V2->
->

1
O-> ⑳ 0Vz

> ->OVS
Ov

%
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#heProof harddirection)

#sume: (H, l) is a YES-instance : 7 an elim . seg of cost
<Yn+ 6m+ K

#  show: (G
,K) is a YES-instance : - a vertex cover of size=K .

OlyConsider all UEG sit. either ->Ul Uz ->
0- 0

⑲ Uz is elim .

before Uz

or⑤ U3 is elim .
before v2 ourfor some neighbor v of u in G - OV4->V

, 12 ->
0- 0-OV3

Claim: this is a verexcover of G ->OVS



#heProof harddirection) Oly->Uz ->
Cam: S UE & sat.Dor cover(C)"us

⑲ Uz is elim .
before Uz

OV4
or⑤ U3 is elim .

before v2 V
, Va-

for some neighbor v of u in G
0-0-OV3

Prof : Assume not, and uv is uncovered.
->OVS

·By , Us is elim .
before uz 3 u not chosen Vz

... Uz ... Uz

· By D , V is elim before Us -
· By ,

Va is elim before V2 & v not chosen V3
3

· ByD , Uz is elim before v
->t
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0-0
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E

*us

OV4
or⑤ U3 is elim .

before v2 V
, Va-

for some neighbor v of u in G
0-0-OV3

->OVSProf. We show every order has cost, Un + Gm + 191
.
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#heProof harddirection) K OlyL ->Ul Uz ->
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#heProof harddirection) K OlyL ->Ul Uz ->
Gam: C=SueG sat. or3 is small

0-0

⑲ Uz is elim .
before U

E

*us

OV4
or⑤ U3 is elim .

before v2 V
, Va-

for some neighbor v of u in G
0-0-OV3

->OVSProf. We show every order has cost, Un + Gm + 191
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· U2 always has 1 in-neighbor
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#heProof harddirection) K OlyL ->Ul Uz ->
Gam: C=SueG sat. or3 is small

0-0

⑲ Uz is elim .
before U

E

*us

OV4
or⑤ U3 is elim .

before v2 V
, Va-

for some neighbor v of u in G
0-0-OV3

->
Prof. We show every order has cost 4n + 6m + 191

·

OVS

· U2 always has 1 in-neighbor
+ 1 if [ 10(2+ deg(u))

· Uz has2 + deg (u) out-neighbors) n + 2) U + [1

· Uz always has 2 out-neighbors & -

[ Cl + deg(u)) !2
+ e

· Uz hasIt deg(u) in-neighborsli) 4n + 6m + 121 :
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#theProteasydirection)

#sume : (G
,K) is a YES-instance: - a vertex cover of size =K

.

#show: (H, l) is a YES-instance: 7 an elim
. seg of cost <Yn+ 6m+ K

Oly
Ul Uz->
->

1
U O O-> ⑳ OUz

! & ougOV4->
->

1
0-0 Ovs

so

Wo i->cover of sizek ->

1
0- 0 OW3

->
Eliminate in order : red blue green orange



OtherResults essentially best

/possibleunder ETH
.

#m2 OptJAcAc can be solved in O
*

(24) - time [by DP]

#mumEdgeCount: Eliminate some (not nec. all) vertices to minimize

Hedges in resulting graph ("scarcity" problem)

#3 MinEdgeCount is also NP-hard Creduce from INDSET] /givesa
* e: order of elim

.
does not affect final structure (folklore! )

so this is a selection problem,
not an ordering one!

#4 MinEdgeCount can be solved in O
*

(24) - time [guess and check]



&en Directions

! Other notions of elimination
,
e
.g. (forward) edge elimination:

U
- 0

~a_E

o Y O

& is the problem still hard with this finer-grained approach!

! Approximations and parameterized algs (or lower-bounds)

! !
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· At ENS Lyon until July 2026*

·Looking for new collaborations (andexcusestovisit
Interests:
· graph algorithms
· parameterizedcomplexity T t

->

· approximation %
O hiking

⑭· application-driven combinatories
doyouhave

1 Thanks to Fulbright France, Collegium de Lyon ,
ENS de Lyon for financial support.


