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Heavy        produc*on near threshold: 

Heavy quark‐an*quark threshold 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b b̄t t̄

e+e− → t t̄
threshold scan 

nonrela*vis*c 
sumrule analysis 

•  perturba*ve 
•  nonrela*vis*c 

mt, yt, αs, Γt mb

q q̄
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•  Nonpert. effects suppressed 
       [Fadin, Khoze; 1987] 

•  No sharp resonance peaks 

     resonance @ Linear Colider: t̄t
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Γt ≈ 1.5GeV" ΛQCD

v! 1

LL 

NNLL 

NLL 

Heavy quark‐an*quark threshold 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•  Nonpert. effects suppressed 
       [Fadin, Khoze; 1987] 

•  No sharp resonance peaks 

     resonance @ Linear Colider: t̄t

incomplete!!! 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Γt ≈ 1.5GeV" ΛQCD

v! 1

LL 

NNLL 

NLL 

,   < 3% needed for precise  
δmt ∼ 100 MeV !

yt, αs, Γt

status: 
(theory) 

δσtot/σtot ∼ 6 %

Heavy quark‐an*quark threshold 



•  LO:    Unstable top  ⇒                    “IR cutoff” 

  

•  Higher orders up to NNLL 
[Fadin, Khoze; 1987] 

Γt ≈ 1.5 GeV" ΛQCD

EW effects: 

veff ≡
√√

s−2mt

mt
→

√√
s−2mt+iΓt

mt
; |veff | ! 0.1

QCD near threshold:  v ∼ αs " 1

(∼ Γt " ΛQCD)mt ! !p ∼ mtv ! Ekin ∼ mtv2 3 scales: 
“hard”  “sol”  “ultrasol” 

•  “Coulomb singulari*es” 
•  Large logs 

Problems: 

[Hoang, Reisser, Ruiz‐Femenia; 2010] 
[Beneke, Jantzen Ruiz‐Femenia; 2010] 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Heavy quark‐an*quark threshold 



Problem of Coulomb singulari*es: 

Produc*on threshold:           ⇒ breakdown of perturba*on theory αs ∼ v ∼ 0.1
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Solu*on: 
Nonrela*vis*c effec*ve field theory  vNRQCD 

summa*on of        terms using Schrödinger Equa*on ! (αs/v)n

Heavy quark‐an*quark threshold 



vNRQCD 

Problem of large logarithms: 

(∼ Γt " ΛQCD)mt ! !p ∼ mtv ! Ekin ∼ mtv2 3 scales: 
“hard”  “sol”  “ultrasol” 

Logs:  ln
(

m2

E2

)
, ln

(
m2

p2

)
, ln

(p2

E2

)
αs ln

(
m2

E2

)
∼ −αs ln(v4) ∼ 1e.g. 

Solu*on: 

Two renormaliza*on scales:  µs = mν, µu = mν2 “v”NRQCD 

ν “subtrac*on velocity” 

RGE’s resum  [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n ...  terms 

LL  NLL  NNLL 

[Luke, Manohar, Rothstein; 2000] 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vNRQCD 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“poten*al” gluon 



LvNRQCD = Lusoft + Lpot + Lsoft

[Luke, Manohar, Rothstein; 2000] 

Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 

Lsoft :

vNRQCD 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LvNRQCD = Lusoft + Lpot + Lsoft

[Luke, Manohar, Rothstein; 2000] 

Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 

Produc*on/annihila*on current (3S1): 

(CMS) ∼ c1(ν) · "j eff
1 (x)︸ ︷︷ ︸

ψ†
p"σ(iσ2)χ∗−p

+ . . .

vNRQCD 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Renormaliza*on 

σtot ∼ Im
[

∼ |c1(ν)|2 · Im
[
− i

∫
d4x eiq̂x 〈0| T#j eff ∗

1 (x)#j eff
1 (0) |0〉

]
+ . . .

∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . .

]
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GNNLL known ! [Hoang, Manohar, Stewart, Teubner; 2002] 

GNNNLO known! [Beneke, Kiyo, Schuller; 2007] 

[Pineda, Signer; 2006] 

[
− ∇2

!r
m + Vc(r)− E

]
G(!r,!r ′,E) = δ(3)(!r −!r ′)LO SG: 



Renormaliza*on 

current 
renormaliza*on  NLLLL

V V

[Hoang; 2003] 
[Luke, Manohar, Rothstein; 2000] 
[Pineda; 2002]  [Hoang, Stewart; 2003] 

ln
[

c1(ν)
c1(1)

]
= ξ LL

︸︷︷︸
0

+ ξ NLL + ξ NNLL
mix + ξ NNLL

nonmix

σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . .

missing 

GNNLL known !
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Renormaliza*on 

σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . . GNNLL known !
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NLL+NNLLnonmix 

NLL 

Missing NNLLmix contribu*on 
may reduce th. error of      ? 

δσ

σ
≈ 6%

σtot

⇒ VNLL(ν) needed ! 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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

sol  ultrasol 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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

sol  ultrasol 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NLL correc*ons 

•  dominant: 

•  large contribu*on to 

αs(mv2)>αs(mv)

ξ NNLL
nonmix

[Hoang; 2003] 

•  known sol  
   contribu*ons small 



Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

Two usol loops:  renormalize 

⇒ δV2 loop
r,2

RGE−−→ VNLL
r,2 (ν)

[MS, Hoang; hep‐ph/0611292] 

•  Feynman gauge 

•          , dim. reg. 

•  O(103) diagrams 

MS
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ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)

Renormaliza*on 

NLL: 

renormalize 

⇒ δV2 loop
k

RGE−−→ VNLL
k (ν) [MS, Hoang, 1102.0269 [hep‐ph]] 

Two usol loops: 

•  3 loops:  
      2 x usol  
      1 x poten*al (finite)  
 
•  Feynman gauge 
•          , dim. reg. 
 
•  O(104) diagrams 
 
•  Genera*on: 
      own Mathema*ca 
      code 
 
•  IntegraIs: 
      IBP & par*al frac. 

MS
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Results 

RGE’s + matching at hard scale        give:   (ν = 1)

[
Vr(ν)

]NLL

usoft
= 8παs(mν)

[
− 4π

β0
Ar ln αs(mν2)

αs(mν) +
(

β1

β2
0
Ar −

[
αs(mν2)−αs(mν)

]
8π
β0

Br

)]

[
V2(ν)

]NLL

usoft
= 4παs(mν)

[
− 4π

β0
A2ln αs(mν2)

αs(mν) +
(

β1

β2
0
A2 −

[
αs(mν2)−αs(mν)

]
8π
β0

B2

)]
LL  NLL 

[
Vk(ν)

]NLL

usoft
= 2α2

s (mν)
[
− 4π

β0
Ak ln αs(mν2)

αs(mν) +
(

β1

β2
0
Ak −

[
αs(mν2)−αs(mν)

]
8π
β0

Bk

)]

[
A2

B2

]
= CF(CA − 2CF)

[
A
B

]

[
Ar

Br

]
= −CACF

[
A
B

]

[
Ak

Bk

]
= −CACF(CA − 2CF)

[
A
B

]

A =
1

3π

B =
CA(47 + 6π2)− 10nfT

108π2

[MS, Hoang; 2011] 

[Pineda; 2011] 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Results 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Results 

NLL 

NLL+NNLLnonmix 

NLL+NNLLnonmix+NNLLmix,usol 

•  large usol NNLL contribu*ons compensate each other!  

•  good convergence: 

[MS, Hoang; 2011] 

c1(ν)
c1(1)

ν
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[c1(ν =0.15)]2 = 1− 0.096|NLL − 0.029|NNLL



Results 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0.1 < ν < 0.4 LL 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NLL 

ξNNLL = ξNNLL
usoft + x ξNNLL

soft ; 0 < x < 2

•  known sol NNLL contribu*ons small 
•  detailed error analysis (incl. EW effects, varia*on of matching scale, ...)       WIP 



Summary/Outlook 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•  precise                                from                                        at threshold  
 
•       

•          known up to NNLL               EW conribu*ons up to NNLL  

•  New NNLLmix,usol compensates for large NNLLnonmix contribu*on to 
       
                         decreases substan*ally!            RG Improvement important! 
 
 
•  Outlook: 

-  Detailed error analysis for               at threshold 

-  Determina*on of bovom mass from nonrel.       sum rules 

  

             

σtot(e+e−→ t t̄ )

σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . .

G(0, 0,E, ν) !

c1(ν)

δσth
tot

σtot

!

σtot(e+e−→ t t̄ )
Υ

mt, yt, αs, Γt



Backup 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V 2
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r 

ν

LL 

LL+NLLusol 

[MS, Hoang; 2011] 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