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Numerical schemes for Ordinary Differential Equations (ODEs)

How to solve numerically  ¥(t) = F|x(t)]

Given an initial state...

x(ty), x(tp) w————) (t,+ At), x(t,+ At)

... we wantto compute

With Taylor we are limited to order At [we do not know X(t;)]

x(to

At) = x(ty)

At x(t,)

How good is this algorithm?

x(ty + At) = x(ty) + At Flx(ty)]
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X(to .
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- At x(t,)

- At) = x(tg) -

EXAMPLE: 1D HARMONIC OSCILLATOR
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X(to .

X(t) = Flx(0)]

- At) = x(tg) -

x(tg -

- At x(t,)

- At) = x(tg) -

EXAMPLE: 1D HARMONIC OSCILLATOR

i(t) = —x(t)

x(ty) =1 | x(t) = cos

t

. E() =

x(to) — O analytical x(t) — _Sin t energy is

solution

conserved

- At Flx(ty)]

1 1
Em(a’cz + w?x?) = 5
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x(to + At) = x(to) -

- At x(t,)

X(t) = Flx(0)]

x(to -

- At) = x(to) -

- At Flx(ty)]

EXAMPLE: 1D HARMONIC OSCILLATOR

: — We can solve the problem numerically with the
X (t) T X(t) Euler method and compare with the analytical solution

x(to) =1 Choosety, =0

J.C(t ) — 0 Choose At
0) =

Period T =21t ——

At = T/100

Choose tfj, = 10T —— N = /i1 _ 103 timesteps

Compare at all ti

At

mesteps



Numerical schemes for Ordinary Differential Equations (ODEs)

Trajectory Comparison

EXAMPLE: 1D HARMONIC OSCILLATOR
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Numerical schemes for Ordinary Differential Equations (ODEs)

EXAMPLEZ 1D HARMONIC OSC/LLATOR Trajectory Comparison
X(t) = —x(t) -1 —— Analytical
e N — N al o Euler
x(to) =1, x(to) =0 = . i
Euler method fails at keeping . = - /\\ H \‘ ," \\ ," “,‘ :' '.| ‘.' ".
the trajectory bounded as in i>?'<« o \/\/\/\/’\/\/\/\/W
the analytical solution g M M M MM :
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EXAMPLE:1D HARMONIC OSC/LLATOR Trajectory Comparison
X(t) = —x(t) s1 —— Analytical
e N — N al o Euler
x(to) =1, x(to) =0 = . i
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EXAMPLE: 1D HARMONIC OSCILLATOR
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EXAMPLE: 1D HARMONIC OSCILLATOR

Energy Conservation

X(t) = —x(t)

x(to) — 1, x(to) =0 40
—
Euler method fails at keeping -
the trajectory bounded as in ©
the analytical solution ]
: 20 1
Let us check energy conservation -E'

10 1

Euler methods fails at keeping
the energy bounded
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EXAMPLE: 1D HARMONIC OSCILLATOR  §(t) = —x(t)
Phase Space - Euler x(to) — 1’ X(to) — O

- ———
-
- -~ -

- ”’ ~
6 7 2 -~ - ey N
” - ‘s\ ~
// 2> T \\
”~
/ P S eemmae T \
/ 7’ // \\\ - \
4- /I // ,, _______ \\ \\ \\
/ AR S \ \
/ / /7 /s o> e N \ \
/ / P =02 . N \ \
209 -~ \
/ / / W e N \ \ \ \
— o N By
2 4 " B B 37 5 e N ™ \\ \\ \ \ \
~ Y \

I ' .
A % X 8 —_— na a
—_— I ] \\\\ \ y
- | " 1 I l'I,II \\\\\\\ \ \‘ \ IC
S 0 | | B |||’I \\\\l‘ ‘l |' | \l
. 1 | ¥ kR ye JEBN |
>< A TN 1 T R .
\ T XA 1101} I
\ 7/

\ LI VO Ty & h 'l

- ”
\ \ \ N \\\‘-’ //// / /I I /
\ t LR NS / /
—p \ SRR TR v e BN A / /
\ \ \ - TG " 7’ /7 /7 /
\ N N o P / /
\ A P e ’ / /
\ N . 7 / /
-4 - \ & TR - ™ 4 /
\ /
~ \\\ ’z/ 7’
Wis: T e ”
\\\ ///
—6 - o R L -
L 1 L 1 1 1 1
-7.5 -5.0 -2.5 0.0 2.5 5.0 7.5



Numerical schemes for Ordinary Differential Equations (ODEs)

EXAMPLE: 1D HARMONIC OSCILLATOR x(t)

Phase Space - Euler
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Liouville’s theorem for Hamiltonian systems
here is numerically violated: the phase space
areais not preserved throughout the evolution
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EXAMPLE: 1D HARMONIC OSCILLATOR x(t)
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EXAMPLE: 1D HARMONIC OSCILLATOR x(t)

Phase Space - Euler
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Numerical schemes for Ordinary Differential Equations (ODEs)

Euler method does not x(tl) — x(tO At) — x(tO) At T[x(tO)]
preserve phase space area X(tl) — X(to L At) — X(to) + At X‘(to)

We can in fact compute the Jacobian of the transformation [x(ty), x(ty)] = |x(t,), x(t,)]

/6x(t1) ax(tﬂ\

| ) i) | Fe)]
dx(t;) 0x(ty) At Ax(t)

\0x(to) 0x(ty)/



Numerical schemes for Ordinary Differential Equations (ODEs)

Euler method does not x(tl) = x(tO
preserve phase space area X(tl) — X(to |

At) = x(ty)

- At) = x(tg) -

At Flx(ty)]

- At x(tg)

We can in fact compute the Jacobian of the transformation [x(ty), x(ty)] = |x(t,), x(t,)]

/6x(t1) ax(tﬂ\
0x(ty) 0x(to)

V=1 0xe) axce) | =\ A
\0x(to) 0x(ty)/
OF [x(ty)]

det] =1 — (At)?

0x(to)

1 At

0F [x(¢o)]

0x(to)



Numerical schemes for Ordinary Differential Equations (ODESs)

Euler method does not x(tl) = x(tO At) — x(tO) At T[x(tO)]
preserve phase space area X(tl) = X(to L At) — X(to) + At X'(to)

Can we modify in orderto have det]] = 17?

/ax(tl) ax(tl)\ , v
dx(t;) 0Jx(ty) At 5x(t0)
\ox(ty) 0%(ty) /

0F [x(to)]
0x(ty)

det] =1 — (At)?
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Euler method does not x(tl) = x(tO At) — x(tO) At T[x(tO)]
preserve phase space area X(tl) = X(to L At) — X(to) + At .?.C(tl)

Can we modify in orderto have det]] = 17?

/ax(tl) ax(tl)\ , v
dx(t;) 0Jx(ty) At 5x(t0)
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Numerical schemes for Ordinary Differential Equations (ODESs)

Euler method does not x(tl) = x(tO At) — x(tO) At T[X(t())]
preserve phase space area X(tl) = X(to L At) — X(to) + At .?.C(tl)

Can we modify in orderto have det]] = 17?

ox(ty) ox(t)\ [ , 0F [x(t)]
| Ox(ty) 0x(te) | 1+(a0) 0x(to) A
PTlox) 0k | T, P
ox(ty) 0x(ty)) \ 0x(t) y

0F [x(to)]

1 _ 2
det] =1 — (At) 5x(t0)



Numerical schemes for Ordinary Differential Equations (ODESs)

Euler method does not x(tl) = x(tO

reserve phase space area —
presenvephase spacearen y(r,) = x(t -

Can we modify in orderto have det]] = 17?

0x(t;) 0Ox(t1) /1

| Ox(t) 9x(tp)
)= 0x(ty) 0x(ty)

ox(ty) 0x(ty)) \
0F [x(to)]

det] = 1 + (At)?

0x(to)

At) = x(ty) + At Fx(ty)]
- At) = x(ty) + At x(t,)
, 0F [x(t)]
(At) 5x(t0) At
0F [x(ty)]
At Ax(t) 1/
0F [x(to)]
2 0x(ty)
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SYMPLECTIC  X(to + At) = x(to) + At F[x(to)]
EULER x(ty + At) = x(ty) + At x(t, + At)
= x(ty) + At x(tg) + (At)?F[x(ty)]
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Numerical schemes for Ordinary Differential Equations (ODEs)

SYMPLECTIC  X(to + At) = x(to) + At F[x(to)]
EULER x(ty + At) = x(ty) + At x(t, + At)
= x(ty) + At x(tg) + (At)?F[x(ty)]

Symplectic = preserves phase space area (det] = 1)
—— Trajectories cannot go unbounded

—— Energy, even if not exactly conserved, is bounded

Let us apply it to the 7D HARMONIC OSCILLATOR!



Numerical schemes for Ordinary Differential Equations (ODEs)

EXAMPLE: 1D HARMONIC OSCILLATOR

x(t)

Trajectory Comparison

1.00 A

0.75 4

0.50 A
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-0.50

-0.75 -

—1.00 1
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|

H
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i (t)

x(to)

—x(t)
1, x(ty) =0

—— Analytical

Symplectic Euler
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EXAMPLE: 1D HARMONIC OSCILLATOR

Trajectory Comparison

1.00 A

0.75 4

0.50 A

-0.50
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—1.00 1
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H
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i (t)

x(to)

—x(t)
1, x(ty) =0

—— Analytical
----- Symplectic Euler

Trajectories reproduced \/
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EXAMPLE: 1D HARMONIC OSCILLATOR

Trajectory Comparison

-0.50
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—1.00 1
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i (t)

x(to)

—x(t)
1, x(ty) =0

Is energy conserved?

—— Analytical
----- Symplectic Euler

Trajectories reproduced \/



Numerical schemes for Ordinary Differential Equations (ODEs)

—x(t)

Symplectic Euler

Analytical

X(t)
No... but its deviations

Is energy conserved?
are bounded!
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EXAMPLE: 1D HARMONIC OSCILLATOR



Numerical schemes for Ordinary Differential Equations (ODEs)

EXAMPLE: 1D HARMONIC OSCILLATOR ¥(t) = —x(t)
Phase Space - Symplectic Euler .

1.00 - X(to) = 1, X(to) = (
0.75 1
0.50 -

— —— Analytical

< 0.00-

1S N - Symplectic Euler
-0.25 -
-0.50 - Thanks to phase space
075 area conservation!
-1.00 -

-1.0 -0.5 0.0 0.5 1.0



Symplectic methods

x(ty + At) = x(ty) -
SYMPLECTIC EULER (o ) (to)

x(ty + At) = x(ty)

Symplectic Euler preserves phase space area (det] = 1)

At x(t,

- At Flx(ty)]

At)



Symplectic methods

x(ty + At) = x(ty) + At Fx(ty)]
x(ty + At) = x(ty) + At x(t, + At)

Symplectic Euler preserves phase space area (det] = 1)

SYMPLECTIC EULER

Consequence of the algorithmic structure but also . -
of dealing with a CONSERVATIVE system X(t) _ T[X(t)]



Symplectic methods

x(ty + At) = x(ty) + At Fx(ty)]
x(ty + At) = x(ty) + At x(t, + At)

Symplectic Euler preserves phase space area (det] = 1)

SYMPLECTIC EULER

Consequence of the algorithmic structure but also . - -
of dealing with a CONSERVATIVE system X(t) = F X(t)]
If we had instead a NON-CONSERVATIVE system X(t) = Flx(t), x(t)]




Symplectic methods

x(ty + At) = x(ty) + At Fx(ty)]
x(ty + At) = x(ty) + At x(t, + At)

Symplectic Euler preserves phase space area (det] = 1)

SYMPLECTIC EULER

Consequence of the algorithmic structure but also X(t)

of dealing with a CONSERVATIVE system F X(t)]

F Ex(t), x(t)]

if we had instead a NON-CONSERVATIVE system X(t) =
The same algorithm would give
Ox(t, +At) Ox(t, + At / OF OF \
/ (to ) ( 0 )\ 1+ (At)? At + (At)? —
dx(ty) 0x(to) 0x(to) 0x(to)

0x(ty + At) 0x(ty + At)
) | 0io )\ Yy T



Symplectic methods

x(tg -

SYMPLECTIC EULER

X

- At) = x(ty) + At Fx(ty)]
(to + At) = x(ty) + At x(t, + At)

Symplectic Euler preserves phase space area (det] = 1)

Consequence of the algorithmic structure but also

of dealing with a CONSERVATIVE system

If we had instead a NON-CONSERVATIVE system

The same algorithm would give

oF

/1 + (At)? 9L

A 0F
\ ‘ ax(to)

At + (At)?

1+ At

0F
0x(to)
0F

0x(to)

\

/

1
T

i(t)
i(t)

x(0)]
x(t), %(t)]

1
T

*+ 1

—— det] =1+ At 2%(t)

The algorithm is no longer symplectic



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS




Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

They are thus a natural choice for separable Hamiltonian systems

p2

2m

H(p,x) = T(p) + V(x) = 5—+ V(x)



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

They are thus a natural choice for separable Hamiltonian systems

2
_ _P
H(p,x) = T(p) + V(x) = -—+V(x)
., _OH p
) * = dp m
' 1 OH 19V
P=L = = = Flx(0)
m m 0x m ox




Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

SYMPLECTIC EULER...

x(tg -

- At) = x(t) -

x(tg -

- At Flx(ty)]

- At) = x(tg) -

... Is a first-order method (accurate to order At)

- At %(t) + (AL)2F[x(to)]



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

x(to -
SYMPLECTIC EULER...

- At) = x(t) -

x(tg -

- At Flx(ty)]

- At) = x(tg) -

... Is a first-order method (accurate to order At)

- At %(t) + (AL)2F[x(to)]

The error with respect to the continuum is proportional to (At)?



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

x(tg + At) = x(tg) -

SYMPLECTIC EULER...

- At Flx(ty)]

- At) = x(tg) -

... Is a first-order method (accurate to order At)

- At %(t) + (AL)2F[x(to)]

The error with respect to the continuum is proportional to (At)?

This can be shown by Taylor expanding the L.H.S. around ¢,



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS

x(tg + At) = x(tg) -

SYMPLECTIC EULER...

- At Flx(ty)]

- At) = x(tg) -

... Is a first-order method (accurate to order At)

- At %(t) + (AL)2F[x(to)]

The error with respect to the continuum is proportional to (At)?

This can be shown by Taylor expanding the L.H.S. around ¢,

x(ty + At) = x(ty) + At ¥(ty) + %(At)zb'c'(to) + O0[(At)3]

x(ty + At) = x(ty) + At x(ty) + % (At)%%(ty) + O[(AL)3]



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS
x(ty + At) = x(ty) + At Fx(ty)]

SYMPLECTIC EULER...

x(tg + At) = x(to) -

... Is a first-order method (accurate to order At)

- At x(tg) + (At)*Flx(ty)]

The error with respect to the continuum is proportional to (At)?

This can be shown by Taylor expanding the L.H.S. aroun

dt,

Difference between

1
J'C(to + At) - J'C(to) + At J.C'(to) + E (At)zx(to) + 0[(At)3] Taylor and algorithm (error)

proportional to (At)?!

x(ty + At) = x(ty) + At x(ty) + % (At)%%(ty) + O[(AL)3]



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS
x(ty + At) = x(ty) + At Fx(ty)]
x(ty + At) = x(tg) + At x(ty) + (A)*Flx(ty)]

SYMPLECTIC EULER...

... Is a first-order method (accurate to order At)
The error with respect to the continuum is proportional to (At)?

This can be shown by Taylor expanding the L.H.S. around ¢t To reach a certain desired

1 accuracy, one may need
x(ty + At) = x(ty) + At %(ty) + = (At)?X(ty) + O[(AL)?] (depending on the problem)
2 a very small At, which makes

1 .
x(to + At) = x(to) + At J'C(to) 4+ E (At)zjc'(to) + 0[(At)3] the computation longer!



Symplectic methods

General property of symplectic methods

They are simple and easy to write for CONSERVATIVE SYSTEMS
x(ty + At) = x(ty) + At Fx(ty)]
x(ty + At) = x(tg) + At x(ty) + (A)*Flx(ty)]

SYMPLECTIC EULER...

... Is a first-order method (accurate to order At)

The error with respect to the continuum is proportional to (At)?

This can be shown by Taylor expanding the L.H.S. around ¢ How to write a
1 higher order
x(to + At) = x(tp) + At %(to) + E(At)z'fé(to) + 0[(At)°] symplectic method?

x(ty + At) = x(ty) + At x(ty) + % (At)%%(ty) + O[(AL)3]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion gives

x(ty + At) = x(ty) + At x(ty) + % (At)?%(ty) + O[(At)3]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion gives

x(ty + At) = x(ty) + At |x(ty) + %At ¥(ty) + O[(AD)?]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion gives

x(ty + At) = x(ty) + At [X(to) + %At ¥(ty) + 0[(At)2]]
J

\

|

X (to + %) + O[(At)?]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion gives

x(ty + At) = x(ty) + At x (to -+ %) + 0[(At)?]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion also for x (to T Azt)

x(ty + At) = x(ty) + At x (to -+ %) + 0[(At)?]

X (to +%> = x(to — %) + Atx(to —%) + = (At)*X ( —%) + 0[(At)?]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion also for x (to T %)

x(ty + At) = x(ty) + At x (to -+ %) + 0[(At)?]

't+At =x|t At + At |i| ¢t At +1At'"t At + O[(At)?]
X1 Lo ) = X\ Lo > X1 Lo ) ) X\ Lo ) (At)




Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion also for x (to T %)

x(ty + At) = x(ty) + At x <t0 + %) + 0[(At)?]

't+At =x|t At + At |i| ¢t At +1At"'t At + O[(At)?]
X1 Lo ) = X\ Lo > X1 Lo > ) X\ Lo > (At)

\ J
|

X(to) + O[(At)?]




Symplectic methods ¥(t) = Flx(t)]
Second order methods —— (Stagge I’ed) LEAPFROG
Second order Taylor expansion also for x (to + %)

x(ty + At) = x(ty) + At x (to -+ %) + 0[(At)?]

X (to + %) = X (to — %) + At X(ty) + O[(At)]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Staggered) |l FEAPFROG

Second order Taylor expansion also for x (to T %)

x(ty + At) = x(ty) + At x (to -+ %) + 0[(At)?]

X (to + %) =X (to — %) + At Flx(tg)] + O[(At)?]



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Stagge red) | EAPFROG

At
x(ty + At) = x(ty) + At x <t0 + 7)

| AL\ At
i(r0+3) = (=3 ) + 26 PixCeo

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Sta gge red) | EAPFROG

x(ty + At) = x(ty) + At x <t0 + %)
, At , At
X <t0 + 7) =X (to — ?) + At Fx(ty)]

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

x(to)

. At _ At
x<t0—7> g x<t0+?>



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Sta gge red) | EAPFROG

At
x(ty + At) = x(ty) + At x <t0 + 7)

| AL\ At
i(r0+3) = (=3 ) + 26 PixCeo

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

x(ty) > x(ty, + At)

, At _ At
x(to_?> x<t0 +7>



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Sta gge red) | EAPFROG

x(ty + At) = x(ty) + At x <t0 + %)
, At , At
X <t0 + 7) =X (to — ?) + At Fx(ty)]

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

x(ty) x(ty, + At)

At At o 3At
¥\to—— X\ to + = > X\l T




Symplectic methods ¥(t) = Flx(t)]
Second order methods — (Sta gge red) | EAPFROG

At
x(ty + At) = x(ty) + At x <t0 + 7)

| AL\ At
i(r0+3) = (=3 ) + 26 PixCeo

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

x(ty) x(ty, + At) > x(ty + 2 At)

At At _ 3At
X to_? X to‘l‘? X t0+7



Symplectic methods ¥(t) = Flx(t)]

Second order methods —— (Sta gge red) L EAPFROG

At
x(ty + At) = x(ty) + At x <t0 + 7)

| AL\ At
i(r0+3) = (=3 ) + 26 PixCeo

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

However, measurement of several physical quantities may involve both x and x
at the same timestep



Symplectic methods ¥(t) = Flx(t)]

Second order methods —— (Sta gge red) L EAPFROG

At
x(ty + At) = x(ty) + At x <t0 + 7)

, At , At
X (to + 7) =X (to — ?) + At Fx(ty)]

If we compute x atinteger timesteps and x at half-integer timesteps we find a simple
second order symplectic method

However, measurement of several physical quantities may involve both x and x
at the same timestep

—— one more step needed (either advancing x or x)



Symplectic methods ¥(t) = Flx(t)]
Second order methods —— (SynChI‘Onized) LEAPFROG X(to): x(to)



Symplectic methods ¥(t) = Flx(t)]
Second order methods —— (SynChI‘Onized) LEAPFROG X(to): x(to)
Velocity Verlet (VV)



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Velocity Verlet (VV)

: : At At
1) Advance first the velocity y — ) =~ .
by a half timestep X(to T 2) x(tO) + 2 T[X(to)]

2)



Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Velocity Verlet (VV)

: : At At
1) Advance first the velocity y — ) =~ .
by a half timestep X(to T 2) x(tO) + 2 T[X(to)]

2) Advance the position using At

the velocity at half timestep x(to T At) — x(tO) +Atx (to T 7)

3)



Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChrOnized) LEAPFROG X(to)» x(to)
Velocity Verlet (VV)

: : At At
1) Advance first the velocity y — ) =~ .
by a half timestep x<t0 T 2) x(tO) + 2 T[X(to)]

2) Advance the position using At

the velocity at half timestep x(to T At) — x(tO) +Atx (to T 7)

3) Advance the velocity by

| | At\ At
another half timestep x(to + At) — X tO + 7 + ? T[X(to + At)]



Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Velocity Verlet (VV)

: : At At
1) Advance first the velocity y — ) =~ .
by a half timestep X(to T 2) x(tO) + 2 T[X(to)]

2) Advance the position using

| At
the velocity at half timestep x(to T At) — x(tO) +Atx to T 7

3) Advance the velocity by At At

another half timestep x(to + At) =X (to + 7) + ? T[X(to + At)]

Second-order symplectic method — accurate to order (At)?



Symplectic methods ¥(t) = Flx(t)]
Second order methods —— (SynChI‘Onized) LEAPFROG X(to): x(to)
Position Verlet (PV)



Symplectic methods ¥(t) = Flx(t)]
Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Position Verlet (PV)

. . At At
1) Advance first the position — | = o
by a half timestep X (to T 2 ) x(tO) + 2 x(to)

2)



Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Position Verlet (PV)

. . At At
1) Advance first the position — | = o
by a half timestep X (to T 2 ) x(tO) + 2 x(to)

2) Advance the velocity using

: . At\
the position at half timestep x(tO + At) — x(to) + At F (x|t + 7

3)



Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChrOnized) LEAPFROG X(to)» x(to)

Position Verlet (PV)

At

: s At
1) Advance first the position — | = o
by a half timestep X (to T 2 ) x(t()) + 2 x(to)

2) Advance the velocity using

: . At
the position at half timestep x(tO + At) — x(to) + At F (x|t + 7

3) Advance the position by

At\ At
another half timestep x(to + At) = X tO + 2 | 2 x(to + At)




Symplectic methods ¥(t) = Flx(t)]

Second order methods — (SynChI‘Onized) LEAPFROG X(to): x(to)
Position Verlet (PV)

. . At At
1) Advance first the position — | = o
by a half timestep X (to T 2 ) x(tO) + 2 x(to)

2) Advance the velocity using

: . At\
the position at half timestep x(tO + At) — x(to) + At F (x|t + 7

3) Advance the position by

At\ At
another half timestep x(to + At) = X tO + 2 | 2 x(to + At)

Second-order symplectic method — accurate to order (At)?



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,..., M) suchthat}}*, w; = 1



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,..., M) suchthat}}*, w; = 1

Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,..., M) suchthat}}*, w; = 1
Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)

[x(to) [x(to + Atl)]
x(to) x(to + Atq)

U/

Leapfrog 1



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,..., M) suchthat}}*, w; = 1
Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)

[x(to) [x(to + Atl)] [x(to + Aty + At,)
x(ty) x(ty + Aty) x(ty + Aty + At,)

_/ U/

Leapfrog 1 Leapfrog 2



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,..., M) suchthat}}*, w; = 1
Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)

x(tgy) x(ty + Atq) x(ty + Aty + At,) x(ty + At)
L’c(to)] L’c(to + Atl)] L’c(to + At, + Atz)] L’c(to + At)]

U/ U/ U/

Leapfrog 1 Leapfrog 2 Leapfrog M



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,...,M) suchthat ¥, w; = 1
Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)

[x(to)] [x(to + Aty) [x(to + Aty + Atz)] [x(to - At)]
x(ty) x(ty + Aty) x(ty + Aty + At,) x(ty + At)

U/ U/ U/

Leapfrog 1 Leapfrog 2 Leapfrog M

There are specific values of M and w; which give accuracy to order (4t)*, (4t)°, (4t)°...



Symplectic methods ¥(t) = Flx(t)]

Higher order LEAPFROG — YOSHIDA methods

[H. Yoshida, 1990]
Instead of directly applying a synchronized leapfrog from t, to t, + At, we can split the

timestep At in M sub-timesteps At; = w;At (i = 1,2,...,M) suchthat ¥, w; = 1
Then apply Leapfrog (either VV or PV) M times in sequence (step [ with timestep At;)

[x(to)] [x(to + Aty) [x(to + Aty + Atz)] [x(to - At)]
x(ty) x(ty + Aty) x(ty + Aty + At,) x(ty + At)

U/ U/ U/

Leapfrog 1 Leapfrog 2 Leapfrog M

Symplectic higher order methods require many steps but no auxiliary variables to store!



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)



Non-symplectic methods

We wantto solve ¥(t) = T[x(t)’@] given x(ty), x(ty)

For NON-CONSERVATIVE SYSTEMS Liouville’s theorem does not hold



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)
For NON-CONSERVATIVE SYSTEMS Liouville’s theorem does not hold

No reason to look for a symplectic method in these cases



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)
For NON-CONSERVATIVE SYSTEMS Liouville’s theorem does not hold

No reason to look for a symplectic method in these cases

Runge Kutta methods are a natural choice for these systems
(easily generalized to high orders)

e. g. HYDRODYNAMICS



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)

First order Runge-Kutta



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)

First order Runge-Kutta (Euler method)
x(ty +At) = x(ty) + At x(ty)

x(ty + At) = x(ty) + At Flx(ty), x(ty)]



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)

First order Runge-Kutta (Euler method)
x(ty +At) = x(ty) + At x(ty)

x(ty + At) = x(ty) + At Flx(ty), x(ty)]

— Accurate to order (At)?!



Non-symplectic methods

Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)
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Wewanttosolve %(t) = F[x(t),x(t)] given x(tg), x(to)

Intermediate step

x(t;) = x(to) + At x(tp)

Second order Runge-Kutta (Modified Euler) x(ty) = x(to) + At Fx(to), x(to)]
x(ty) + x(t
x(ty + At) = x(ty) + At (o) - (&)

x(ty + At) = x(ty) + At

2

— Accurate to order (At)?
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We want to solve ¥(t) = F[x(t),x(t)]
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STEP 1 STEP 2
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Non-symplectic methods

We wantto solve &(t) = F[x(t), x(t)] given x(ty), x(ty)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 For STEP 3 we only need
15 x@) %2 552 552
x(z) — x(l) -|-—5x(1)
16
15
r(2) = ¥ (1) 4 —— 54(1)
X X +16 X
153
2) = —— 5D L At x@)
O0x 178 x\ 4+ At x
5@ = — 123 5200 4 p¢ F[x?, x?]
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We want to solve ¥(t) = F[x(t),x(t)]

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 STEP 3
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Non-symplectic methods

We wantto solve &(t) = F[x(t), x(t)] given x(ty), x(ty)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 STEP 3
2 1y 4 15 3 2.8 o

x2) = x4 — §x D) x®) =x@) 4+ —5x@ = x(t, + AL
16 15
15

@) = (1) 4 =2 520 8
* 16 £®) = 2@ £ 55 @ = (e + A0
153
@ = _ 220 £ ) 1 Ap 7@
Ox 78 ox' + At x
5@ = = 223 520 4 pp Flx@, %]
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Leapfrog vs Runge Kutta
EXAMPLE: 1D DAMPED OSCILLATOR X(t) — —(UZX(t) _ ZVX(t)

The system has the following analytical solution (y?< w?)

x(t) =e [A cosy w2 —y2 t + Bsin/ w? — y2 t]

We can adapt a second order Velocity Verlet (VV2)...

A A
X (to + —t) = x(ty) + —t Flx(ty), x(ty)] ... and compare it with the result
2 2 given by a second order Runge-Kutta
At (RK2 — Modified Euler)

x(ty + At) = x(ty) + At x| ty + >

| | At\ At , At
x(ty + At) = x to + +?T[X(to+At),x to‘l‘?]



Leapfrog vs Runge Kutta
EXAMPLE: 1D DAMPED OSCILLATOR
x(tyg) =1, x(ty) =0

w? =1y =0.1

2TC

Pseudoperiod T =

wz_yz

At = T/100

¥(t) = —w?x(t) — 2yx(t)



Leapfrog vs Runge Kutta X(t) = —a)zx(t) — 2yx(t)

EXAMPLE: 1D DAMPED OSCILLATOR Trajectory Comparison
1.00 - _ :
x(tyg) =1, x(ty) =0 1 — Cczlytlcal

2

2 — _
W~ = 1))/_01 0.50 -
Pseudoperiod T = wz;iyz __ 025
=
At = T/100 X 000

Second-order Velocity Verlet (VV2)
does not reproduce correctly the —0.50 1
analytical solution




Leapfrog vs Runge Kutta X(t) = —a)zx(t) — 2yx(t)
EXAMPLE: 1D DAMPED OSCILLATOR Trajectory Comparison

1.00 A 1

— Analytical

X(tO) — 1, X(to) =0 —ee RKD

w?=1y=0.1

e

0.50 - ﬂ

Pseudoperiod T =

w?=y? 0.25 -

—_—
o
S—
>

At = T/100

0.00 A po—

Second-order Runge-Kutta (RK2) —-0.25 1 u
follows correctly the damping

of the analytical solution Rataah

-0.75 -1
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Numerical schemes for Partial Differential Equations (PDEs)

How to dealwith PDEs?  f(x,t) = F|f(x, t), f(x,t),0,.f(x,0), ]

We have shown timestepping schemes for the case
flx,t) =F|f(x, 1), f(x, )]

However, once all derivative operators are discretized
(i.e. written as a linear superposition of field values at difference lattice points),
PDEs become ODEs in the lattice

How to discretize derivative operators? - see Partll
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Conclusions of part |

- Symplectic methods are a natural approach for
conservative systems X(t) = F|x(t)]

- Runge-Kutta methods are a natural approach for non-
conservative systems X (t) = Flx(t), x(t)]

- What is the best algorithm depends on the physical problem!

THANKS FOR YOUR ATTENTION!
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