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A tale of many scales

✦ Collider processes characterized by many 
scales:  s, sij, Mi, ΛQCD, ...

✦ Large Sudakov logarithms arise, which 
need to be resummed (e.g. parton showers)

✦ Effective field theories provide a modern, 
elegant approach to this problem based on 
scale separation (factorization theorems) 
and RG evolution (resummation)



Soft-collinear factorization

✦ Factorize cross section:

✦ Define components in 
terms of field theory 
objects in SCET

✦ Resum large Sudakov 
logarithms directly in 
momentum space using 
RG equations 

H

J J

J J
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d! ! H({sij }, µ)
�

i

Ji (M2
i , µ) " S({Λ2

ij }, µ)

Sen 1983; Kidonakis, Oderda, Sterman 1998



NLO+NNLL resummation

✦ Necessary ingredients:
✦ Hard functions: from fixed-order results for 

on-shell amplitudes (but need amplitudes!) 

✦ Jet functions: from imaginary parts of two-
point functions (depend on cuts, jet definitions) 

✦ Soft functions: from matrix elements of 
Wilson-line operators

✦ Anomalous dimensions: known!
✦ Yields jet cross sections, not parton rates
✦ Goes beyond parton showers, which are accurate 

only at LL order even after matching

in few cases (Drell-Yan, Higgs production) NNLO+N3LL resummation



Anomalous dimension to two loops

✦ General result for arbitrary processes:

✦ Generalizes structure found for massless case
✦ Novel three-parton terms appear at two loops

with TF = 1
2 . Here mi denote the masses of the heavy quarks. Note that, as an alternative

to (2), one can convert the expression for the Z factor from the effective to the full theory by
replacing αs → ξ−1 αQCD

s . We will make use of this possibility in Section 4 to predict the IR
poles of the qq̄ → tt̄ and gg → tt̄ amplitudes in full QCD.

The relation

Z−1(ε, {p}, {m}, µ)
d

d lnµ
Z(ε, {p}, {m}, µ) = −Γ({p}, {m}, µ) (4)

links the renormalization factor to a universal anomalous-dimension matrix Γ, which governs
the scale dependence of effective-theory operators built out of collinear SCET fields for the
massless partons and heavy-quark effective theory (HQET [32]) fields for the massive ones. For
the case of massless partons, the anomalous dimension has been calculated at two-loop order
in [7, 8] and was found to contain only two-parton color-dipole correlations. It has recently
been conjectured that this result may hold to all orders of perturbation theory [10, 14, 16]. On
the other hand, when massive partons are involved in the scattering process, then starting at
two-loop order correlations involving more than two partons appear [25], the reason being that
constraints from soft-collinear factorization and two-parton collinear limits, which protect the
anomalous dimension in the massless case, no longer apply [26].

At two-loop order, the general structure of the anomalous-dimension matrix is [26]

Γ({p}, {m}, µ) =
∑

(i,j )

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γ i (αs)

−
∑

(I,J )

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI (αs) +
∑

I,j

TI · Tj γcusp(αs) ln
mI µ

−sI j

+
∑

(I,J,K )

ifabcT a
I T b

J T c
K F1(βIJ , βJK , βKI ) (5)

+
∑

(I,J )

∑

k

ifabcT a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

+ O(α3
s) .

The one- and two-parton terms depicted in the first two lines start at one-loop order, while
the three-parton terms in the last two lines start at O(α2

s). Starting at three-loop order also
four-parton correlations would appear. The notation (i, j, . . . ) etc. refers to unordered tuples
of distinct parton indices. We have defined the cusp angles βIJ via

cosh βIJ =
−sIJ

2mI mJ
= −σIJ vI · vJ − i0 = wIJ . (6)

They are the hyperbolic angles formed by the time-like Wilson lines of two heavy partons.
The physically allowed values for wIJ are wIJ ≥ 1 (one parton incoming and one outgoing),
corresponding to βIJ ≥ 0, or wIJ ≤ −1 (both partons incoming or outgoing), corresponding
to βIJ = −b + iπ with real b ≥ 0.1 The first possibility corresponds to space-like kinematics,

1This choice implies that sinhβ =
√

w2 − 1. Alternatively, we could have used βIJ = b − iπ with b ≥ 0, in
which case sinhβ = w

√
1 − w−2. We have confirmed that our results are the same in both cases.
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new!

massless partons

massive partons

Mitov, Sterman, Sung 2009; Becher, MN 2009
Ferroglia, MN, Pecjak, Yang 2009 

Becher, MN 2009

→ see talk by L. Magnea



Simple collider-physics applications:
Drell-Yan, Higgs, and top-quark pair production 

Becher, MN, Xu 2007



Large higher-order corrections

✦ Corrections are large:        
70% at NLO + 30% at NNLO 
[130% and 80% if PDFs and 
! s  are held fixed] 

✦ Only gg channel contains 
leading singular terms, which 
give 90% of NLO and 94% of 
NNLO correction

✦ Contributions of qg and qq 
channels are small: -1% and 
-8% of the NLO  correction

3

with

S(−µ2, µ2) = −

αs(µ2)!

αs(−µ2)

dα
ΓA

cusp(α)

β(α)

α!

αs(−µ2)

dα′

β(α′)
,

aΓ(−µ2, µ2) = −

αs(µ2)!

αs(−µ2)

dα
ΓA

cusp(α)

β(α)
,

(19)

and similarly for the function aγS . The perturba-
tive expansions of these functions obtained at NNLO in
renormalization-group improved perturbation theory can
be found in [20]. They can be simplified using relation
(16). To leading order we find

ln U(m2
H , µ2) =

ΓA
0

2β2
0

"
4π

αs(m2
H)

#
2aarctan(a) − ln(1 + a2)

$

+

%
ΓA

1

ΓA
0

−
β1

β0
−

γS
0 β0

ΓA
0

&
ln(1 + a2) (20)

+
β1

4β0

#
4 arctan2(a) − ln2(1 + a2)

$
+ O(αs)

'
,

where a ≡ a(m2
H). Note that the result is µ-independent at

this order. The relevant anomalous-dimension coefficients
are ΓA

0 = 4CA, γS
0 = 0, and

ΓA
1

ΓA
0

=

%
67

9
−

π2

3

&
CA −

20

9
TF nf , (21)

where CA = Nc, TF = 1/ 2, and nf = 5 is the number
of light quark flavors. The coefficients of the β-function
follow from (14).

The expression for the evolution function simplifies con-
siderably if we treat a(m2

H) ≈ 0.2 as a parameter of order
αs. Inserting the values of the one-loop anomalous dimen-
sions from above, we then find

ln U(m2
H , µ2) =

CAπαs(m2
H)

2

(
1 +

ΓA
1

ΓA
0

αs(m2
H)

4π
+ O(α2

s)

)
.

(22)
This result makes explicit that the “π2-enhanced” correc-
tions are terms of the form (CAπαs)n in perturbation the-
ory and exponentiate at leading order. The simplest way
to implement our resummation in existing codes for Higgs-
boson production would be to multiply the fixed-order re-
sult with exp[CAπαs(m2

H)/ 2] and subtract the expanded
form of this factor from the perturbative series. This treat-
ment is sufficient for practical purposes.

Numerically, setting µ = mH = 120GeV we obtain
ln U = {0.563, 0.565, 0.565} at LO, NLO, and NNLO from
the exact expression for the evolution function derived from
(18), indicating that the leading-order terms give by far
the dominant effect after renormalization-group improve-
ment. The analytical expressions (20) and (22) provide
accurate approximations to the exact results. The first
equation gives ln U = 0.562, while the second one yields
ln U = 0.567. The close agreement of these two numbers
shows that the running of coupling constant between µ2
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FIG. 1: LO (light), NLO (medium), and NNLO (dark) pre-
dictions for the Higgs-production cross section at the LHC in
fixed-order perturbation theory (left) and after resummation of
the π

2-enhanced terms (right).

and −µ2 is a minor effect compared with the evolution
driven by the anomalous dimension of the effective two-
gluon operator in (2).

We are now in a position to discuss our improved results
for the hard function in the formula for the Higgs-boson
production cross section. Setting µ = mH = 120GeV, we
obtain

H (m2
H , m2

H) = {1.756 (LO), 1.907 (NLO), 1.906 (NNLO)} .
(23)

This should be compared with the poorly converging series
H = {1, 1.623, 1.844} obtained using fixed-order perturba-
tion theory. Figure 1 illustrates the impact of the resumma-
tion of the π2-enhanced terms on the cross-section predic-
tions for Higgs-boson production at the LHC. The bands in
each plot show results obtained at LO, NLO, and NNLO
using MRST2004 parton distributions [21]. Their width
reflects the scale variation obtained by varying the factor-
ization and renormalization scales between mH / 2 and 2mH

(setting µr = µf ). The convergence of the expansion and
the residual scale dependence at NLO and NNLO are much
improved by the resummation. The new LO and NLO
bands almost coincide with the NLO and NNLO bands in
fixed-order perturbation theory, and the new NNLO band
is now fully contained inside the NLO band.

IV. DRELL-YAN PRODUCTION

The cross section for the Drell-Yan process receives the
same type of π2-enhanced corrections as the Higgs-boson
production cross section, however in this case no anoma-
lously large K -factors arise at NLO and NNLO. Let us
briefly discuss why this is the case.

The vector-current matching coefficient CV appearing in
the Drell-Yan case is defined in analogy with CS in (2), but
with the two-gluon operator replaced by the electromag-
netic current q̄γµq [9, 10, 11]. It obeys an evolution equa-
tion of the same structure as (6), in which the cusp anoma-
lous dimension in the adjoint representation is replaced by

MRST’04 PDFs

Harlander, Kilgore 2002; Anastasiou, Melnikov 2002 
Ravindran, Smith, van Neerven 2003

LO

NNLO

NLO

LHC (√s=14 TeV)



Effective theory analysis
✦ Separate contributions associated with different 

scales, turning a multi-scale problems into a series 
of single-scale problems

✦ Evaluate each contribution at its natural scale, 
leading to improved perturbative behavior

✦ Use renormalization group to evolve contributions 
to a common factorization scale, thereby 
exponentiating (resumming) large corrections

When this is done consistently, large K-factors 
should not arise, since no large perturbative 

corrections are left unexponentiated!



RG evolution equations

✦ Closed analytic solution (Laplace transform):

with:

and:

The result (28) agrees with a corresponding expressions derived in [17].
Putting everything together, we arrive at our final formula for the RG-improved expression

for the hard-scattering coefficient in (7). It can be written in the form

C(z, mt , mH , µf ) =
!
Ct(m

2
t , µ

2
t )

"2 #
#CS(−m2

H − iε, µ2
h)

#
#2 U(mH , µt , µh, µs, µf )

×
z−η

(1 − z)1−2η
$sHiggs

%
ln

m2
H (1 − z)2

µ2
sz

+ ∂η, µ
2
s

&
e−2γEη

Γ(2η)
,

(30)

where

U(mH , µt , µh, µs, µf ) =
α2

s(µ
2
s)

α2
s(µ

2
f )

'
β

(
αs(µ2

s)
)
/α2

s(µ
2
s)

β
(
αs(µ2

t )
)
/α2

s(µ
2
t )

* 2 #
#
#
#
#

%
−m2

H − iε

µ2
h

&−2aΓ(µ2
h,µ2

s)
#
#
#
#
#

×
#
#exp

!
4S(µ2

h, µ
2
s) − 2aγS(µ2

h, µ
2
s) + 4aγB(µ2

s, µ
2
f )

"##.

(31)

Apart from the factor containing the β-function, which is related to the evolution of the
two-gluon operator in (11), and the ratio of running couplings, which compensates the scale
dependence of the Born-level cross section σ0 in (1), this result is of the same form as the
corresponding expression arising in Drell-Yan production and given in equations (50) and
(51) of [28]. Some comments on the effect of the resummation of π2-enhanced terms in the
Drell-Yan case will be made in Section 6.1.

It is instructive to consider the special limit in which all matching scales are set equal to a
common scale µf ∼ mH , while µ2

h = −µ2
f − iε is still chosen in the time-like region. We then

obtain [18]

ln U(mH , µf ,−iµf , µf , µf ) =
ΓA

0

2β2
0

+
4π

αs(m2
H )

!
2a arctan(a) − ln(1 + a2)

"

+

%
ΓA

1

ΓA
0

−
β1

β0
−

γS
0 β0

ΓA
0

&
ln(1 + a2)

+
β1

4β0

!
4 arctan2(a) − ln2(1 + a2)

"
+ O(αs)

,
,

(32)

where a ≡ a(m2
H ). Note that the result is µf -independent at this order. The expression for

the evolution function simplifies considerably if we treat a(m2
H ) ≈ 0.2 as a parameter of order

αs. Using the fact that γS
0 = 0, we then find

ln U(mH , µf ,−iµf , µf , µf ) =
π2

2
ΓA

cusp[αs(m
2
H )] + O(α3

s) . (33)

This result makes explicit that the π2-enhanced corrections are terms of the form (CAπαs)n

in perturbation theory and exponentiate at leading order. Numerically, setting µf = mH =
120 GeV we obtain ln U = { 0.558, 0.560, 0.561} at LO, NLO, and NNLO from the exact
expression for the evolution function derived from (31), indicating that the leading-order terms
give by far the dominant effect after RG improvement. The analytical expressions (32) and (33)
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The result (28) agrees with a corresponding expressions derived in [17].
Putting everything together, we arrive at our final formula for the RG-improved expression

for the hard-scattering coefficient in (7). It can be written in the form

C(z, mt , mH , µf ) =
[
Ct(m2

t , µ2
t )

]2 ∣∣CS(−m2
H − iε, µ2

h)
∣∣2 U(mH , µt , µh, µs, µf )

×
z! η

(1 − z)1! 2η
s̃Higgs

(
ln

m2
H (1 − z)2

µ2
sz

+ ∂η, µ2
s

)
e! 2γEη

Γ(2η)
,

(30)

where

U(mH , µt , µh, µs, µf ) =
α2

s(µ
2
s)

α2
s(µ

2
f )

[
β
(
αs(µ2

s)
)
/ α2

s(µ
2
s)

β
(
αs(µ2

t )
)
/ α2

s(µ
2
t )

]2 ∣∣∣∣∣

(
−m2

H − iε
µ2

h

)! 2aΓ(µ2
h,µ2

s)
∣∣∣∣∣

×
∣∣exp

[
4S(µ2

h, µ2
s) − 2aγS(µ2

h, µ2
s) + 4aγB(µ2

s, µ2
f )

]∣∣ .

(31)

Apart from the factor containing the β-function, which is related to the evolution of the
two-gluon operator in (11), and the ratio of running couplings, which compensates the scale
dependence of the Born-level cross section σ0 in (1), this result is of the same form as the
corresponding expression arising in Drell-Yan production and given in equations (50) and
(51) of [28]. Some comments on the effect of the resummation of π2-enhanced terms in the
Drell-Yan case will be made in Section 6.1.

It is instructive to consider the special limit in which all matching scales are set equal to a
common scale µf ∼ mH , while µ2

h = −µ2
f − iε is still chosen in the time-like region. We then

obtain [18]

ln U(mH , µf ,−iµ f , µf , µf ) =
ΓA

0

2β2
0

{
4π

αs(m2
H )

[
2aarctan(a) − ln(1 + a2)

]

+

(
ΓA

1

ΓA
0

−
β1

β0
−

γS
0 β0

ΓA
0

)
ln(1 + a2)

+
β1

4β0

[
4 arctan2(a) − ln2(1 + a2)

]
+ O(αs)

}
,

(32)

where a ≡ a(m2
H ). Note that the result is µf -independent at this order. The expression for

the evolution function simplifies considerably if we treat a(m2
H ) ≈ 0.2 as a parameter of order

αs. Using the fact that γS
0 = 0, we then find

ln U(mH , µf ,−iµ f , µf , µf ) =
π2

2
ΓA

cusp[αs(m2
H )] + O(α3

s) . (33)

This result makes explicit that the π2-enhanced corrections are terms of the form (CAπαs)n

in perturbation theory and exponentiate at leading order. Numerically, setting µf = mH =
120 GeV we obtain ln U = {0.558, 0.560, 0.561} at LO, NLO, and NNLO from the exact
expression for the evolution function derived from (31), indicating that the leading-order terms
give by far the dominant effect after RG improvement. The analytical expressions (32) and (33)
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µt ≈ mt , µ2
h
≈ −m2

H
, µs set dynamically

Becher, MN 2006



Higgs production in gluon fusion

MSTW2008NNLO

MSTW2008NLO

MSTW2008LO

fixed order

√
s = 1.96 TeV

mH (GeV)

!
(p

b
)

200180160140120100

2.5

2

1.5

1

0.5

0

MSTW2008NNLO

MSTW2008NLO

MSTW2008LO

resummed

√
s = 1 .96 TeV

mH (GeV)

!
(p

b)

200180160140120100

2.5

2

1.5

1

0.5

0

MSTW2008NNLO

MSTW2008NLO

MSTW2008LO

fixed order

√
s = 14 TeV

mH (GeV)

!
(p

b
)

200180160140120100

90

80

70

60

50

40

30

20

10

0

MSTW2008NNLO

MSTW2008NLO
MSTW2008LO

resummed

√
s = 14 TeV

mH (GeV)

!
(p

b
)

200180160140120100

90

80

70

60

50

40

30

20

10

0

Figure 6: The fixed-order (left) and RG-improved (right) cross-section predictions including
perturbative uncertainty bands due to scale variations for the Tevatron (upper) and LHC
(lower plots). In contrast to Figure 5, di! erent PDF sets are used according to the order of
the calculation.

after RG improvement are fully contained in the lower-order ones and the K-factor is close
to 1, in particular for the LHC.1 In fixed-order calculations it is customary to use PDFs ex-
tracted from a fit using predictions of the same order. Doing so absorbs universal higher-order
corrections into the PDFs. Since resummed calculations contain contributions of arbitrarily
high orders, the optimal PDF choice is less clear. If the same large higher-order corrections
a! ect both the observable one tries to predict and the cross sections used to extract the PDFs,
it would be quite problematic to perform a resummation in one case and not the other. For
our case, the relevant input quantity is the gluon PDF at low x, which is mostly determined
by measurements of scaling violations in the DIS structure function, ∂F2(x, Q2)/∂Q2. The
higher-order corrections associated with the analytic continuation of the time-like gluon form
factor, which we resum, do not a! ect the DIS cross section, and so are not universal and

1For MRST2004 PDFs [52], the K-factors after resummation are somewhat larger, K ≈ 1.3 for the LHC,
see [18].
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8.4% increase over 
fixed order NNLO

13% increase over 
fixed order NNLO

V. Ahrens, T. Becher, MN, L.L. Yang: 0808.3008 (PRD), 0809.4283 (EPJC), 1008.3162 (PLB)
→ public code RGHiggs available at: http://projects.hepforge.org/rghiggs/

http://projects.hepforge.org/rghiggs/
http://projects.hepforge.org/rghiggs/


Top-quark pair production
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Figure 12: Comparison of the RG-improved predictions for the invariant mass spectrum with
CDF data [9]. The value mt = 173.1GeV has been used. No fit to the data has been performed.

6.3 Total cross section: Phenomenological results

The total cross section is obtained in our approach by integrating numerically the doubly
differential cross section in the ranges " 1 < cos θ < 1 and 2mt < M <

!
s. In this case it

is a simple matter to match onto NLO in fixed-order perturbation theory, using the analytic
results of [16]. To do this, however, we can no longer correlate the factorization scale µf

with M , as we did when studying the invariant mass spectrum. Instead, we should resort to
representative average values of M , which characterize the spectrum in the region yielding
sizable contributions to the total cross section. One possibility is to take the location of the
peak in the dσ/dM distributions, which is Mpeak # 375 GeV for the Tevatron and Mpeak #
388 GeV for the LHC (see Figure 8). Another possibility is to take the average value $M%of
the distributions, for which we find $M% #445 GeV for the Tevatron and $M% #496 GeV
for the LHC. As previously, we take the fixed value µf = 400GeV as our default choice. On
the other hand, we are still free to choose the hard and soft scales as we have done so far
and match with the fixed-order result as shown in (102). We display in Table 3 the central
values and scale uncertainties for the total cross section obtained using this procedure. The
results in resummed perturbation theory use µh = M and µs chosen according to (105) by
default, and the uncertainties are obtained by varying these scales and the factorization scale
µf up and down by a factor of two and adding the different uncertainties in quadrature. The
perturbative uncertainties in the fixed-order results are obtained by varying the factorization
scale up and down by a factor of two from its default value. In addition to the perturbative
uncertainties, we also list the PDF uncertainties obtained by evaluating the cross section with
the appropriate set of MSTW2008 PDFs at 90% CL. As shown in Table 2, the LO cross
sections are evaluated using LO PDF sets, the NLL and NLO cross sections using NLO PDF
sets, and the NNLL and approximate NNLO cross sections using NNLO PDF sets. In the
following tables, these different classes of predictions are separated by horizontal lines.

37

V. Ahrens, A. Ferroglia, MN, B.D. Pecjak, L.L. Yang: 0912.3375 (PLB), 
1003.5827 (JHEP), 1103.0550 (JHEP), 1105.5824(PLB), 1106.6051 (PRD)

→ see talk by P. Falgari



Factorization and Resummation for the 
Drell-Yan Cross Section at small qT
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Drell-Yan processes

✦ Used for measurement of W-boson mass and width, 
PDF determinations, Higgs discovery, background to 
New Physics searches

✦ Region of small qT! M particularly relevant

✦ Classical two-scale problem, for which large Sudakov 
double logarithms arise and must be resummed

X (arbitrary hadron state)

hadron H1

γ, Z, W, H, ...

hadron H2



Z production at Tevatron and LHC
pp→ Z + X → �+�− + X
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× ŴDY(x) 〈N1(p)| χ̄hc(x)
/̄n
2

χhc(0) |N1(p)〉 〈N2(p̄)| χ̄hc(0)
/n
2

χhc(x) |N2(p̄)〉
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∫ 0

−∞

ds n · As(x + sn)
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(n · k, n̄ · k, k⊥)

x ∼ M −1(1, 1, λ−1)

phc ∼ M (λ2, 1, λ) , phc ∼ M (1, λ2, λ) , (6)

ps ∼ M (λ2, λ2, λ2) . (7)
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/n
2
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Figure 9: Comparison of the resummed result (green) and O(! 2
s) fixed-order result (red) for

qT spectrum at the Tevatron and at LHC.

choice µ = qT diverges to −∞, while µ = MZ rises to +∞. Our result is consistent with
the O(! 2

s) fixed-order result at large qT , but performing the matching to this order would
presumably lead to a slight increase of our cross-section prediction in this region.

We have also compared our findings to the results [40]. They perform resummation at the
same level of accuracy but with a different formalism, based on the CSS formula [4]. The
peak position is exactly the same as in our result, and their peak height is about 2.5% lower,
but compatible within uncertainties. Since we have adopted a time-like hard matching scale,
which gives a 4% higher cross-section than the usual space-like choice, this difference is not
unexpected. Also at qT = 30GeV, the two results are compatible, but their central value is
about 8% higher than ours, perhaps because the NLO matching has been implemented, or
because of the unitarization prescription implemented in their formula. By inspecting plots
showing a comparison of results of the RESBOS code [41] with Tevatron [42] and LHC [33]
data, we conclude that our results are compatible with these predictions, which also have
N2LL accuracy. We also note that our results have much smaller scale uncertainties than the
numerical results obtained in [14, 43] based on the formalism presented in [13]. Figure 3 in [43]
shows that the peak height in d" /dqT changes roughly by a factor 3 when the factorization scale
µ is varied in the narrow range 2.8GeV < µ < 4.4GeV. In our case, the peak height changes
only by 5%, even though the scale is varied over the larger range 2.1GeV < µ < 8.6GeV. We
believe that this numerical instability illustrates our earlier point, namely that the results of
[13, 14, 43] only have LL accuracy (in the exponent), since they do not resum the corrections
associated with the collinear anomaly.
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NNLL resummed

fixed-order ~! s
2

resummation achieved by Collins, 
Soper, Sterman (CSS) in 1984



Drell-Yan processes

✦ Transverse momentum of Drell-Yan object 
(W, Z, H) due to initial-state radiation (ISR) 
off collinear partons

✦ Simple example of beam jets described by 
beam functions in SCET

✦ SCET resummation offers advantages over 
CSS approach (avoids Landau pole)

✦ Yet many surprises and subtleties arise, which 
may be relevant also for other applications of 
beam functions in jet processes

Stewart, Tackmann, Waalewijn 2009



Collinear factorization anomaly
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Drell-Yan cross section at small qT

✦ Factorization formula for qT! MZ:

✦ Second factorization for qT" ΛQCD:
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“hard function” ⊗   “transverse PDF” ⊗  “transverse PDF” 

It will also be useful to study the total cross section defined with a cut qT ≤ QT , which vetoes
single jet emission. Neglecting the dependence of the variable τ in (17) on q2

T , which is a
power-suppressed effect, we obtain from (24)
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∣

∣

∣
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, µ

)

+ (q, i ↔ q̄, j)

]

.

3 Calculation of the kernels Iq! q and Iq! g

We now perform a perturbative calculation of the relevant kernels Ii←j entering the factor-
ization formula (22) at first non-trivial order in αs. Since we do not have explicit operator
definitions of the (good) transverse distribution functions Bi/N , we analyze instead the original
(bad) functions Bi/N defined in (11), keeping in mind that only products of two such functions
referring to different hadrons are well defined. If we write an operator-product expansion
analogous to (19)

Bi/N (ξ, x2
T , µ) =

∑

j

∫ 1

ξ

dz

z
Ii←j(z, x

2
T , µ) φj/N(ξ/z, µ) + O(Λ2

QCD x2
T ) , (27)

it follows that the products of two Ii←j functions are well defined and obey a factorization
formula analogous to (13).

3.1 One-loop results

Perturbative expansions for the kernels Ii←j can be derived from a matching calculation, in
which the matrix elements in (10) and (11) are evaluated using external parton states carrying
a fixed fraction of the nucleon momentum p. The tree-level result is obviously given by

Ii←j(z, x
2
T , µ) = δ(1 − z) δij + O(αs) . (28)

The relevant one-loop diagrams giving rise to the O(αs) corrections to the kernels Iq←q = Iøq←øq

are shown in the first row of Figure 1. There is no need to consider diagrams with external-leg
corrections on only one side of the cut, because these give identical contributions to Bi/N and
φi/N and thus do not change the tree-level result (28). Working in Feynman gauge, we find
that the contribution of the first diagram is

Ia
q←q(z, x

2
T , µ) = −

CF αs

2π
(1 − z)

(

1

ε
+ L⊥ − 1

)

, L⊥ = ln
x2

T µ2

4e−2γE
, (29)

while the fourth diagram gives a vanishing result, Id
q←q = 0. As before, αs ≡ αs(µ) always
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Issues with regularization
✦ Well-known that transverse PDF

is ill-defined without further (beyond dim.) reg.
✦ Different possibilities:

✦ use non light-like gauge
✦ keep power-suppressed light-cone components 

(i.e. “unintegrated PDF”)
✦ use analytic regulators (Smirnov 1993)
✦ multiply with strategically chosen combination 

of light-like and time-like Wilson lines
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2

Collins, Soper, Sterman 1984

Becher, MN 2010

Mantry, Petriello 2009

Collins 2011



Collinear factorization anomaly

✦ Regularization of individual transverse PDFs 
is delicate, but their product is well defined 
and regularization independent

✦ Regularization introduces an anomalous 
dependence on the hard scale M, which 
remains after the regulator is removed

✦ We have proved that this anomalous M 
dependence exponentiates:
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What God has joined together, let no man separate...



Collinear factorization anomaly

✦ Classically,                                                   is 
invariant under a rescaling of the momentum 
of the other nucleon N2

✦ Rescaling symmetry, which is manifest as a 
decoupling of different collinear sectors in the 
SCET Lagrangian, is broken by quantum 
effects → anomaly!

✦ Not an anomaly of QCD, but of the effective 
theory (SCET) relevant to QCD factorization 
theorems

What God has joined together, let no man separate...
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Collinear factorization anomaly

✦ RG invariance of the cross section requires 
that the product                                           
must contain this anomalous M dependence, 
and that:

✦ Collinear anomaly also affects other processes:
✦ electroweak Sudakov resummation
✦ jet broadening in e+e-

✦ B→π form factor
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✦ Factorized cross section at small qT:

✦ Hard-scattering kernels:

✦ Two sources of M dependence: hard function 
and collinear anomaly

For SCET beam functions, an analogous expansion was considered in [17] and an expression
for the one-loop kernel of the quark beam function was derived in [18]. The evolution equations
for the new kernels Ii←j follow when we combine (14) with the standard DGLAP equations

d

d ln µ
φi/N(z, µ) =

∑

j

∫ 1

z

du

u
Pi←j(z/u, µ) φj/N(u, µ) . (20)

We obtain

d

d lnµ
Iq←i(z, x

2
T , µ) =

[

ΓF
cusp(αs) ln

x2
T µ2

4e−2! E
! 2γq(αs)

]

Iq←i(z, x
2
T , µ)

!
∑

j

∫ 1

z

du

u
Iq←j(u, x2

T , µ)Pj←i(z/u, µ) .

(21)

Because of the complicated form of the DGLAP equations, no closed solution can be derived.
Neglecting power corrections of order Λ2

QCD/q2
T , we can use relation (19) to express the dif-

ferential cross section (16) as a convolution of perturbative, factorized hard-scattering kernels

Cqq̄→ij(z1, z2, q
2
T , M2, µ) =

∣

∣CV (! M2, µ)
∣

∣

2 1

4π

∫

d2x⊥ e−iq⊥·x⊥

(

x2
T M2

4e−2! E

)−Fqq̄(x2
T ,µ)

" Iq←i(z1, x
2
T , µ) Iq̄←j(z2, x

2
T , µ)

(22)

with ordinary PDFs. The result reads

d3σ
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,
ξ2
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T , M2, µ

)

φi/N1
(z1, µ) φj/N2

(z2, µ) + (q, i # q̄, j)

]

.

(23)

This formula, as well as relations (24) and (26) below, receive power corrections in the two
small ratios q2

T /M2 and Λ2
QCD/q2

T . This will not be indicated explicitly.
Integrating this result over rapidity, with |y| $ ln(1/τ), we obtain
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where the parton luminosities are defined as

ffij(u, µ) =

∫ 1

u

dz

z
φi/N1

(z, µ) φj/N2
(u/z, µ) . (25)
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For the first two expansion coefficients, we obtain
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µ = qT

(28)
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A(3) = ΓF
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q
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2 (29)

A(3) = ΓF
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1(0) = 239.2 ! 652.9 $= ΓF
2 (30)

exp
(

! ! scL
2
!

)

(31)

( =
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Resummed cross section



Divergent expansions and other surprises



Properties of the resummed spectrum

✦ Resummed cross section exhibits several 
remarkable features:
✦ expansion of subleading terms in αs leads 

to strong factorial divergence 
✦ qT spectrum is short-distance dominated all 

the way down to qT=0, and exhibits highly 
nonperturbative behavior

✦ expansion about qT=0 is violently divergent
✦ hadronic power corrections are small, but 

OPE (twist expansion) breaks down



Factorial divergence

✦ Leading behavior from (                             ):

where                         and 

✦ With proper choice of scale it looks like one 
could expand the quadratic term in   , but this 
generates strong factorial growth 

larger than about 2GeV. Note that the higher-derivative terms in (59) are accompanied by
powers of 1/(1 − ! ), so that for ! very close to 1 a reorganization of the perturbative series
becomes necessary. This will be discussed in detail in a forthcoming article [41].

Using the above result, we obtain a closed-form expression for the resummed hard-scattering
kernels, which reads

Cqq̄→ij(z1, z2, q
2
T , M2, µ) =

∣∣CV (−M2, µ)
∣∣2 Iq←i(z1,−" ! , #s) Iq̄←j(z2,−" ! , #s)

× Eqq̄(−" ! , #s, ! F )
1

q2
T

(
q2
T

µ2

)! Γ(1 − ! )

e2!" E Γ(! )

∣∣∣∣
! =! F

,
(60)

where ! F ≡ ! F (M2, µ), and the arguments of the Ii←j(z, L⊥, #s) functions are those shown in
(41). It is understood that for |CV |2 one uses the resummed expression in (52). All remaining
quantities have perturbative expansions in powers of #s = #s(µ) free of large logarithms. In
writing the above result we have introduced the function

Eqq̄(L⊥, #s, ! ) = exp
[
− L⊥Fqq̄(L⊥, #s) − ! fqq̄(L⊥, #s)

]

= 1 −
#s

4$

[
ΓF

0 L2
⊥ + !

(
%0

2
L2
⊥ +

ΓF
1

ΓF
0

L⊥ +
dq

2

ΓF
0

)]
+ O(#2

s) ,
(61)

which is completely determined in terms of Fqq̄. The two-loop coefficients dq
2 and ΓF

1 enter here
already at next-to-leading order in #s. For a consistent resummation at NNLL order (or next-
to-leading order in RG-improved perturbation theory), we need the one-loop expressions for
the matching coefficients CV and Ii←j, the two-loop expression for the exponent Fqq̄, the two-
loop expression for the anomalous dimension &q, and the three-loop cusp anomalous dimension
and %function. All of these ingredients are known.

Note also that, owing to the simple q2
T dependence of the resummed result (60), it is trivial

to perform the integral over transverse momentum required to calculate the cross section (27)
defined with a cut on transverse momentum.

5 Asymptotic divergence and reorganized expansion

Despite the fact that it correctly resums all large logarithmic terms in the perturbative series,
the elegant formula (60) just derived is of limited practical use. The reason is a strong factorial
divergence of the perturbative expansion coefficients resulting from terms in the functions Ii→j

and Eqq̄ of order
(
#sL2

⊥

)n
. To understand the origin of this effect, we recall from (61) that

before expansion in powers of #s the hard-scattering kernels contain quadratic terms in L⊥

in the exponent. The same is true for the O
[(

#sL2
⊥

)n]
terms in the kernels Ii→j, which

exponentiate as a consequence of the cusp logarithm in the evolution equation (22). Let us
then consider, instead of (59), the Fourier integral

1

4$

∫
d2x⊥ e−iq⊥·x⊥ e−! L⊥− 1

4aL2
⊥ =

e−2" E

µ2

∫ ∞

−∞

d' J0

(
e#/2 b0

qT

µ

)
e(1−! )#− 1

4a#2 ≡
e−2" E

µ2
K

(
! , a,

q2
T

µ2

)
,

(62)

19
η =

CF αs

π
ln

M 2

µ2 a ∼ αs

where b0 = 2e−γE , and in the case at hand

a =
αs(µ)

2π

[
ΓF

0 + ηF (M2, µ) β0

]
. (63)

Some useful properties of the function K(η, a, r) are summarized in Appendix C. The above
definition is such that for a = 0 we recover, up to a trivial factor, the result (59) with n = 0:

K(η, 0, r) = rη−1 Γ(1 − η)

e2(η−1)γE Γ(η)
. (64)

Keeping the quadratic term in the exponent vastly improves the convergence behavior of
the Fourier integral. For a = 0 (i.e., without the quadratic term) the integral on the left-hand
side of (62) converges in the ultraviolet (for xT → 0) only if η < 1, and for η < 1

4 its value
must be defined by analytic continuation. For a > 0, on the other hand, the integral converges
for all values of η. It is then perhaps not surprising that any attempt to expand the Gaussian
weight factor in a perturbative series leads to a badly behaved expansion. Indeed, writing the
formal series

K(η, a, r)
∣∣
exp

=
∞∑

n=0

1

n!

(
−

a

4

)n
∂2n

η K(η, 0, r) =
∞∑

n=0

1

n!

(
−

a

4

)n
∂2n

η rη−1 Γ(1 − η)

e2(η−1)γE Γ(η)
, (65)

it is not difficult to see that the series is factorially divergent. To illustrate this point, we
consider the special case where r = 1 (corresponding to the default scale choice µ = qT ) and
η is close to the critical value 1. One then has

Γ(1 − η)

e2(η−1)γE Γ(η)
=

1

1 − η
−

2ζ3

3
(1 − η)2 −

2ζ5

5
(1 − η)4 + . . . , (66)

and taking 2n derivatives of the leading term generates (2n)!/(1 − η)2n+1. A more careful
analysis reveals that

K(η, a, 1)
∣∣
exp

=
∞∑

n=0

(2n)!

n!

(
−

a

4

)n
[

1

(1 − η)2n+1
− e−2γE

]
+

∞∑

n=0

kn an + O(1 − η) , (67)

where the coefficients kn do not exhibit the strong factorial growth of the terms in the first
sum. While this series is badly divergent, the fact that it has alternating sign implies that it
can be Borel-summed. We obtain

K(η, a, 1)
∣∣
Borel

=

√
π

a

{
e

(1−η)2

a

[
1 − Erf

(
1 − η√

a

)]
− e−2γE+ 1

a

[
1 − Erf

(
1√
a

)]}

+
∞∑

n=0

kn an + O(1 − η) ,

(68)

where Erf(x) is the error function. Note that the singularity at η = 1 has disappeared after
Borel summation. Expressions for the first few kn coefficients can be readily derived in terms of
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Factorial divergence

✦ Series is Borel summable (just keep quadratic 
term in exponent)

✦ Gives rise to highly non-trivial dependence on a:

✦ Perturbative expansion of this result has zero 
radius if convergence

✦ Hints at important non-perturbative effect of 
short-distance nature! Precise meaning?
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sum. While this series is badly divergent, the fact that it has alternating sign implies that it
can be Borel-summed. We obtain
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Infrared protection at very small qT

✦ Careful analysis shows that the appropriate 
choice of µ eliminating large logarithms from 
integral is                                       , where:

corresponding to 
✦ For M=mZ, one finds that                         is in 

the perturbative domain

q∗ = M exp
�

π

2CF αs(q∗)

�
µ ! " x! 1

T # ! max (qT , q" )

→ spectrum can be calculated down to qT=0    
using short-distance methods ! 

η = 1

q∗ ≈ 1.9GeV



Infrared protection at very small qT

✦ SD dominance at very small qT a consequence 
of collinear anomaly (for sufficiently large M)

✦ Requires a reorganization of the resummed 
perturbative series in the exponent:

with:

in the coe! cient CV (−M2
Z , µ) and in the anomalous factor (x2

TM
2
Z)

−Fqq̄ . The RG evolution
equation of the hard matching coe! cient at time-like momentum transfer q2 is of the Sudakov
type and reads [7]

d

d lnµ
CV (−q2, µ) =

[

" F
cusp(as) ln

−q2

µ2
+ 2γq(as)

]

CV (−q2, µ) , (5)

where " F
cusp is the cusp anomalous dimension in the fundamental representation and γq denotes

the anomalous dimension of a collinear quark field in SCET. These quantities are known to
three-loop order. The explicit form of the solution to this equation up to next-to-next-to-
leading order (NNLO) in RG-improved perturbation theory has been discussed in detail in
[15]. The advantages of using a time-like scale choice (µ2

h < 0) for time-like processes such
as Drell-Yan production were emphasized in [16, 17, 18]. In Appendix B, we compile the
NLO expression for the hard matching coe! cient needed for our analysis. RG invariance of
the cross section (1) requires that the cusp logarithm 2" F

cusp lnM
2
Z resulting from the scale

variation of the hard function be compensated by a corresponding term in the scale variation
of the kernels C̄qq̄←ij . This is ensured by the RG equation [5]

d

d lnµ
Fqq̄(L⊥, as) = 2" F

cusp(as) (6)

for the anomalous exponent. Even though it is not required for the resummation procedure, it
will be important to also consider the evolution equations for the kernel functions Iq←i. They
are given by

d

d lnµ
Iq←i(z, L⊥, as) =

[

" F
cusp(as)L⊥ − 2γq(as)

]

Iq←i(z, L⊥, as)

−
∑

j

∫ 1

z

du

u
Iq←j(u, L⊥, as)Pj←i(z/u, as) ,

(7)

where Pj←i are the usual DGLAP splitting functions. The first term on the right-hand side
implies that the functions Iq←i exhibit double logarithmic dependence on L⊥ in the exponent.
It will be important for our purposes to factor out these terms, and this can be accomplished
by rewriting

Iq←i(z, L⊥, as) ≡ ehF (L⊥,as) Īq←i(z, L⊥, as) , (8)

where
d

d lnµ
hF (L⊥, as) = " F

cusp(as)L⊥ − 2γq(as) . (9)

We choose to define hF (0, as) ≡ 0, so that hF (L⊥, as) contains logarithms of L⊥ only. The
new functions Īq←i now evolve exactly like the usual PDFs (but with the opposite sign in front
of the DGLAP splitting functions), while hF contains all double-logarithmic terms. We can
now rewrite the hard-scattering kernels from (2) in the form

C̄qq̄←ij(z1, z2, q
2
T ,M

2
Z , µ) =

1

2

∫

∞

0

dxT xT J0(xT qT ) exp
[

gF (M
2
Z , µ, L⊥, as)

]

× Īq←i(z1, L⊥, as) Īq̄←j(z2, L⊥, as) ,

(10)

5

of the collinear anomaly, which is responsible for the anomalous dependence onMZ in (2).
Provided the mass of the Drell-Yan boson is large enough thatq∗ ! ΛQCD , the transverse-
momentum distribution is protected from long-distance physics even for arbitrarily small qT .
The resummed perturbative series for the cross section generates the scaleq∗ dynamically, and
even though this is a short-distance scale, it is related to the bosonmassMZ in a genuinely
non-perturbative way.

The above discussion shows that we must distinguish two regions of transverse momenta.
For qT ! q∗ the Bessel function regularizes the UV region, and the scale choiceµ ∼ qT prevents
that the logarithms L⊥ give rise to large perturbative corrections. It is then consistent to count
these logarithms asL⊥ ∼ 1 and construct the perturbative series as a series in powers ofas. For
qT # q∗ the situation is different. Even though the scale choiceµ ∼ q∗ ensures thatL⊥ = O(1)
at the peak of the integrand, the gaussian weight factor allows forsigniÞcant contributions to
the integral over a range ofL⊥ values with width proportional to 1/

√
as, see (20). It follows

that for very small qT the resummation procedure must be reorganized, using the modiÞed
power countingL⊥ ∼ 1/

√
as. This implies that single-logarithmic terms (asL⊥)n ∼ an/2

s are
always suppressed, whereas double-logarithmic terms (asL2

⊥
)n ∼ 1 are unsuppressed and must

be resummed to all orders. To keep track of this fact, we introduce an auxiliary expansion
parameter! (which at the end is set to 1) and assign the power countingas ∼ ! andL⊥ ∼ !−1/2.
In Appendix C, we use the recursive solutions to the RG equations (6) and (9) to determine
all terms in Fqøq and hF that contribute up to O(! ) to the exponent gF deÞned in (11). This
involves some four-loop contributions toFqøq and some three-loop contributions tohF , which
however can all be expressed in terms of one- and two-loop coefficients of the anomalous
dimensions and" -function. The resulting expression is

gF (#, L⊥, as) = −
[

#L⊥

]

ε−1/2 −
[

as
(

ΓF
0 + #" 0

) L2
⊥

2

]

ε0

−
[

as (2$q
0 + #K) L⊥ + a2

s

(

ΓF
0 + #" 0

)

" 0
L3
⊥

3

]

ε1/2
(23)

−
[

as #d2 + a2
s

(

KΓF
0 + 2$q

0" 0 + #
(

" 1 + 2K" 0

)

)L2
⊥

2
+ a3

s

(

ΓF
0 + #" 0

)

" 2
0
L4
⊥

4

]

ε

− O(!3/2) ,

which is more complicated than the naive perturbative expansion in (13). The auxiliary
parameter ! counts the order inas resulting (for qT # q∗) after the xT integral in (10) has
been performed. The two terms given in the Þrst line are unsuppressed and must be kept in
the exponent of the integral in (10), whereas the remaining termscan be expanded in powers
of ! 1/2. The resulting integrals over the Bessel function in (10) can readilybe evaluated
numerically. An efficient way of doing this is to use thatJ0(xT qT ) = 2

π Im K0(−ixT qT ) and to
perform a contour rotation fromxT → ixT .

It is interesting to ask whether the Òprotective behaviorÓ in both the UV and IR regions
provided by the gaussian terms in the exponent could be upset at yet higher orders in the
perturbative expansion of the exponent. It is not difficult to show that the highest-order
logarithmic terms in (23) are given to all orders by−an+1

s (ΓF
0 + #" 0) " n

0 Ln+2
⊥

/(n + 2) with
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Intercept at qT=0

✦ Dedicated analysis of              limit yields:

where for the first time we are able to compute 
the normalization      and NLO coefficient

✦ Expression cannot be                           
expanded about                                       
(essential singularity)

dσ

dq2
T

∼ N
√

αs
e! #/! s (1 + c1αs + . . . )

qT → 0

N c1

Parisi, Petronzio 1979; 
Collins, Soper, Sterman 1985; Ellis, Veseli 1998
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Infrared protection at very small qT

✦ Borel resummation at moderate qT interpolates 
between the non-perturbative result at qT=0 
and the perturbative result at large qT

✦ Essential features are non-perturbative!
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Figure 2: Comparison of NLL (blue bands) and NNLL (green bands) predictions for the cross
section in the improved expansion scheme. The factorization scaleµ is varied by a factor two
about its default valueµ = qT + q∗, while the hard matching scale is Þxed atµ2

h = ! M2
Z . The

thick lines in the left plot are obtained for the default scale choice.

µ2
h = m2

Z µ2
h = ! m2

Z

NLL 1.000+0.160
−0.060 1.334+0.201

−0.074

NNLL 1.087+0.010
−0.001 1.131+0.001

−0.014

N3LL 1.119+0.006
−0.001 1.130+0.001

−0.001

Table 1: The hard function |CV (! M2
Z , µ)|2 at µ = MZ for space-like and time-like choices of

µ2
h. The uncertainties are obtained by varyingµh by a factor two about the default value.

arises when the hard function|CV (! M2
Z , µ)|2 is evolved from a high scaleµh " MZ to the

scaleµ. The solution of the corresponding RG equation is well known and is reproduced in
Appendix B. If µc < µ < µb, the hard function has to be evolved across a ßavor threshold. In
this case, we Þrst evolve fromµh down to the thresholdµb, switch to four ßavors, and then
evolve fromµb to µ. While the all-order solution is independent of the matching scaleµh, a
residual scale dependence remains at Þnite orders. To estimate the associated uncertainty, we
should vary the matching scaleµh in the hard function. However, since the hard function is an
overall factor multiplying the cross section, we can discuss theµh dependence independently
from the rest. To separate off the qT dependence arising from the choice ofµ, we setµ = MZ

for the discussion of theµh dependence. The perturbative expansion of the hard function and
its µh dependence are displayed in Table 1, which shows two different choices for the default
matching scale: the space-like choiceµ2

h = M2
Z and the time-like choiceµ2

h = ! M2
Z . Picking

µ2
h = ! M2

Z is motivated by the fact that the vector form factor is evaluated at a time-like
momentum transfer. In [16], it was shown that this choice greatly improves the convergence
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Improved resummation scheme

✦ With these extra terms, our formalism holds 
for all values qT! M, also near origin

✦ Improved resummation automatically captures 
all µ-dependent terms at O(αs2)!
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Figure 1: Comparison of different expansion schemes. The bands result from varying µ by
a factor two around the default value µ = qT + q∗. The thick lines in the left plot show
the default predictions. The wide orange bands are obtained using the naive resummation
formula, which suffers from a factorial divergence. The red bands result if the divergent terms
are resummed (conventional resummation). The dark green, densely hatched bands arise if
one further resums the terms which are enhanced at very small qT (improved expansion).

gives results that are lower and have a smaller scale uncertainty compared with the conven-
tional resummation scheme. In contrast, the naive expansion, which is affected by the factorial
divergence, leads to very large scale dependence, such that the cross section becomes negative
if the scale is lowered by a factor of two from its default value, and even the default prediction
shown by the solid thick orange curve becomes negative for qT < 1.5GeV. In the region of
very small transverse momentum, the conventional resummation scheme is only valid to NLL
accuracy, since it misses the additional higher-order terms which are enhanced in this region.
As a consequence, the scale uncertainty near qT = 0 is much larger in this case than for the
improved resummation scheme. Interestingly, the effects of including the additional terms is
also non-negligible at higher values of qT . While the results obtained in the conventional and
improved resummation schemes are compatible within scale uncertainties, the improved result
has a significantly smaller uncertainty, and the peak of the distribution is shifted slightly to
the right. The reason that the effects of the additional resummation are still visible away from
the end-point is the strong fall-off of the spectrum towards larger qT .

In addition to the logarithmic terms which are resummed by our result, the cross section
also contains regular terms, which can be obtained from a fixed-order computation of the
spectrum. In order to capture both corrections, we combine our result with the fixed-order
result for the qT spectrum. To avoid double counting of the logarithmic terms, we need to
subtract the fixed-order expansion of our resummed result from the full fixed-order result. To
obtain a result which is valid both to NNLL and at NLO in fixed-order perturbation theory,

12

modified power counting

after Borel resummation

naive resummation



Expansion around qT=0?

✦ Once we can calculate the intercept at qT=0, 
what about derivatives w.r.t. qT

2 ?
✦ Analyzing, once again we find an extremely 

strong divergent behavior for the series 
expansion about qT=0:

✦ Numerical results are nevertheless smooth 
near the origin

worse than factorial growth!

which features an essential singularity atαs = 0. When combined with the NLO expression
for the hard function |CV (−M2

Z , µ)|2 given in Appendix B, the result (30) provides an explicit
expression for the intercept of the Drell-Yan spectrumd2σ/dq2T dy at qT = 0, to NLO in
RG-improved perturbation theory. While the leading term is of a genuinely non-perturbative
nature, higher-order corrections can be calculated in a systematic way in powers ofαs(MZ)
(for |CV |2) and αs(q∗) (for øCqq̄←ij). Even though the the calculability of the intercept (for
sufficiently large Drell-Yan mass) is known since the paper [2], to the best of our knowledge this
is the Þrst time that explicit expressions for the normalization and the Þrst-order perturbative
correction have been derived.

Since resummed perturbation theory allows one to predict the intercept of the transverse-
momentum spectrum atqT = 0, it is natural to ask whether similar methods can be employed
to construct a series expansion of the differential cross sectiond2σ/dq2Tdy in powers ofq2T , which
is valid for qT < q∗. To this end, one would like to compute derivatives of the distribution(10)
with respect to q2T evaluated at qT = 0. Any attempt to do so leads to an encounter with a
violently divergent series. Takingn derivatives of the Bessel functionJ0(xT qT ) with respect
to q2T and setting qT = 0 generates a factorx2n

T ∼ en! in the integrand in (20), and evaluating
the resulting gaussian integral forη ≈ 1 yields an extra factor ofen

2/[2as(ΓF
0 +β0)]. The leading

term in (30) is then multiplied by the series
∞
∑

n=0

(−1)n

e2nγE (n!)2

(

q2T
q2∗

)n

exp
[

2πn2

(ΓF
0 + β0) αs(q∗)

]

≈ 1− 1.435
q2T
q2∗

+ 10.66
(

q2T
q2∗

)2

− 729.7
(

q2T
q2∗

)3

+ 5 .82 · 105
(

q2T
q2∗

)4

∓ . . . .

(34)

The resulting divergence is much worse than a factorial growth inn and renders any attempt
to derive an analytic expression for the shape of theqT spectrum near the origin hopeless.
Having already seen that the integral over the Bessel function in the Þrst line of (26) does not
want to be expanded in powers ofas, we now observe that, even more so, it does not want to
be expanded in powers ofqT . The shape of the distribution for small transverse momenta is
genuinely non-analytic.

The discussion just presented raises an interesting issue. In (4),we have presented the Þrst
term in an OPE of the transverse-position dependent PDFsBi/N in terms of ordinary PDFs
deÞned in terms of the nucleon matrix element of a bilocal quark operator at zero transverse
separation. In SCET, it would be straightforward to extend this expansion to higher orders in
Λ2

QCD x2
T . For very small qT we would expect the dynamically generated scaleq∗ to determine

the size of these power corrections. However, at anyÞnite order such an OPE will run into
the same problem as mentioned above, generating Òpower correctionsÓ whose coefficients grow
like e#n2/αs . In order to avoid this problem the OPE must be resummed, which of course is
not feasible in practice. On the other hand, reasonable models for such a resummed OPE
can be obtained by noting that the transverse-position dependent PDFs must vanish rapidly
when the two quark Þelds are separated by a transverse distancexT larger than the proton
size, since then the quark bilinear has very little overlap with the external nucleon state. It is
thus reasonable to use an ansatz of the form

Bq/N (ξ, x2
T , µ) = fhadr(xTΛNP) Bpert

q/N (ξ, x2
T , µ) , (35)
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Long-distance power corrections

✦ For same reason, long-distance effects cannot be 
analyzed using a local OPE!

✦ Model them by a form factor                         
under the xT integral, e.g.:

✦ Find that results are rather insensitive to shape 
of form factor, largely governed by value of ΛNP

where the perturbative functions Bpert
i/N carry all the scale dependence and are given by (4),

whereas the hadronic form factor fhadr(r) with fhadr(0) = 1 describes the fall-off at large
transverse distances and is parameterized in terms of a hadronic scale ΛNP. For simplic-
ity, we assume that this form factor is independent of ! . The above ansatz inserts a factor
[fhadr(xTΛNP)]2 under the integral over xT in (10), which suppresses the region of very large
xT values. We will adopt the models

f gauss
hadr (xTΛNP) = exp

!
−Λ2

NP x
2
T

"
, fpole

hadr(xTΛNP) =
1

1 + Λ2
NP x

2
T

(36)

for the form factor, which agree in their first-order terms but have quite different behavior for
large separation. Fortunately, we will find that while the results are rather sensitive to the
value of the hadronic scale ΛNP, the precise shape of the form factor appears to be of minor
importance. We will show in Section 5 that hadronic corrections to the value of the intercept
of the d" /dq2T distribution indeed scale (approximately) as a power law, ∼ (ΛQCD/q∗)δ, where
due to the resummation of the OPE the exponent # is not given by an even integer. Let us
note for completeness that the hadronic form factor fhadr can in general also depend on the
quark flavor and the momentum fraction ! . Models which include a factor ! ! 2

2x
2
T in fhadr, with

a second non-perturbative parameter Λ2, were studied in [23, 24].

5 Systematic studies

Having discussed the structure of the theoretical prediction for the resummed Drell-Yan cross
section in detail, we now proceed to perform some systematic studies related to scale variations,
various implementations of the expansion, different ways to set the scale µ, and the importance
of power corrections. For the purposes of the discussion in this section, we will consider the
resummed cross section d" /dqT without matching to fixed-order perturbation theory. We
show results at LO and NLO in RG-improved perturbation theory, which correspond to NLL
and NNLL accuracy. Since we will later match to fixed-order calculations, we will refer in the
following to the resummed results by their logarithmic accuracy rather than their order in RG-
improved perturbation theory so as to avoid confusion. For concreteness, we consider the case
of Z-boson production at the Tevatron with the Z-boson decaying leptonically, pp̄ → X+Z →
X + $+$−. The corresponding cross section is obtained by multiplying the Z-production cross
section with the leptonic branching ratio Br(Z → $+$−) = 0.03366. Throughout, we use
sin2 %W = 0.2312 for the weak mixing angle and &(MZ) = 1/128.89 for the fine-structure
constant. We use MSTW2008NNLO [25] as our default PDF set, which has an associated
value of &s(MZ) = 0.11707. The strong coupling is evolved with three-loop accuracy and has
flavor thresholds at µb = 4.75GeV and µc = 1.4GeV for the b and c quarks.

In Figure 2, we show the scale dependence of the cross section obtained in the improved
resummation scheme developed in Section 3, varying the factorization scale µ by a factor
two about the default choice µ = q∗ + qT , where q∗ ≈ 1.88GeV has been defined in (19)
and emerges dynamically in the region of very small transverse momentum. We observe
a significant reduction of the scale uncertainty when going from NLL to NNLL order. In
addition to the scale µ, the cross section also depends on the hard matching scale µh, which
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Long-distance power corrections

✦ Main effects on the spectrum is a shift of the 
peak position proportional to the value of ΛNP  
(blue: Gaussian, red: pole model)
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Figure 5: Long-distance effects in the spectrum. The solid blue lines were obtained from
modeling with a Gaussian, while the dashed red lines correspond to a dipole form.

order result for the qT spectrum. To avoid double counting of the logarithmic terms, we need
to subtract the fixed-order expansion of our resummed result from the full fixed-order result.
We denote the matched result by NNLL+LO:

dσNNLL+LO

dqT
=

dσNNLL

dqT
+

dσLO

dqT
− dσNNLL

dqT

!
!
!
!
expanded to LO

. (39)

The qT -spectrum is known to NLO [20, 21, 22], but since the matching corrections are tiny
in the peak region, LO matching is sufficient for our purposes. To obtain the fixed-order
expansion of the resummed result, one evaluates the hard matching coefficient |CV (−M2

Z , µ)|2

in fixed-order perturbation theory, setting µh = µ in relations (B1) and (B2) of Appendix B,
and expands the exponent gF in powers of αs. After this expansion, the integrals over the
Bessel function in (10) can be computed analytically. A convenient way to do this is to first
keep the term ηL⊥ term in the exponent, and then use 18 to obtain the Fourier integral. The
Fourier transform of the higher-log terms can be obtained by taking derivatives with regards
to η of the relation 18. The resulting expression was given explicitly in equation (60) of [5].
The final result for the NLO expansion of our result is given in Appendix D.
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Figure 2: NLL (light blue) versus NNLL (dark red) result for the spectrum, using the standard
expansion which breaks down at very small qT . The left plot is for µ2

h = −M 2
Z , the right plot

for µ2
h = +M 2

Z .

use an ansatz of the form

Bq/N (ξ, x2
T , µ) = f hadr(xT ΛNP) B pert

q/N (ξ, x2
T , µ) , (36)

where the perturbative functions B pert
i/N carry all the scale dependence and are given by (4),

whereas the hadronic form factor f hadr(r ) with f hadr(0) = 1 describes the fall-off at large
transverse distances and is parameterized in terms of a hadronic scale ΛNP. This inserts a
factor f hadr(xT ΛNP) under the integral over xT in (10), which suppresses the region of very
large xT values. We will adopt the models

f gauss
hadr (xT ΛNP) = exp

!
−Λ2

NP x2
T

"
, f pole

hadr(xT ΛNP) =
1

!
1 + 1

2Λ
2
NP x2

T

" (37)

for the form factor, which agree in their first-order term but have quite different behavior for
large separation. Fortunately, we will find that while the results are rather sensitive to the
value of the hadronic scale ΛNP, the precise shape of the form factor appears to be of minor
importance.

5 Numerical analysis

[At the moment we use nf = 5, but it may be more reasonable to switch to nf = 4 at
low qT !]

Having discussed the structure of the cross section in detail, we now proceed to evaluate
it numerically. In Figure 2, we plot dσ/dqT at LO and NLO in RG-improved perturbation
theory, which correspond to NLL and NNLL accuracy. Since we will later match to fixed-
order calculations, we will refer in the following to the resummed results by their logarithmic
accuracy rather than their order in RG-improved perturbation theory so as to avoid confusion.
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✦ NNLL+NLO resummed predictions vs. data:

✦ Scale variation by factor 2 about 

Z production at Tevatron, Run I
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Figure 5: Comparison to Run I data from CDF [26] and DØ [27].

cross section around qT = 0 it is not possible to perform the usual twist expansion to study
these corrections. Instead, we will model long-distance corrections using form factors such as
the ones shown in (36) under the Fourier integral in (2), where ΛNP is a typical scale associated
with low-energy QCD. These form factors suppress the region of large xT . The effect of the
non-perturbative corrections on the spectrum is shown in Figure 4 for 0 ≤ ΛNP ≤ 1GeV.
Already for qT ≥ 3GeV, the effects are almost negligible in dσ/dq2T . It is also remarkable that
they are to a large extent insensitive to the shape of the form factor. The dashed red lines ob-
tained with the pole form lie very close to the solid blue lines obtained with the gaussian form.
For dσ/dqT , the corrections result in a small shift of the distribution. The dependence of this
shift on the parameter ΛNP is shown in the fourth plot in Figure 4 and is quite similar for the
two different cut-offs. The kink in the peak position arises because the peak happens to move
over the b-quark flavor threshold as ΛNP is increased beyond 500MeV. We integrate out the b
quark at a scale µb = 4.75GeV, which corresponds to a qT value of qT = µb − q∗ ≈ 2.9GeV.

We have mentioned in Section 4 that we expect the dynamically generated scale q∗ to set the
size of hadronic power corrections to the short-distance results obtained in this paper. With
the example of the dependence of the intercept of the dσ/dq2T distribution on the hadronic
parameter ΛNP we have tested this assertion numerically, studying a large range of values of
ΛNP and the boson mass MV (and hence q∗). We have confirmed that the resulting relative
shifts can be well approximated by a power law ∼ Λ2

NP/(q
δ
∗ Λ

2−δ
QCD), with δ ≈ 1.5 for the

Tevatron and δ ≈ 1.0 for the LHC with
√
s = 14TeV.

6 Comparison to experimental data

We now compare our results to the available experimental data. The most detailed picture of
the low-qT region is provided by the results by CDF [26] and DØ [27] obtained during Run I
of the Tevatron, which are quite finely binned at small transverse momentum. In Figure 5,
we plot the the experimental data, together with our prediction, obtained using the improved
expansion scheme at NLO, matched to the O(αs) fixed-order result. The small matching
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✦ NNLL+NLO resummed predictions vs. data: 

Z production at Tevatron, Run I
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Figure 7: Comparison with Tevatron Run I data from CDF, with and without long-distance
corrections. The lower panels show the deviation from the default theoretical prediction.

have discussed in the previous section that long-distance corrections will shift the peak to the
right, and Figure 4 shows that a shift of 0.75GeV corresponds to a value of ΛNP = 0.6GeV.
In Figure 7, we compare again to the CDF data [26] and plot the theoretical prediction for
both ΛNP = 0 and ΛNP = 0.6GeV. In the lower panels, we give the ratio of the experimental
and theoretical results to our default prediction. Including a non-perturbative shift, a good
description of the data is achieved over the entire qT range. In Figure 8, we repeat the same
comparison for the Tevatron Run II results from DØ [31, 32] and for the LHC result of the
ATLAS collaboration [33]. Since this data is not finely binned in the peak region, it difficult to
draw firm conclusions on the necessity for long-distance corrections. However, in both cases,
the first data bin is below the prediction without including a long-distance correction.

The systematic experimental uncertainties which affect the low qT experimental results are
substantial, because it is highly sensitive to lepton transverse momentum resolution. Recently,
two new variables aT and φ∗

η were introduced, which probe the same physics but have reduced
sensitivity to the momentum resolution [34, 35]. DØ has now performed a very precise mea-
surement of the variable φ∗

η [36]. It would be interesting to include the lepton decay in our
results and to study these variables. In the traditional framework, resummed results for these
quantities were presented recently in [37, 38].

The region of larger qT ! 20GeV is not affected by long-distance corrections and should be
described well by fixed-order perturbation theory. In this region the data lies somewhat above
the prediction, in particular for the case of the ATLAS results. A comparison to the existing
fixed-order results is given in Figure 9. The red bands correspond to the O(α2

s) fixed-order
result for the spectrum, which the highest order currently known. To compute this result we
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✦ Comparison with Mantry, Petriello (2010): 

✦ 60 times larger (!) scale uncertainty, since only 
NLL in amplitude, and large logs from anomaly 
are not resummed (thus only LL in exponent!)

Z production at Tevatron, Run I

scale variation by 
factor √2 only!



✦ NNLL+NLO resummed predictions vs. data: 

Z production at D0, Run II
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Figure 8: Comparison to Tevatron Run II and ATLAS data, with and without long-distance
corrections. The lower panels show the deviation from the default theoretical prediction.

use the numerical code QT [39]. For the sake of comparison, we haveevaluated all results
using the MRST2008NNLO PDF set. The Þxed-order results divergeto ±∞ for vanishing
transverse momentum. Since the Þxed-order result depends both on qT and MZ it is not clear
which value one should choose for the renormalization and factorization scales. The edges of
the Þxed-order band in Figure 9 correspond to the two choicesµ = qT and µ = MZ . The
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✦ Nice agreement within uncertainties (same peak 
position, our peak is 6% higher, tail is 4% lower)

✦ Also good agreement with RESBOS

Comparison with standard approach

we see that, at NNLL+NLO accuracy, the resummation scale dependence is larger than (though,
comparable to) the µF and µR dependence.

The integral over qT of the resummed NNLL+NLO (NLL+LO) spectrum is in agreement (for
any values of µR, µF and Q) with the value of the corresponding NNLO (NLO) total cross section
to better than 1%, thus checking the numerical accuracy of our code. We also note that the
large-qT region gives a little contribution to the total cross section (see some numerical results in
Sect. 3.2 of Ref. [24]); therefore, the total cross section constraint mainly acts as a perturbative
constraint on the resummed spectrum in the region from intermediate to small values of qT .

Figure 3: The normalized qT spectrum of Z bosons at the Tevatron Run II. The NNLL+NLO
result is compared with the D0 data of Refs. [30, 31]. The bands are obtained as described in the
text.

The D0 Collaboration has measured the normalized qT distribution, 1
σ

dσ
dqT

, from data at the
Tevatron Run II in the e+e− [30] and µ+µ− [31] channels. In the left panel of Fig. 3 we report the D0
data and our corresponding results at NNLL+NLO accuracy. The NNLL+NLO band represents
our estimate of the perturbative uncertainty, and it is obtained by performing scale variations
as follows. We independently vary µF , µR and Q in the ranges mZ/2 ≤ {µF , µR} ≤ 2mZ and
mZ/4 ≤ Q ≤ mZ , with the constraints 0.5 ≤ µF/µR ≤ 2 and 0.5 ≤ Q/µR ≤ 2. The constraint
on the ratio µF/µR is the same as used in the left panel of Fig. 2; it has the purpose of avoiding
large logarithmic contributions (powers of ln(µ2

F/µ
2
R)) that arise from the evolution of the parton

densities. Analogously, the constraint on the ratio Q/µR avoids large logarithmic contributions
(powers of ln(Q2/µ2

R)) in the perturbative expansion of the resummed form factor‖ exp{GN} (see
Eq. (6)). We recall (see e.g. Eq. (19) of Ref. [21]) that the exponent GN of the form factor is
obtained by q2 integration of perturbative functions of αS(q2) over the range b20/b

2 ≤ q2 ≤ Q2.
To perform the integration with systematic logarithmic accuracy, the running coupling αS(q2) is
then expressed in terms of αS(µR) (and ln(q2/µ2

R)). As a consequence, the renormalization scale
µR should not be too different from the resummation scale Q, which controls the upper bound of
the q2 integration.

The D0 data and the NNLL+NLO band are presented in the left panel of Fig. 3. The inset

‖We do not apply additional constraints on the ratio Q/µF , since the form factor does not depend on µF .

8
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✦ NNLL+NLO resummed predictions vs. data: 

Z production at ATLAS
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Figure 8: Comparison to Tevatron Run II and ATLAS data, with and without long-distance
corrections. The lower panels show the deviation from the default theoretical prediction.

use the numerical code QT [39]. For the sake of comparison, we have evaluated all results
using the MRST2008NNLO PDF set. The fixed-order results diverge to ±∞ for vanishing
transverse momentum. Since the fixed-order result depends both on qT and MZ it is not clear
which value one should choose for the renormalization and factorization scales. The edges of
the fixed-order band in Figure 9 correspond to the two choices µ = qT and µ = MZ . The
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same hadronic parameter 
as for Tevatron!

pp→ Z + X → �+�− + X



✦ 90% CL for MSTW, 1σ for NNPDF: 
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Figure 6: Comparison to Run I data from CDF [25] and D0 [24].
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Figure 7: PDF uncertainties. For MSTW, the band amouns to 90%C.L. while the NNPDF
region shows the average with its standard deviation.

6 Comparison to experimental data

We now compare our results to the available experimental data. The most detailed picture of
the low-qT region is provided by the results byCDF [25] and D0 [24] obtained during Run
I of the Tevatron, which are quite Þnely binned at small transverse momentum. In Figure 6,
we plot the the experimental data, together with our prediction, obtained using the modiÞed
expansion at NLO, matched to the LO Þxed order result. For thehard scale we choose the
time-like value µ2

h = ! M2
Z , and we useµ = qT + q∗ for the factorization scale, which is varied

by a factor of two to obtain the uncertainty bands in the various plots. We do not show the
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Conclusions

✦ Have derived all-order resummed expression for 
Drell-Yan cross section at small qT! M 

✦ Naive factorization broken by collinear anomaly
✦ Correct SCET analysis equivalent to CSS formula 

with a nontrivial relation between A and Γcusp

✦ Transverse PDFs do not exist as individual 
objects; only products of two PDFs are well 
defined, and carry an anomalous M dependence

✦ Many highly nontrivial features of qT spectrum 
become apparent in EFT analysis



BACKUP SLIDES:
Relation with CSS



Comparison with the CSS formula

✦ Classic result from Collins-Soper-Sterman: 

✦ Disadvantages compared with our approach: 
✦    integral hits the Landau pole of running coupling 

and requires PDFs at arbitrarily low scales
✦ practical calculations employ an xT-space cutoff, 

which introduces some ad hoc model dependence

µb =
2e! ! E

xT

d3σ

dM2 dq2
T dy

=
4πα2

3NcM2s
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4π

∫
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(71)

×
[
Pq/N1(ξ1, xT , µb)P q̄/N2(ξ2, xT , µb) + (q, i ↔ q̄, j)

]

It is a straightforward exercise to work out the relations between the various objects in
this formula and ours. We find

A
(
αs

)
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β(αs)
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(73)

The one-loop coefficients are dq
1 = 0 and

eq
1 = CF

(
7π2

3
− 16

)
. (74)

The two-loop coefficient dq
2 has been given in (51), while eq

2 can be extracted from the results
compiled in [31], however it contributes to B(αs) at O(α3

s) only. We have checked that the
relations in (72) are compatible with our perturbative results.

Note that according to (72) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
anomalous dimension 2γq starting at two-loop order.5 The first non-zero deviations are (here
A(n) and B(n) denote the n-th order coefficients in the expansion in powers of αs/(4π))

A(3) = ΓF
2 + 2β0d

q
2 , B(2) = 2γq

1 + dq
2 + β0e

q
1 . (75)

The two-loop expression for B(αs) was obtained a long time ago in [6], while for gluon-initiated
processes such as Higgs-boson production the corresponding coefficient was calculated in [7].

5The first relation in (72) can be found, in almost precisely this form, in equation (3.13) of [4], from which
it follows that Fqq̄(x2

T , µ) = −K(xT µ, αs) in the notation of that paper.

22

orders. The integral K(η, a, r) and its derivative with respect to η can easily be evaluated
numerically. We have not succeeded to derive a suitable analytic expression for this integral
in the general case where r != 1 and η is not close to 1.

6 Comparison with the literature

The standard formalism for transverse-momentum resummation has been developed in a sem-
inal paper by Collins, Soper, and Sterman (CSS) [4]. According to this work, the resummed
differential cross section at leading power can be written in the form
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where µb = b0/xT is assumed to be in the perturbative domain. It is a straightforward exercise
to work out the relations between the various objects in this formula and ours. We find

A
%
αs

&
= ΓF

cusp(αs) −
β(αs)

2

dg1(αs)

dαs
,

B
%
αs

&
= 2γq(αs) + g1(αs) −

β(αs)

2

dg2(αs)

dαs
,

Cij

%
z, αs(µb)

&
=

)
)CV (−µ2

b , µb)
)
) Ii←j

%
z, 0, αs(µb)

&
,

(71)

where

g1(αs) = F (0, αs) =
∞"

n=1

dq
n

* αs

4π

+n
,

g2(αs) = ln
)
)CV (−µ2, µ)

)
)2 =

∞"

n=1

eq
n

* αs

4π

+n

.

(72)

The one-loop coefficients are dq
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The two-loop coefficient dq
2 has been given in (51), while eq

2 can be extracted from the results
compiled in [31], however it contributes to B(αs) at O(α3

s) only. We have checked that the
relations in (71) are compatible with our perturbative results.

Note that according to (71) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
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Comparison with the CSS formula

✦ Classic result from Collins-Soper-Sterman: 

✦ All-order equivalence to our result, if:  
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Note that according to (72) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
anomalous dimension 2γq starting at two-loop order.5 The first non-zero deviations are (here
A(n) and B(n) denote the n-th order coefficients in the expansion in powers of αs/(4π))
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The two-loop expression for B(αs) was obtained a long time ago in [6], while for gluon-initiated
processes such as Higgs-boson production the corresponding coefficient was calculated in [7].

5The first relation in (72) can be found, in almost precisely this form, in equation (3.13) of [4], from which
it follows that Fqq̄(x2

T , µ) = −K(xT µ, αs) in the notation of that paper.
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anomaly contributions

orders. The integralK(η, a, r) and its derivative with respect to η can easily be evaluated
numerically. We have not succeeded to derive a suitable analytic expression for this integral
in the general case wherer != 1 and η is not close to 1.

6 Comparison with the literature

The standard formalism for transverse-momentum resummation has been developed in a sem-
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s) only. We have checked that the
relations in (71) are compatible with our perturbative results.

Note that according to (71) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
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orders. The integral K(! , a, r) and its derivative with respect to ! can easily be evaluated
numerically. We have not succeeded to derive a suitable analytic expression for this integral
in the general case where r != 1 and ! is not close to 1.

6 Comparison with the literature

The standard formalism for transverse-momentum resummation has been developed in a sem-
inal paper by Collins, Soper, and Sterman (CSS) [4]. According to this work, the resummed
differential cross section at leading power can be written in the form
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×
[
Cqi
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)
Cq̄j
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z2, $s(µb)

)
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]
,

where µb = b0/xT is assumed to be in the perturbative domain. It is a straightforward exercise
to work out the relations between the various objects in this formula and ours. We find
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The one-loop coefficients are dq
1 = 0 and
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The two-loop coefficient dq
2 has been given in (51), while eq

2 can be extracted from the results
compiled in [31], however it contributes to B($s) at O($3

s) only. We have checked that the
relations in (71) are compatible with our perturbative results.

Note that according to (71) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
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g2(αs) = ln H (−µ2, µ)

P i/N (! , xT ) = H(! µ
2
b, µb)Bi/N (! , x2

T , µb)



Comparison with the CSS formula

✦ Only linear dependence on log(Q) in exponent 
can be made consistent with CSS formula!

✦ Non-trivial soft function absent in CSS, too!

✦ Anomaly implies a non-trivial contribution to 
A, such that                           in this case!

✦ Can predict unknown 3-loop coefficient of A 
based on known 2-loop result for B: 
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]

A(αs) $= ΓF
cusp(αs)

It is a straightforward exercise to work out the relations between the various objects in
this formula and ours. We find
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where
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The one-loop coefficients are dq
1 = 0 and

eq
1 = CF

(
7π2

3
− 16

)
. (74)

The two-loop coefficient dq
2 has been given in (51), while eq

2 can be extracted from the results
compiled in [31], however it contributes to B(αs) at O(α3

s) only. We have checked that the
relations in (72) are compatible with our perturbative results.

Note that according to (72) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
anomalous dimension 2γq starting at two-loop order.5 The first non-zero deviations are (here
A(n) and B(n) denote the n-th order coefficients in the expansion in powers of αs/(4π))

A(3) = ΓF
2 + 2β0d

q
2 , B(2) = 2γq

1 + dq
2 + β0e

q
1 . (75)

5The Þrst relation in (72) can be found, in almost precisely this form, in equation (3.13) of [4], from which
it follows that Fqøq(x2

T , µ) = −K(xT µ, αs) in the notation of that paper.
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→ missed by all previous SCET analyses:  
Gao, Li, Liu 2005; Idilbi, Ji, Yuan 2005; Mantry, Petriello 2009

The two-loop coefficient dq
2 has been given in (48), while eq

2 can be extracted from the results
compiled in [31], however it contributes to B(αs) at O(α3

s) only. We have checked that the
relations in (60) are compatible with our perturbative results.

Note that according to (60) the coefficient A in the CSS formula differs from the cusp
anomalous dimension starting at three-loop order, and the coefficient B differs from the quark
anomalous dimension 2γq starting at two-loop order.2 The first non-zero deviations are (here
A(n) and B(n) denote the n-th order coefficients in the expansion in powers of αs/(4π))

A(3) = ΓF
2 + 2β0d

q
2 , B(2) = 2γq

1 + dq
2 + β0e

q
1 . (63)

The two-loop expression for B(αs) was obtained a long time ago in [6], while for gluon-initiated
processes such as Higgs-boson production the corresponding coefficient was calculated in [7].
Using these results, we have derived the anticipated relation (48). Inserting the coefficients
dq,g

2 into (63), we obtain the coefficient A(3) , which up to now was the last missing ingredient
for a full NNLL resummation of the qT spectrum. In the literature it is commonly assumed
that A(3) = ΓF

2 (see e. g. [21, 22]), which is true for soft gluon resummation, but our results
show that for transverse-momentum resummation an extra contribution arises because of the
collinear anomaly. Numerically, for the quark case with nf = 5, we find ΓF

2 = 239.2 while
A(3) = −413.7, so the extra term is much larger than the contribution from the cusp anomalous
dimension and has opposite sign. It will be interesting to see how this changes the numerical
predictions for the spectrum. Note also that, due to Casimir scaling, in the gluon case a similar
situation but with larger coefficients occurs, and we find ΓF

2 = 538.2 while A(3) = −930.8.
While we obtained the closed-form expressions (49) and (57) for the cross section directly

in momentum space, the CSS formula (59) involves a Fourier integral over xT . Because of
the inherent scale choice µ = µb = b0/xT , this integration cannot be performed analytically.
Worse, since the integrand involves αs(µb), the integration hits the Landau pole in the running
coupling, so that a prescription is needed to regularize the integral. In practical applications,
the integration is cut off at large xT values. To account for the missing long-distance contri-
butions a non-perturbative model function is used. For qT in the perturbative domain these
contributions are formally power suppressed, but it is irritating that an explicit prescription
for how to deal with them is needed even for qT values deep in the perturbative regime. Special
care has to be taken in order not to induce unphysical power corrections in the cut-off proce-
dure [48]. The explicit cut-off also makes it difficult to perform the matching to fixed-order
computations, since resummation effects persist even when the CSS formula is evaluated at
large qT ∼ M , as discussed in [49]. All of these complications are absent in our resummed re-
sults (49) and (57). Our expressions are given directly in momentum space and do not involve
a Landau-pole singularity. In the spirit of effective field theory, we never perform scale setting
inside integrals over the running coupling αs(µ). Instead, the scales are chosen such that the
integrated result is free of large logarithms. The matching onto fixed-order computations is
completely trivial, since our analytic result (57) can easily be reexpanded in powers of a fixed
coupling αs(µ). Moreover, in contrast to the CSS formula, the resummation switches itself off
adiabatically when µ ∼ qT approaches M , since all the logarithms become small and the RG

2The first relation in (60) can be found, in almost precisely this form, in equation (3.13) of [4]. For reasons
that are not known to us, the fact that A #= ! F

cusp is nevertheless largely ignored in the literature.
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