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Final results of d-al'(J€Karlsruhe based project:

e 10 years of work of the Karlsruhe multiloop group:

-+ many talks on RADCORS’s and LOOPS& LEGS, starting from
“Five-loop vacuum polarization in pQCED(a2N?) results”
( Talk presented at RADCOR/Loops and Legs 2002, Kloster Banz
Germany)

+ recent works
Phys.Rev.Lett.101:012002,2008; arXiv:0801.1821
Phys.Rev.Lett.104:132004,2010; arXiv:1001.3606v1
Nucl.Phys.B837:186-220,2010; arXiv:1004.1153 ++
Nucl.Phys.Proc.Suppl.205-206:237-241,2010;
P. Baikov, K. Chetyrkin, J. K. and J. Rittinger, in prepaoati
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New Results to report

o (new!) result for the singlet contribution into the (massless)
(W) corelator = final complete O (a?) result for the R(s)

e (new!) as spin-off: the QED g-function in five loops

o (new!) final complete result for Z — hadrons at O (a?) (the
latter including in full power-not-suppressed top-mass
dependence)
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Z Boson Decay Rate into Hadrons
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Vector and Axial Contributions to Z-decay

Z current to fermion: _v, —A
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e status of theory (in the massless limit) o
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World Summary of as 2009:

/ @-decays (N3LO) rOH
I

Y decays (NLO) —0—
I
D e |
NNNLO to D(Q :
and R(S) DIS jets (NLO) —Oo—

I
ete™ jets & shps (NNLO) ——O+—

I
electroweak fits(N3LO) '—:O—'

ete jets & shapes (NNLO) —o—

O.Ill 0.12 0.I13
O (M Z)

—> as(Mz)=0.1184 + 0.0007

(Bethke, arXiv:0908.1135)

Berlin, October 5, 2009

S. Bethke: ag 2009 QCD- the modern view




Singlet contribution to the (vector) Adler function

(Last missing term!)
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Phenomenological implications foroy(ete~ — hadrons)

Numerically:

Rs) = 3> QF {1+a+aZ(1.986—0.1153)
f

+ a2 (—6.637— 1.200 — 0.005187) }

2
- (T Qf> (1239582 + (~17.8277+ 0.57489n) &)
f

for ns=5

11 1
3 [L+a+ a21.409— 12.767a% — 79.98a¢] +35 [—1.240a3-14.954]]

Extra suppression factorg—?’9 ~ 0.03

9/22



QED g-function in five loops

By a proper change of color factors we arrive atftné Adler function
of QED in five loops— the QEDg-function;
for a QED with one charged fermion we gét £ %)

4 62 5570 832 Gorishny, Kataev
QED _ 2 3_ 4 092 ) )
PTT = g ATART G ATA < 243 " C3> Larin, Surguladze, 1991

5| (195067 800 416 6880
—A°| (T + G+ 52— 2s)

Numerically @ = & ~ 5.81 - 10°%)

4
3QED _ 3A (1+3A—5.1667A% — 100534A°% + 112951A%)

No hope for a non-trivial fixed point solutiof(A*) = 0!
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Tool-box for massless correlators at?:

e IRR /Vladimirov, (78)/ + IR R* -operation /Chetyrkin, Smirnov
(1984)/ + resolved combinatorics Chetyrkin, (1997)/

e reduction to Masters: “direct and automatic” construction of CF’s
through 1 /D expansion within the Baikov’s representation for
Feynman integrals Phys. Lett. B385 (1996) 403; B474 (2000) 385;
Nucl.Phys.Proc.Suppl.116:378-381,2093

e algebraic Baikov, Chetyrkin (2010); R. Lee, A. Smirnov, V. Smirnov,
(2011) and numerical /A. Smirnov, M. Tentyukov (2010Y evaluation
of all masters (the former with two absolutely different methods!)

e computing: MPI-based (PARFORM) as well as thread-based
(TFORM) versions of FORM
Vermaseren, Retey, Fliegner, Tentyukov, ...(2000 - .)
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Vector and Axial Contributions to the Z-decay

Z current to fermion: v —A
—N——
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i,j ={t,b,csud}

e scaley/s=M; = m=0 (I={bcsud})

o 2 scales,/s = Mz andm (butM3/(4n¢) < 1):
Decoupling of top (factorization of top effects)
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‘t Hooft-Veltman-Larin Treatment of;s

Problem: naiveys (s, 7.] = 0) is not applicable for the singlet diagrams.

‘t Hooft-Veltman ‘72 treate##1#2¢3 gs 4-dimensional object

75 = iguluzusm Y Vo Vs Ypa
(i={t,b,csu,d})

Larin ‘93: introduce a special prefactor

4
=1-—
CaA Saer

and define the axial vector current as:
A = i Vs b = Ca s €23 3y 0, U
( (a effectively restores antisymmetry 9§ in NSdiagrams; it is fixed

uniquely from the (non-anomalous) Ward identity ,or, equivaleritly,
requiring scale inv. of the curregg 2—3 €MHIHHS [0 oy 0 Vs Viliis
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Decoupling of Top

Decoupling for QCD fields and coupling constaty (3, (s and(y):
6 flavour— 5 flavour

Vector current: naive decoupling (due to Ward Identity)
v "= 0+ o(1/m) Vo) "=V o(/me) |

Axial vector currentno naive decoupling (due to potential anomaly if
it it would!)

A "2 AP L o/m), AP "2 AP +Cu A + 00/

AT =D AT (AT = AY) ST (G - G A+ O(1/m)
I

14/22



Decoupling of Top

Calculation ofCy, with method of projectorsGorishny, Larin '86:

A® M= C,(a® (n), p/m) A

A
(TO A uy: (TOAsU):

(TUA u>|p:o: TAD’s Born

Calculation ofmassive tadpoles
e matching to topologies witkXP (Seidensticker and Steinhauper
¢ reduction withLaportaalg. viaCRUSHER(Marquard, Seidgl
¢ all master integrals up to 4 loop are knowsc(iroder, Vuorinen '0p
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Decoupling of Top

Calculation ofCy:
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Decoupling of Top
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e 2 loopCollins, Wilczek and Zee '78

¢ 3 loop log enhanced terntdhetyrkin, Kiihn '93

¢ 3loopLlarin, Ritbergen, Vermaseren '93; Chetyrkin, Tarasov 194
e 4loop is new
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Axial Vector Correlator

I'(Z — hadrong = T'g - R(s) = I'g - (RY(s) + RA(9))

Optical Theorem:

Decoupling: A{(G) m=ee ChAfc,S), Ab = Ab +Cy A(ss)'

O(a?
R 7L (5RY 4 G2 — 2(Ch — C,)(RY + RYS) + REY) |

18/22



Master Formula fof'}
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Effective Master Formula fof)

Using as inputd/y = 1720, 3, = 0.232 andas(Mz) = .1190 we arrive to an
“effective” Master Formula illustrating the total effect subleading singlet
contributions in comparison to the non-singlet ones:

- (S ey e {

1 4+ as+1.409a2 —1277a3 — 79994 <« NS

—0.1054a3 —|1.272 &| <=V SI
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Conclusions |

e The “10 years +" project of computing R(s) ahdZ — hadron$
at orderc? is finished!

e The last missing ingredients — singlet contributions— t® th
(massless) VV and AA as well as (massivA)A) and(AAy)
correlators aO(«ag) are now available

e singletO(a?) contributions are numerically tiny

o the net effects 0@ (a?) term inT'} are: an increase of
das(Mz) = 0.0005

O(d) 1 ag(Mz)NNO = 0.1185+ 0.0026™ + 0.002"
O(ad) : ag(Mz)"NNO = 0,1190-+ 0.0026™ + 0.0008"

andfour-fold decrease of the theory error!
/ K.Ch, Baikov and Kiihn, PLR 101 (2008) 012002/
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Conclusions Il

e the5-loop QED j-function is computed— the first example of
5-loop RG function in a (normal) 4-D gauge theory: almost
exactly thirty yeas after similar result inggd model/K.Ch,
Gorishnii, Larin, and Tkachov, Phys.Lett. B132 (1983) 351/
Kleinert, Neu, Schulte-Frohlinde , K.Ch., and Larin, Physt.
B272 (1991) 39-44/

¢ All our methods and tools are equally well applicable to eatibn
of the 5-loop 5-functions and anomalous dimensions in general
non-Abelian gauge theories. A couple of interesting examples
could be:

@ QCD p-function (important for a better understanding of the
T-lepton decay rate within the so-called contour-improvedhnd)

® the anom. dim. of the Konishi operator in N=4 supersymmakric
YM theory at5 loops( important for for better understanding of
Ads/CFT correspondence, integrability, ABA and TBA)
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