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A warm up example
A warm up example: Simplify
oo oo

(2) + k +n+2)j I + &+ n)!
ZZ((J+k+1)(j+n+1)(j+k+1)!(j+n+1)!(k+n+1)!

k=0 j=0
+j!k!(j +k+n)(=S1() +S1(j+ k) +S1(j+n) —S1(j+k+n)) )
GHeE+DG+n+DI(k+n+1)!
f()
where .
1
Si(n) =3 (= Hy)
=1

Arose in the context of
|. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop massive
operator matrix elements with Mellin-Barnes integrals. 2006
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A warm up example
A warm up example: Simplify
oo oo

(2] + k +n + 2)51K1(j + k + n)!
g;(mm DG +n+1)G+k+11G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

1£G) =G +1) — 9(j)]
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A warm up example
A warm up example: Simplify
oo o0

(25 +k+n+2)jk!(j+k+n)
kZ:O;((HH DG+n+)G+k+DIG+n+ 1) (k+n+1)!
+j!k!(j + k4 n) (=51(J) + S1(j + k) +S1(j +n) —S1(j + k +n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

1£G) =G +1) — 9(j)]

The summation package Sigma computes

kD) ()R G R ) (S1(5) — 51 (+k)— S (j+n) +51 (j+k+n) )
9(j) = En(G+k+1)G+n+D)(k+n+1)!

(based on a refined version of Karr's algorithm (1981))
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A warm up example
A warm up example: Simplify
oo o0

(25 +k+n+2)5kl(+k+n)
;;(mm DG +n+ D) +k+DIG+n+1)(k+n+1)
IR AR AN (=510) + 1+ k) + 51 + ) = Si(j +k +n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND ¢(j):

1£G) =G +1) — 9(j)]

Summing the telescoping equation over j from 0 to a gives

> f(n,k,4) = gla+1) — g(0)
j=0
(a+1)!(k—1)!(a+k+n+1)!(S1(a)—S1 (a+k)—S1(a+n)+S1(a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
+ S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(a+k+n)!
En(k+n+1)n! (a+k+1)(a+n+1)(at+k+1)(a+n+1)(k+n+1)!
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A warm up example
A warm up example: Slmpllfy

(2j+k+n+2)5k!(j+ k+n)!
kZOJZO GHek+D)G+n+1)G+Ek+DIG+n+1D)l(k+n+1)!
47 GG+ k+n)! (- 51(')+51(j+k:)+S1(j+n)—51(j+k+n)))
G+E+DG+n+Dk+n+1)

f@)

ifn k] Sl(k)+51(n)—51(k+n)

!
= kn(k+n+1)n!

RISC, J. Kepler University Linz Carsten Schneider



A warm up example Symbolic Summation for Particle Physics

(n+1)S1(n) +1
(n+1)3

(n+2)A(n+1) —nA(n) =

recurrence finder

[e.e]

251 +Sl ) S’l(k‘—i-n)
— kn(k+n+1)

f
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A warm up example Symbolic Summation for Particle Physics

(n+1)S1(n)+1
(n+1)3

(n+2)A(n+1) —nA(n) =

recurrence solver

\> Sy (k) + S1(n) — Si(k +n) {cx% 4
Z kn( k+n+ 1) © n(n +1)
Sl( )2+S2( )’ ER}
2n(n+1)
where . .
1 1
n)zzz Sg(n)zzﬁ
i=1 i=1
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A warm up example Symbolic Summation for Particle Physics

(n+ DA +1) - nA(m) = LTS T

(n+1)3
1 1
\> ZSl +Sl 5’1(k‘+n) _ §Xm =
2n(n+1)
where
"1 "1
=1 i=1
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A warm up example
A warm up example: Slmpllfy

(2j+k+n+2)5k!(j+k+n)!
AZOJZO GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
47 GG+ k+n)! (- 51(')+51(j+k:)+S1(j+n)—51(j+k+n)))
G+E+DG+n+Dk+n+1)

f@)

Sy(k) + Si(n) — Si(k +n
sz”’” Zl()kn(kli;Jrl;iz! !

k=1 j=0
B S1(n)? + Sa(n)
 2n(n+1)!
where
n 1 n
Sl(”):Z; 52(”)2272
i=1 i=1
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The summation principles
Sigma's summation spiral:

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n, k;); f(n, k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)
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The summation principles
Sigma's summation spiral:

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n, k;); f(n, k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + aqg(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Abramov/Bronstein/Petkoviek /Schneider, in preparation)
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The summation principles
Sigma's summation spiral:

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(m k); f(n, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ + aqg(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Abramov/Bronstein/Petkoviek /Schneider, in preparation)

3. Find a “closed form”

‘ A(n)=combined solutions. ‘
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Example 1: 3-Loop calculations Symbolic Summation for Particle Physics

“Background of our 3—loop computations”

> The following examples arise in the context of 2— and 3—loop massive
single scale Feynman diagrams with operator insertion.

» These are related to the QCD anomalous dimensions and massive
operator matrix elements.

» At 2-loop order all respective calculations are finished:
M. Buza, Y. Matiounine, J. Smith, R. Migneron, W.L. van Neerven, Nucl. Phys.

BA72 (1996) 611;
I. Bierenbaum, J. Bliimlein, S. Klein, Nucl. Phys. B780 (2007) 40;

I. Bierenbaum, J. Bliimlein, S. Klein, C. Schneider, Nucl.Phys. B803 (2008)

and lead to representations in terms of harmonic sums.
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3-loop ladder graphs
Example 1: All n-Results for 3—Loop Ladder Graphs

Joint work with J. Ablinger (RISC), J. Blimlein (DESY),
A. Hasselhuhn (DESY), S. Klein (RWTH)

In total around 50 diagrams (for this class) have been calculated, like e.g.

(containing three massive fermion propagators)

4

Around 1000 sums have to be calculated for this diagram
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3-loop ladder graphs Symbolic Summation for Particle Physics

n—2 j+1n—j+r—2 6_1)T+s(j+1)(—j+n+¢—2)c_j +—n,—-2ﬂrl
r s

ZZ Z (n—s)(s+1)(—j+n+r)!

7=0 r=0 s=0

Simple sum
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n—2j+ln—j+r—2 r+s (j+1\ (—j+n+r—2 .
(_1) ( r )( s )(—j+n—2)!7“!

ZZ Z n—=s)(s+1)(—j+n+r)

7=0r=0 s=0 ||

n—2j+1|n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (= +n—2)lr!

ZZ Z (n:s)(s+1s)(—j+n+r)!
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n—2j+ln—j+r—2 r+s (j+1\ (—j+n+r—2 .
(_1) ( r )( s )(-j—l—n—Q)!?“!

ZZ Z n—=s)(s+1)(—j+n+r)

7=0r=0 s=0 ||

n—2j+1|n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (= +n—2)lr!

ZZ Z (njs)(s+1s)(—j+n+r)!
I

j+1 (—1)"(=j +n —2)lr!
U ) e s e
()" G+ D= +n—2)(—=j+n—1)r! )
(= Dn(n + 1)(—j + 0+ 1)l — D2 — n);
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3-loop ladder graphs Symbolic Summation for Particle Physics

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!
T S

]2;;] 2::0 (n—s)(s+1)(=j+n+r)!
I
J+1 . .
Jj+1 (=)"(=j +n—2)!r!
S ;( r )<(n+1)(—j+n+r—1)(—j+n+r>!Jr
=0 (=)™ + DN (=g +n—=2)(=j +n—1)r! )
(n—Dn(n+1)(=j +n+r)(—j—1),(2 —n);

N
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n—2 j+1n—j+r—2 r4s (jH+1\ (—j+n+r—2 .
()T ) (g 4 n = 2t

jzgz n—=s)(s+1)(—j+n+r)

=0 r=0 s=0 ||

Jj+1 R .
J+1 (=1)"(=j +n—2)r!
- Z:O( r ><(n+1)( Jrntr Dt
(=)™ + D= +n—=2)(=j +n—1)r! )
(n—1nn+1)(—j+n+r)(—j—1)(2-n);

™

i (2—n)i
< n2—mn+1 = (—i+n—1)20G+1)!
(n—1)2n%(n+1)(2 — n); (n+1)(2—n);

+

(1) = 2)(j tn -2 1
(j—n+1)(n+1)>2n! >(‘7+1)!_ (n+1)2%(—j+n-1)
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n—2j+ln—j+r—2 r+s (j+1\ (—j+n+r—2 .
(_1) ( r )( s )(-j—l—n—Q)!?“!

2.2 (= 5)(s + 1)(=j +n+7)]

s=0
|
n—2 n?—nai — z+n—1)2(i+1)!
2 (((n—1)2n2(n+1)(2—n)j * (n+1)(2—n)j *

J
(17 (=j = 2)(=j +n - 2)!

) 1
G—nt D+ 17! )(“”!‘<n+1>2<—j+n—1>)
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n—2j+ln—j+r—2 r+s (j+1\ (—j+n+r—2 .
(_1) ( r )( s )(-j—l—n—Q)!?“!

]Z;Z —s)(s+1)(=j+n+r)

=0 r=0 s=0 (n ||

j n);
Z z+n—1) i

n—2 n2_n+1 — 2(Z+1)'
2 (((n—1)2n2(n+1)(2—n)j T mrne-n;
(1) (—j = 2) (=i +n—2)1\ 1
Gnt)nt12n Ju+ - (n—|—1)2(—j+n—1)>
|
—n?—-n-—1 N (=)™ (n®*+n+1) _ 25.5(n) Si(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)2 -n-1

Note: S,(n) =N, sien(a)' e 7\ {0}.

'Llal
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3-loop ladder graphs Symbolic Summation for Particle Physics

Mathematica Session:

1= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz

)= << HarmonicSums.m
HarmonicSums by Jakob Ablinger © RISC-Linz

npl= << EvaluateMultiSums.m
EvaluateMultiSums by Carsten Schneider © RISC-Linz

(1)) (FH) (< 4 — 2
(n—s)(s+1)(—=j+n+r)!
{{s,0,n-j4r-2} {r,0,j+1},{j,0,n-2}]

inl4]:= EvaluateMultiSum]|

9

—n?_n—1 N (-1)" (2" +n+1) 25 5(n) Si(n) S2(n)
n?(n+1)3 n’(n+1)° n+1  (@a+1)? -n-1

Out[4]=

RISC, J. Kepler University Linz Carsten Schneider



3-loop ladder graphs Symbolic Summation for Particle Physics

A typical sum
n—2j+1ln+s—j—2 oo

72( Dt (T (TR () i(s—1)101S (1 4 2)
ZZ Z Z (n—r)(r+1)(r+2)(—j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0
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3-loop ladder graphs Symbolic Summation for Particle Physics

A typical sum
n—2 j+1ln+s—j—2 oo 72( pystr J+1)(’jJr"jS*z)(nfj)!(sfl)!tﬂS&(’I“+2)
ZZ Z Z (n—r r+1)(r+2)( j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0

_ (2n? + 6n + 5) S_2(n)?

2(n+1)(n+2) + S_2,-12(n) + 5-21,-2(n)

+ ...
J
where, e.g., Z (—1)*
i k2
7, k=1
n
j=1
5_2 1,— ) Vermaseren 98/Bliimlein/Kurth 99
(3
i=1
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3-loop ladder graphs Symbolic Summation for Particle Physics

A typical sum

n=2jt+lnts—j-2 oo 72( Dt (TH) (I (ng)(s—1)101S (1 + 2)
Z Z Z Z (n—r r+1)(r+2)( j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0
B (2n? +6n + 5) S_2(n)?
 2(n+1)(n+2)

+S_2_12(n)+ 5—2,1,—2(n)

1
+-o=S111(-1,2, 3~ ;m) +S2.1.1,1(1, 2, 1,2;n)
+ ...
where, e.g., \145 S—sums occur\
1V & i
(525
k=1
1 U J
5271,1,1(17 57 17 27 n) - Z ] ! Z2 S. Moch, P. Uwer, S. Weinzierl 02

i=1
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3-loop ladder graphs Symbolic Summation for Particle Physics

[} Sigma.m

Around 1000 sums are calculated containing in total 533 S—sums

RISC, J. Kepler University Linz Carsten Schneider



3-loop ladder graphs Symbolic Summation for Particle Physics

() Sigma.m

Around 1000 sums are calculated containing in total 533 S—sums
[} J. Ablinger's HarmonicSum.m

After elimination the following sums remain:

S_4(n), S_3(n), S_Q(n), Sl (n), SQ(?’L), 83(?7,), 54(71), 5_3,1(71),
S_2.1(n),S2,-2(n),52,1(n),S31(n),S—2,1,1(n), S2,1,1(n)

RISC, J. Kepler University Linz Carsten Schneider



3-loop ladder graphs Symbolic Summation for Particle Physics

So far, the most complicated 3—loop ladder graph:

= F 3(n)e 3+ F o(n)e >4+ F_1(n)e™! +| Fy(n)

RISC, J. Kepler University Linz Carsten Schneider



3-loop ladder graphs Symbolic Summation for Particle Physics

So far, the most complicated 3—loop ladder graph:

= F,3(n)5_3 + F,g(n)5_2 + F,l(n)s_l + Fo(’I’L)

I
7 k —j+n—3 —l4+n—q—3 —l+n—q—s—3
>3 >y,
=0 ¢=0 s=1 r=0

0 l
GE) (@) Gra) 7)) ()l tam—g—r—s-8)\(s-1)!
(L= a= 25 Fn=D(n=g—r=s-2)(gFs T

481 (—j +n—1) =4S (—j + n — 2) — 251 (k)

—(Si(~l+n—-q—2)+S1(-l+n—qg—r—5—3)—251(r+s))

+2S1(s—1) —2S1(r+s)| + 3 further 6-fold sums
RISC, J. Kepler University Linz Carsten Schneider




3-loop ladder graphs Symbolic Summation for Particle Physics

Fo(’rl) =

7 (17n + 5)S1(n)3 35n2 —2n —5  13Sa(n)  5(—=1)"

pim ' 3n(n+1) (2n2(n+1)2 T 2n2 )S1(n)*
et (e s+ (5 - s

+ (24 2(=1)")S2,1(n) — 285 21( )+ 2(( D) )s (Z+(—1)")S2(n)2

—2(-1)"S_ (’n)2+S 3(n )( (26+4 nH" )S (n)"r%)

nt 1)
(=1)"(5 — 3n) 8(=1)"(2n + 1)
(72712(” V. ﬁ)sz( ) + S-2(n)(1051(n)* + (771(” D

4(3n — 8(=1)"(3n + 1) R 16
n(n+1) )S n(n +1)2 +(=2246(-1) )Sz(n)_n(n—‘rl))

(g4%75§%§§) 29) Sa(m) + (5 = 2(-1)")Sa(w) + (= 6+ 5(-1)") S_a(n)

+ (- # - %)SQ,I(n )+ (20 +2(=1)")S2,—2(n) + (= 17+ 13(=1)") S5,1(n)
8(=1)"(2n + 1) +4(9n + 1)

- n(n+1)

3
+325_21,1(n) + (2

S_21(n) — (24 4+ 4(=1)")S_3,1(n) + (3 = 5(=1)")S2,1,1(n)

Sh (n)Z _ 351 (n)

+5—wwzm0am

RISC, J. Kepler University Linz Carsten Schneider



Example 2: n ¢ Contributions Symbolic Summation for Particle Physics

Example 2: 3-Loop All N-Results for the Ny Contributions

Joint work with J. Ablinger (RISC), J. Blimlein (DESY),
F. WiBbrock (DESY), S. Klein (RWTH)

E.g., for the diagram

768 sums are simplified.

RISC, J. Kepler University Linz Carsten Schneider



Example 2: n ¢ Contributions Symbolic Summation for Particle Physics

Simple example:

n—2.,. . N )
JUADE+2)( =) - DP(=j+n -1
; —j+n-1
(= =52 —dn+6)(n)?
(n—1)2n2
3@)(”%4m~+ﬂn+6

T3 (n—n@n+1)(

n

=1

Not expressible in terms of harmonic sums or S-sums!

RISC, J. Kepler University Linz Carsten Schneider



Example 2: n ¢ Contributions Symbolic Summation for Particle Physics

The final expression is given in terms of 703 indefinite nested sums and
products. Typical examples are:

e X

i=1 =1

Sigma finds all algebraic relations among them. We get:

RISC, J. Kepler University Linz Carsten Schneider



Example 2: n ¢ Contributions Symbolic Summation for Particle Physics

_ _2osamt 2 6n34+61n% —21n424) 51 (n)%  16(48n°+746n% 4269705 +2746n7+1104n+240) 57 (n)?
37 (nt ) (n¥2) 81n2(n+1)(n+2) 81n2(n+1)2(n+2)2
32(264n7+4045n6+21591n5+528447L4+74856n3+66812n2+30576n+2540)Sl(n)
243n2(n+1)3(n+2)3
4(48n2+1o1n+96)52(n)2 32(363n7+e758n6+41285n5+121235n4+190235n3+150758n2+46964n+2904)
- On(nt1)(nt2) - 243n(n+1)3(n+2)3
N (7 1083 ()2 32(6n3+61n? —21n+24) 51 (n)
9(n+1)(n+2) 27n2 (n+1)(n+2)
16(124n5+198n4—2387n376162712—3632n7480)
81n2(nt1)2(nt2)2 )SZ("H'
_ 32(9n® —623n2 48940 +276) 1605 (n) 8(56n24+169n+112) 54 (n)
+ 81nZ(nt1)(nt2) ~ Dy | S3(M) — on(nt D (nT2)
6451 (n) 128(n3+9n% —10n—6) s 6453 1 (n) 64(3n2+7n+6)s (n)
T\ s D D ~ T enZ(nrD(nt2) 21" + 3mrere T InerneTs P2,11
( ) 851 ()2 16(3n3—n2+30n+12)51(n) 16(3n3+2n2+17n+6) 8(4n2+9n+8)32(n)
+ 3(”+1)("+2) + on2(n+1)(n+2) - In(n+1)2(n+2) B 3n(n+1)(n+2)
44851 (n)
+¢(3 )(9<n+1><n+2> SR

RISC, J. Kepler University Linz Carsten Schneider



Generalized harmonic sums Symbolic Summation for Particle Physics

Note: for our computations we used properties of
Harmonic sums (J. Vermaseren, J. Bliimlein)

Saalm) = Y- 5 >
i=1  j=1

RISC, J. Kepler University Linz Carsten Schneider



Generalized harmonic sums Symbolic Summation for Particle Physics

Note: for our computations we used properties of
Harmonic sums (J. Vermaseren, J. Bliimlein)

11

Saat) =331
i1 " =Y

Integral representation:

A e om S

i=1

RISC, J. Kepler University Linz Carsten Schneider



Generalized harmonic sums Symbolic Summation for Particle Physics

Note: for our computations we used properties of
Harmonic sums (J. Vermaseren, J. Bliimlein)

11

Saat) =331
i1 " =Y

Integral representation:

-/ 1m(/ R —4<2>)dx, ()= 31/

i=1

Asymptotic expansion:

(L 1y
“\30n®  6n® 202 n

Lo B L1 9¢(3) + o).

~ 100mn5 36n3 4n?2 n

limit computations numerical evaluation

RISC, J. Kepler University Linz Carsten Schneider



Generalized harmonic sums Symbolic Summation for Particle Physics

Note: for our computations we used properties of
Generalization to cyclotomic harmonic sums (J. Ablinger, J. Bliimlein, CS)

(=D | _
2 k+1]

k=1

[\

n

Integral representation:

1 2n —1)»
:—(—1)”/ C_da+ (=1) 142,
0

z2+1 2n + 1 4
Asymptotic expansion:

:(_1)n (_64?;15 B 161n4 + 163 3 ﬁ + ﬁ) + % -1+ O(#)

limit computations numerical evaluation

RISC, J. Kepler University Linz Carsten Schneider



Generalized harmonic sums Symbolic Summation for Particle Physics

Discovering algebraic relations (J. Ablinger, J. Bliimlein, CS)

multiple (—values

ol (-1 &1
ZgZ( )Zg
i=1 j=1 k=1

L~

N

72
J
(Tremendous literature: M.E. Hoffman, D. Zagier,P. Cartier,

D.J. Broadhurst, D. Kreimer, M. Waldschmidt,
D.M. Bradley, J. Vermaseren, J. Biimlein, etc.)

computer algebra

cyclotorﬁic (-values (-values with roots of unity

i

o i o > 1 (-1 1
DI S U PR D SE D T
=3 Z 2 2 2k

; 3 J; (25 +1)2 ; k P k=1

(up weight 2, up to 20th root of unity)

up to weight 6
( P g ) (siehe auch P. Deligne/A. Goncharov, D.J. Broadhurst)
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Conclusion Symbolic Summation for Particle Physics

Concluding remarks

» Symbolic summation is ready for many classes of 3—loop problems

» Relies on complex analysis assisted by computer algebra: e.g.,
asymptotic expansions of nested sums and products

Algorithms are implemented in J. Ablinger's HarmonicSums package

» Alternative summation methods are available
(see, e.g., J. Bliimlein, S. Klein, C.S., F. Stan; 2010)
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